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Abstract—1In this paper, we introduce multi-link two-way relay
channels where multiple two-way relay systems are interfering
with each other. We study the capacity of this system by
investigating the degree of freedom (DOF) with various message
settings. Specifically, we consider two cases of two-way relay
interference channels and two-way relay X channels. We show
that the two-way relay interference channel where all nodes have
M antennas obtains the DOF of 2 and compare with multi-
pair two-way relay channels. Next, we introduce general message
settings for two-way relay X channels. For the case where each
user is equipped with 3 antennas and relays have 4 antennas,
we prove that the DOF of 8 is achieved by employing network
coding.

I. INTRODUCTION

Two way relay channels have been studied to overcome
a loss of spectral efficiency in relaying-aided communication
systems [1] [2] [3]. The two-way relay channel consists of two
phases: the multiple access (MAC) phase and the broadcast
(BC) phase. In the MAC phase, two users simultaneously send
their messages to an intermediate relay terminal. After that,
the relay retransmits the information obtained in the MAC
phase to two users during the BC phase. By exploiting the
knowledge of their own transmitted information, each user
is able to cancel self-interference and decode the intended
message. In this two-way relay channel, amplify-and-forward
(AF) and decode-and-forward (DF) can be applied for the
relay operation [2]. In the context of network coding, analog
network coding (ANC) [4] and physical-layer network coding
(PNC) [5] have been proposed lately. Both schemes allow
simultaneous transmission of two users by performing joint
detection. At the BC phase, the ANC performs symbol-wise
re-encoding, whereas bit-wise encoding is applied for the
PNC.

Two-way relay channels can be generalized to support
a multi-pair setting where a relay helps the communica-
tion between multiple pairs of users [6] [7] [8]. In [6],
the authors proposed a jointly demodulate-and-XOR forward
relaying scheme for code-division multiple access systems
under interference limited environments. Also, the authors in
[7] and [8] characterized the capacity of multi-pair two-way
relay channels in the deterministic channel and the Gaussian
channel, respectively.

More general scenarios than multi-pair two-way relay chan-
nels were investigated in [9] [10]. In [9], the authors consid-
ered multiple interfering clusters of users which communicate
simultaneously with the help of a relay, where the users within
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the same cluster exchange messages among themselves. They
studied the achievable rate region of this multi-way relay
channel according to different relaying schemes. By taking
into account multiple transmit messages per user, multiple-
input multiple-output (MIMO) Y channels with three users
and a single intermediate relay were introduced in [10], where
each user wants to unicast independent messages for different
two users via the relay. They proposed an efficient scheme
to deal with multiple interference signals in multi-user bi-
directional communication systems. Also, using signal space
alignment for network coding in the MAC and a nulling
method in the BC, it was shown that degree of freedom (DOF)
of 6 for MIMO Y channels is achieved where users have 2
antennas and the relay is equipped with 3 antennas [10].

In this paper, we introduce MIMO multiple-link two-way
relay channels where multiple two-way relay links are simulta-
neously operating. The motivation of this channel comes from
a practical scenario in wireless networks, where two user pairs
want to simultaneously exchange their information in the same
frequency band via two relays. Hence, if all users concurrently
transmit their own signals in the multi-link two-way channel,
the relays suffer from a severe interference problem, and the
issue on interference management becomes critical. In such
a case, our fundamental question is how each user pair and
relays should cooperate to maximize the transmission rate on
the network. Also our setup is interesting from the information
theoretical perspective, since this multi-link two-way relay
channel can be considered as a combination of two-way relay
channels and interference channels [11]. Thus, we term this
model as two-way relay interference channels. In addition,
we generalize the message settings similar to X channels [12]
such that each user unicasts data to multiple users at the other
side through relays. We name this model as two-way relay
X channels and provide an example to gain insight on the
network coding scheme.

Throughout the paper, the transpose, conjugate transpose,
inverse and trace of a matrix are represented by (-)7, (:),
(\)~! and tr{-}, respectively. span(A) is the column space
spanned by the columns of A and E[] indicates the expecta-
tion operator. The organization of the paper is as follows:
In Section II, we introduce the multi-link two-way relay
channel model. Section III derives the DOF of this system, and
discusses the system characteristics. In Section IV, we study
two-way relay X channels. Finally the paper is terminated
with conclusions in Section V.

II. SYSTEM MODEL

In this section, we describe a system model for multi-link
two-way relay networks as shown in Fig. 1, where multiple
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Fig. 1. MIMO multi-link two-way relay channels

two-way relay links are interfering with each other. It is
assumed that there is no direct link between two user ter-
minals. This scenario corresponds to the case where users are
physically separated far away and the signal power received
from each other is weak due to a large path loss. Thus an inter-
mediate relay supports bi-directional communications between
two users. For simplicity, we assume the case with two links
as shown in Fig. 2. In this channel configuration, two pairs of
users want to exchange their information via two intermediate
relays which support bi-directional communication without
data cooperation. We assume that the user nodes and the relay
nodes are equipped with M and N antennas, respectively. We
refer to the I-th user in the i-th link as user (¢,1) (1,0 = 1,2).
For simple notation of message settings, we will also denote
user (1,1), (1,2), (2,1) and (2,2) as terminal T}, Ts, T3,
and Ty, respectively. Using this terminal index, we indicate
the messages transmitted from 7; to Ty as Wy;.

During the MAC phase, each user simultaneously transmits
the signals to its relay node as shown in Fig. 2. In this case, the
two-link two-way relay system is mathematically described as

y%) = Hgi)xgi) + Hg’)xg) + Gg)xg) + Gg)xg) +n® (1)

for: =1, 2, where xli) is the M x 1 vectors of the transmitted
signal of user (i,1), n(® denotes the additive white Gaussian

noise with unit variance, y%) indicates the N x 1 received

signal at the relay of the -th link, Hl(z) stands for the N x M
channel matrix from user (¢,[) to the ith link relay node and
Gl(l) represents the interfering channel matrix from user (i, 1)
to the other ¢th link relay. Here, we define 1 = 2 and 2 = 1.
It is assumed that the channel elements are generated from
independent identically distributed (i.i.d.) complex Gaussian
random variables with zero mean and unit variance.

After the MAC phase, each relay generates new transmitting
signals x%) and broadcasts them to users in the BC phase.
Then, the received signal vector of user (i,1) is simply
represented as

A0 = DN el o)

where Dl(i) and Zl(i) are the channel matrices from the i-
th relay to its desired link user (4,!) and to the other link

user (4,1), respectively. Although the channels Dl(i) and Zl(i)
are equal to HI(Z)H and GZ(Z)H, respectively, in the time
division duplex mode, we consider that each channel matrix is

generally different. Throughout this paper, a full-duplex mode
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Fig. 2. MAC phase of two-link two-way relay channels and its cut-set region

is assumed during the two phases so that all nodes can transmit
and receive simultaneously. Also, we assume that channel
state information (CSI) is perfectly known at all nodes.

According to the message settings, we classify two-link
two-way relay channels into two-way relay interference chan-
nels and two-way relay X channels. In the following sections,
we will study the DOF of these channel models. Since it is
hard to identify an exact capacity region in the interference
environments, an alternative metric such as the DOF is needed
to evaluate the system capacity performance. The DOF is an
expression of the pre-log factor on the capacity [11] defined
as

where Cx:(p) denotes the sum capacity at SNR p. Since the
sum capacity of communication networks at the high SNR
regime is determined by the DOF, it is a crucial metric for
characterizing the capacity behavior.

III. DEGREE OF FREEDOM OF TWO-WAY RELAY
INTERFERENCE CHANNELS

In this section, we will characterize an exact expression
of the DOF for MIMO two-way relay interference channels
where relays also have M antennas. We will show that the
DOF is equal to 2M, i.e.,

4y +di) +d) +d) =2Mm 3)

where d%) indicates the DOF for information transfer from
user (i,1) to user (4,1). The converse result and the achiev-

ability of (3) are given in the following subsections.

A. Converse

In this subsection, the converse result is briefly derived
on the basis of the DOF result of MIMO interference
channels in [11] and the cut-set theorem in [13]. In [11],
the authors studied two user Gaussian interferences channel
where base station ¢ (¢ = 1,2) with M; antennas supports
user ¢ with NV; antennas. They showed that the exact num-
ber of the spatial DOF for the interference channel with
the (Mj, N1, M5, N3) antenna configuration is min{M; +
My, N1+ No, max(My, Na), max(Ms, N1)}. Since all nodes
have M antennas in our scenario, the spatial DOF of the
interference channel simply becomes M.
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First, let us consider a situation where 75 and 74 do not
have any message Wi, and W3y for the other user 7 and
T3, respectively, i.e., Wio = Wiy = ¢, which can be seen as
two-link one-way relay channels. For a brief explanation, we
classify all nodes into three groups as Gy = {T1, T3}, G2 =
{T», Ty}, and Gg = { Ry, Ry} as shown in Fig. 2. In this case,
a Gp receives only G1’s messages during the MAC phase
and transmits its messages to G5 during the BC phase. Then,
each phase can be considered as interference channels. We
can find from the Jafar’s result [11] that the DOF in the MAC
phase is M. Denoting the sum-rate of interference channels
from group A to group B as Rp4, we can express the DOF

from G to G as lim,_. mf(ch(;;)(m = M. Also, relays can
transfer the messages to the users in G2 by the DOF of M,

. . Rapaq(p)
ie., lim, .o ﬁ =M.

Applying the cut-set theorem on each phase as described
in Fig. 2, the sum-rate of one-way relay interference channels
from Gy to G2 becomes Rg,q, = min{Rg,c,, Ra,cn }-
Then, the total DOF for information transfer in this case equals

1 2 Ra,a, (p)
i i = Jim log(p)
— Inin hm RGRGl (p) RG2GR (p)
p—oo log(p) "e—oo log(p)
= M. (4)

Similarly, by considering the case where only users in Go
have messages (Wy; = Wy3 = ¢), the DOF from G2 to G
is given by

dy +dy = M ©)

If both of the above one-way communications happen at the
same time, the sum of each DOF becomes an upper bound.
Thus, from (4) and (5), the upper bound on the DOF of MIMO
two-way relay interference channels is obtained as

dy) +d) +d3) + d) < 2M.

B. Achievability

In order for two bi-directional links to operate simulta-
neously with the same frequency band via two relays, we
need to manage the interference signals. Before we prove
the achievability of (3), we briefly review the signal space
alignment for the network coding scheme introduced in [10].
In this scheme, the beamforming vectors are designed such
that two desired signal vectors coming from two users are
aligned. For example, user (¢,[) transmits its message to the

relay using the codeword symbol sl(l) and the beamforming

vector vl(l). Each user computes the beamforming vector to
receive two desired signals at the relay at the same spatial
dimension i.e., span(H{" v{") = span(H{'v{"), for i = 1, 2.
Then, the relay is able to jointly detect and encode the signals
using the ANC [4] or the PNC [5].

Now, we will show the lower bound on the available
DOF for two-way interference relay channels. For simple
presentation, we assume that M is even. Then we can
argue that for every users, the DOF of % is achieved,

For the odd M case, we can prove using time extension in [12]
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ie., (d§12>,d§11>,d§22>,d§21)) = (M, M M M)y the MAC
phase, user (4,1) transmits the message to user (i,[) using 2
independent streams multiplied by the beamforming matrix

M
2
X = 3 w0 560

I,m=°l,m"
m=1
In order to simultaneously decode each M /2 stream at the
relays, the beamforming vectors need to satisfy the following
condition

o (V) OV @), 0

where Ugl) is the M x % unitary basis of the intersection
subspace of the ith link users’ signals for the ¢th relay.

Also, the interfering signal space to the ith relay by user
(¢,1) and user (,2) is aligned in order not to exceed the %
signal space dimension for the ith link. Thus we have

soan (G17VY) + GV ) < span(Ul?), )

where UZ(-i) is the M x &L unitary basis of the intersection

subspace of the interfering signals to the ith relay from the
ith link users. Consequently, equations (6) and (7) can be
rewritten as

span(Hgi)Vgi)) N span(H(Qi)Véi)) = span (Ugi)) , (8)
span(Ggi)Vgi)) N span(Gg)Vg)) = span (Ug)) . )

In this constraint, Vgi) and Vgi) should be given by

span(Vgi)) = span(H(li)leg)Vé”), (10)
span(Gg)fngi)Vgi)) = span(Vg)).
Then, it follows
span(Vgi)) = span(Géi)_lGgi)Hgi)_ng)Vg)). (11)

If we denote Gg)fngi)Hgi)leg) as Hi?f, we can choose
) — {vg)l, e ,véi)% among

the eigenvectors of H((;f)f After designing Véi)

ng‘) from the equation (10) for ¢ = 1, 2.
Now, the received signal at the relays in (1) can be
represented as

% beamforming vectors for Vg

, we can get

i = {Ugi) U()} l i;i

Sl +n®, fori=1,2, (12)

(@)
J
channel gains received at the ¢th relay. Specifically, §
~(4)
S:

where s is the sum of the jth link users’ symbols with their

@)

and
can be written as

gz(‘l) = [agl,)ls(ll)l +ay )152

s =

where ay,)c and b% are the normalized channel gains deter-
; (@) (@) _ pp() () (1), ()
mined from a;;u;; = H; v} G,V

and bgl,l ugl,)c =
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respectively. In other words, s( ) and §£l) are the ith and ith
link signal received at the :th relay, respectively.

Note that u(lz, and ugl)C are the basis vectors of the in-

tersection subspace U() and U() spanned by (8) and (9),

respectively. Since H( 9 and G( i for Vi,l are generated by a

continuous distribution, u(,)C and uﬁ) form=1,--- 7% are
linearly independent. Namely, the event that a bas1s vector
in the intersection space spanned by H() and H() lies in
the other intersection space spanned by G(lz) and Gé) does
not occur and vice versa. Consequently, [Uz(»i) Uéi)} in (12)
has full rank, and thus the ith relay can detect its link symbol
(Z) . After detecting the symbols, the ith relay can generate the
network coded messages. For example, the ANC yields sl(- 2
itself, while the PNC creates ng = W51 ®&Wi4 [5]. Note that
the ith relay is also able to detect the other link symbol §§i).
Thus these symbols could be transmitted in various ways.

We denote rgz) as the network coded symbols obtained

from decoding the received symbols 5 In the BC phase,
consider that the relay multicasts each link’s network coded

information rz(-i) using A independently streams precoded
by the beamforming matrix V%) = {V%?p . %) y| as

(@)

xg) = 5 (9) (1) where xp

= D m=1VRm"im> is normalized by the

power constraint as E [tr {x%)x%)HH = p. Then, the re-
ceived signal vector of user (7,!) becomes

W = DU 20N )

DOV 4 ZzOVOrD a3
Note that relays transmit the total M data streams and each
user has enough dimensions. Thus, the relays are able to

design the beamforming vectors which make D(Z)VE{) and
Z( )V( Y linearly independent for VI,i, and then each user

can detect its symbol r(z)

Finally, user (1,1) can extract the desired message Wi
using its own information for self interference canceling for
the ANC. Also for the PNC, Wi, is obtained as Wn =
Wia @ W = (Wi @ War) @ War = Wia @ (Wa1 @ War).
Therefore, each user can exchange % independent data
streams with the opposite user. As a result, the total 2/ DOF
is achieved in MIMO two-way relay interference channels. We
can make the following observations.

Remark 1: Comparing two-way relay interference channels
with multi-pair relay channels where only one relay supports
multi-pair users’ communication, we can see from equation
(12) that the ith link relay is able to detect both information
messages of two link network coded messages s( and s(l)
Even if the ith link relay is not used, which can be 1nterpreted
as two-pair two-way relay channels, the ith relay can still
broadcast both network coded messages, and thus it is possible
to obtain the DOF of 2M. Therefore, the DOF of two-pair
two-way relay channels where all nodes have M antennas
becomes 2.

Remark 2: Even though one more relay is added to support
communications in two-pair two-way relay channels, which
become two-way relay interference channels, we can observe
that there is no gain in terms of the DOF. In multi-link
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Fig. 3. Two-way relay X channels with signal space alignment during the

MAC phase

two-way relay systems, however, relays are able to choose
a communication method among various schemes. Each relay
multicasts only one link symbol (cooperative relay multicas-
ting) or one relay broadcasts both link symbols while the
other relay is kept silent (cooperative relay silencing). Also
both relays can broadcast both link symbols by considering
all users’ effective channels (cooperative relay broadcasting).
After relays evaluate the system performance such as the
outage probability of network coded messages, they can select
a scheme which has better performance for their link.

IV. MIMO Two-WAY RELAY X CHANNELS

Until now, we have focused on the message settings for
single unicast in two-way relay interference channels. In
this section, we introduce two-way relay X channels where
multiple unicast message settings are assumed. As shown in
Fig. 3, user (¢,!) wants to transmit the messages not only to
user (4,1) but also to user (4,1) for Vi, 1. We will show that the
signal space alignment scheme combined with the interference
nulling beamforming [10] provides higher DOF gains for this
channel by illustrating a simple example where each user and
the relay have M = 3 and N = 4 antennas, respectively.
For simplicity, we consider the cooperative relay silencing
system where a relay helps multi-directional communication.
The following theorem is the main result in this section.

Theorem 1: The DOF of 8 is achieved for two-way relay
X channels with M = 3 and N = 4.

Proof: Let us consider a system where each user trans-
mits 2 data streams simultaneously. Then, there are eight
independent messages in MIMO two-way relay X channels,
and they are Wio, W14, Wai, Was, Wao, Way, Wy1 and Wys.
Then, W, are mapped to the symbol s;;. During the MAC
phase, each user terminal 7; transmits the message Wy, to T},
using the beamforming vector v*. Since there are enough
intersection spaces between any two channels, 7; and T} can
design the beamforming vectors such that its signal space for
Wi, and Wy, is aligned in one dimension as

span(H{M v A span(H{Yv(12) = span (ugl)> ,
span(H(l)v(41 )N span(G(2 v4)) = span (uél)) )
span(G 2)v(23)) N span(H (32)) span (uél)) )
span(G|?v(*3)) N span(G(Q) (34)) = span (u?) ,
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where u!” is a unitary column vector in the intersection
subspace (j = 1,...,N) as depicted in Fig. 3.

Then, the received signal at the relay becomes

Q12812 + (121821
Q14814 + Q41841 n n®
Q23523 + (132832 R
(34534 + (043543

i

[ugl) uél) ugl)

)]

= UWs + n%),

where ay; is the normalized channel gain determined by the
channel matrix and the beamforming vector as algugl) =
Hgl)v(zl). Note that channel matrices are generated from a
continuous distribution and therefore u'" for V4 are linearly
independent with probability one. Since the relay has the
N = 4 dimensional signal space, the relay can perform joint
detection for the symbol vector s almost surely. Then, relay
obtains four network coded messages Wiz = Wia © Woy,
Wia = Wiag @ Wy, Waz = Waz @ W3p and W3y =
W4 @ Wys, and those messages are mapped to the symbols
S12, S14, S23 and S34, respectively.

In the BC phase, the relay broadcasts those four symbols
by multiplying the beamforming vectors fio, f14, fo3, and
f34. Among the four network coded data, each user needs
only two data and the remainder becomes interference. For
example, 512 is the interfering signal to 75 and Ty, since it
only contains the information W75 and Ws;. As each user has
the M = 3 dimensions to receive data, it is capable of dealing
with one interference signal. However, the remaining second
interference should be eliminated from the relay so that only
one interference signal can be reached to each user at a time.
Note that the 3 x 4 channel matrix from the relay to each
user has the null space of one dimension. Then we are able to
select the beamforming vector for 512 from the null space of
the channels from the relay to 73 or from the relay to 7. For
all symbols s;, we carefully choose the beamforming vectors
fr; not to overlap the null space of the channels as

f15 € null (zg”) . f4 € null (z§1>) :

fo5 € null (Dﬁ”) . £y, €null (Dg“) ,

where null (A) indicates null space of A, e.g., D§1)f23 =0.

Consequently, one of the interfering signals is eliminated
from all users’ received signals using the above beamforming
vectors. Then, each user receives two desired data and one
non-intended data. For example, the received signal at T}
becomes

= D(ll) [flg f14 f23 f34] S + ngl)
= DWW [f), f1y £34]8 + 0V,

vy
(14)

where S = [512 514 §23 §34}T and él = [512 §14 §34]T. Since
the effective channel matrix Dgl) [f12 f14 f34] in (14) has full
rank almost surely, 77 is able to detect its desired symbols.
From the detected symbols $12 and §y4, it can extract the
desired messages Wi, and Wiy using the side information.
The other terminals are also able to get their messages
transmitted from two users. Finally, we can obtain the DOF
of 8 by using the signal space alignment for network coding

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE Globecom 2010 proceedings.

at the MAC phase and the interference nulling method at the
BC phase. m

Note that in the M = 3 and N = 4 case, the DOF of 6
can be obtained if bidirectional time-division multiple access
(TDMA) where one link maintains silencing during the other
links’ information change is applied for two-way relay X
channels. In contrast, we show that the signal space alignment
for network coding and the interference nulling beamforming
for network coding achieves additional DOF of 2.

V. CONCLUSIONS

In this paper, multi-link MIMO two-way relay channels
have been investigated. Motivated by the earlier work, we
have characterized the effect of the interference and network
coding on the DOF. We have studied how the network coding
gain is attained through efficient exploitation of the signal
space, even though two-way relay links are interfering with
each other. According to different network message exchange
scenarios, we have shown that the DOF of 2M is achieved
for two-way relay interference channels where all nodes are
equipped with M antennas by the signal space alignment for
network coding. Furthermore, we have verified that the DOF
of 8 is achieved in two-way relay X channels for the case
M = 3 and N = 4. Characterization of the DOF for general
configurations in terms of users and relays remains as a future
work.
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