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Abstract—In this paper, we investigate the minimum mean
squared error based relay transceiver design in amplify-and-
forward multiple antenna relay systems in the presence of direct
link. Instead of the conventional optimal design which requires
iterative methods, we propose a simple and near optimal closed-
form solution. The proposed method exploits the decomposable
property of the error covariance matrix to simplify the problem.
Then, we impose a structural constraint on the non-convex prob-
lem to attain a simple closed-form solution. Through numerical
simulations, we confirm that the proposed solution has almost
no performance loss compared to the optimal iterative design
with much reduced complexity.

I. INTRODUCTION

It has been recognized that multiple-input and multiple-
output (MIMO) wireless systems can potentially provide the
improved link performance [1]. Recently, wireless relaying
techniques have also garnered a significant interest, since the
cell coverage can be substantially extended by supporting
shadowed areas. These benefits make MIMO relaying systems
be considered as a powerful candidate for next generation
wireless networks [2]–[7].

In practical relay networks, one of the most popular re-
lay protocol is amplify-and-forward (AF) which amplifies
the signal received from the source and forward it to the
destination [8]. In the AF MIMO relaying systems, many
works have been studied to derive the optimal relay amplifying
matrices. Without consideration on direct link from the source
to the destination, information theoretic approaches have been
reported in [4] and [5]. Running parallel with this, minimum
mean squared error (MMSE) based studies have also been
investigated in [6] [7] and references therein. However, in the
presence of the direct link, all these works become obviously
suboptimal.

In fact, the source-to-destination direct link can provide a
valuable spatial diversity [8]. Thus, in case where the direct
link is available, we need to optimize the relay amplifying
matrix considering the direct link. For a single stream trans-
mission, the direct link does not affect the MMSE based
optimal relay matrix design, where the problem is simply
convex [9] [10]. However, in case of multiple streams, it
is generally difficult to solve because the direct link incurs
non-convexity of the problem. Recently, the authors in [11]
attempted to find the optimal solution using iterative methods
such as the gradient descent algorithm.
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In this paper, we introduce a new MMSE relay filter
design strategy for relaying systems with direct link which ap-
proaches the optimal performance with a closed-form solution.
Instead of the conventional canonical form based methods [6]
[11], we address the problem with a different approach using
the error decomposition property. More specifically, utilizing
the fact that the MMSE optimal relay matrix is expressed
as a combination of the relay receiver and the precoder, we
prove that the error covariance matrix at the destination can be
represented as a sum of two individual covariance matrices,
which allows us to considerably simplify the problem and to
obtain valuable insights on the relaying system.

Since the decomposed problem is still non-convex, we em-
ploy a relaxation technique imposing a structural constraint on
the relay precoder to establish a strictly convex optimization
problem [12]. Then we identify a simple closed-form solution
which yields the mean squared error (MSE) upper bound of
the global optimal point. Note that the optimal single stream
beamforming structure [9] [10] can be characterized as a
special case in our design strategy. The proposed closed-form
solution also includes the existing works in [6] and [7] without
direct link. Although our solution is theoretically suboptimal,
numerical results in Section V confirm that it provides almost
identical performance to the optimal design [11] with much
reduced complexity.

Throughout this paper, normal letters represent scalar quan-
tities, boldface letters indicate vectors and boldface uppercase
letters designate matrices. C and R+ denote the set of complex
numbers and the set of non-negative real numbers, respec-
tively. The superscripts (·)T , (·)H and (·)∗ stand for transpose,
conjugate transpose, and element-wise conjugate, respectively.
E[·] denotes the expectation operator, IN indicates an N ×N
identity matrix, and Tr (A) represents the trace of a matrix
A. Accounting for a complex matrix A, �{A} and vec(A)
denote the real part of A and the stacked columns of A,
respectively.

II. SYSTEM MODEL

As shown in Figure 1, we consider a three node MIMO
relaying system where one relay node helps the communi-
cation between the source and the destination. We assume
that both the relay and the destination know global channel
state information (CSI) including the channel matrices H, G
and T, but no CSI is allowed at the source node. The source,
relay and destination nodes are equipped with Nt, Nr and Nd

antennas, respectively. As we consider a spatial multiplexing
system which transmits Nt data streams simultaneously, we
assume Nt ≤ min(Nr, Nd). We also assume that all noises
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Fig. 1. System description for an AF MIMO relay network with direct link

are additive white Gaussian with zero mean and unit variance.
Due to the loop interference in the relay node, it is assumed
that data transmission occurs in two separate time slots.

In the first time slot, the source signal vector x ∈ C
Nt×1

with E[xxH ] = σ2
xINt

is transmitted to both the relay and
the destination nodes. Note that we have σ2

x = PT /Nt where
PT is the total transmit power used by the source. Then the
received signal at the relay yr ∈ C

Nr×1 and the received
signal at the destination yd1

∈ C
Nd×1 are respectively given

by

yr = Hx + nr and yd1
= Tx + nd1 ,

where H ∈ C
Nr×Nt and T ∈ C

Nd×Nt denote the source-
to-relay and the source-to-destination (direct link) channel
matrix, respectively, and nr ∈ C

Nr×1 and nd1 ∈ C
Nd×1

indicate the noise vectors at the relay and the destination,
respectively.

In the second time slot, the received signal yr at the
relay is precoded by the relay transceiver Q ∈ C

Nr×Nr and
transmitted to the destination. Then, the received signal at the
destination is written by

yd2
= GQHx + nd2 ,

where nd2 � GQnr + nd designates the effective noise
vector in the second time slot with covariance matrix Rnd2

�
GQQHGH + INd

. In this case, the relay matrix Q needs to
satisfy the relay power constraint PR as E[‖Qyr‖2] ≤ PR.

As a result, combining two signals received at the destina-
tion over two consecutive time slots, we have the signal vector
yd ∈ C

2Nd×1 at the destination as

yd =
[

yd1

yd2

]
=

[
T

GQH

]
x +

[
nd1

nd2

]
.

When a linear receiver W ∈ C
Nt×2Nd is employed at the

destination, the estimated signal waveform s ∈ C
Nt×1 is

expressed as s = Wyd = W1yd1
+ W2yd2

where W1 and
W2 are defined as the Nt × Nd submatrices of W.

III. PROBLEM FORMULATION

In this section, we formulate the problem optimizing the
relay transceiver Q under the MMSE criterion. We first derive
the error covariance matrix as a function of Q, and then show

that from the MMSE point of view, it can be represented
as a sum of two individual covariance matrices. Using this
property, we can substantially simplify the problem.

Defining the error vector as e � s − x = Wyd − x,
the joint optimization problem for minimizing the MSE is
mathematically expressed as

min
W,Q

Tr (Re(W,Q))

s.t. Tr
(
Q(σ2

xHHH + INr
)QH

)
≤ PR (1)

where Re(W,Q) � E[eeH ] denotes the error covariance
matrix as a function of W and Q. It is easy to verify that this
problem is strictly convex with respect to each of W and Q,
although it is generally non-convex in the joint optimization
perspective.

Therefore, for given Q, the optimum receive filter Ŵ is
simply obtained as

Ŵ(Q) =
(
HHQHGHR−1

nd2
GQH + R−1

T

)−1

HH
S

where RT � (THT + σ−2
x INt

)−1 and HS �[
TT (R−1

nd2
GQH)T

]T
. Then, substituting Ŵ(Q) into

Re(W,Q) and invoking the matrix inversion lemma [7], it
can be rephrased as a function of Q as

Re(Q) =
(
HHQHGHR−1

nd2
GQH + R−1

T

)−1

. (2)

Now, we look at the problem (1) in terms of the relay matrix
Q. Once W is given, the problem is also convex with respect
to Q, and thus can be efficiently solved by a Lagrangian
method as shown in the following Lemma.

Lemma 1: For fixed W, the optimal relay matrix Q is ex-
pressed as Q̂ = BLR where B ∈ C

Nr×Nt and LR ∈ C
Nt×Nr

stand for the relay precoder and the receiver, respectively, and
are computed as

B =
(
GHWH

2 W2G + μINr

)−1

GHWH
2 (I − W1T)

×
(
I + (HHH + σ−2

x INt
)−1THT

)
LR =

(
HHH + R−1

T

)−1

HH .

Here μ is chosen to satisfy the relay constraint in (1).
Proof: See appendix A.

Note that if we have no direct link (i.e., T = 0), B and
LR in Lemma 1 are given by simple transmit and receive
Wiener filter structures, respectively [7]. Again, plugging the
result in Lemma 1 into (2), we obtain the equivalent error
covariance matrix as a function of B as illustrated in the
following lemma.

Lemma 2: For the given optimal structure of the relay
matrix Q̂ = BLR, Re(Q) in (2) can be decomposed into
two individual covariance matrices as

Re(B)=
(
HHH + R−1

T

)−1+
(
BHGHGB + Ω−1

)−1
, (3)

where Ω � RT HHH
(
HHH + R−1

T

)−1 ∈ C
Nt×Nt .

Proof: See appendix B.
We now see from Lemma 2 that the first term in (3) is

independent of Q or W, and thus we only need to optimize
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the second term of (3) with respect to B. Finally, the original
joint optimization problem in (1) can be transformed to a
simple problem which finds the optimal relay precoder B as

min
B

Tr
(
BHGHGB + Ω−1

)−1

s.t. Tr
(
BRyBH

)
≤ PR, (4)

where Ry � LR

(
σ2

xHHH + INt

)−1
LH

R denotes the covari-
ance matrix of the relay receiver output signal, i.e., LRyr.
It is remarkable to note that the problem (4) is considerably
simplified without any optimality loss compared to (1).

IV. NEAR OPTIMAL RELAY TRANSCEIVER DESIGNS

In this section, we solve the problem in (4) and derive a
new closed-form solution for the relay transceiver Q. Let us
first introduce the following eigenvalue decompositions

GHG = VgΛgVH
g and Ω = UωΛωUH

ω ,

where Vg ∈ C
Nr×Nr and Uω ∈ C

Nt×Nt are unitary
matrices, and Λg and Λω represent square diagonal matrices
with diagonal elements λg,k ∈ R+ for k = 1, . . . , Nr and
λω,k ∈ R+ for k = 1, . . . , Nt, respectively. We assume that
all eigenvalues are arranged in a descending order.

Without loss of generality, we can write B in (4) in a
general form as B = VgΦUH

ω where Φ =
[
ΦT

1 ΦT
2

]T

with Φ1 ∈ C
Nt×Nt and Φ2 ∈ C

(Nr−Nt)×Nt . Through some
deductions, it is easy to show that the setting Φ2 = 0 has
no impact on the objective function in (4) while the power
consumption is reduced [4] [6]. Thus, it follows

B̂ = ṼgΦ1UH
ω , (5)

where Ṽg ∈ C
Nr×Nt denotes the matrix constructed by the

first Nt columns of Vg .
Then, substituting (5) into (4), the modified problem deter-

mines the optimal Φ1 as

Φ̂1 = arg min
Φ1

fo(Φ1)

s.t. fp (Φ1) ≤ PR, (6)

where fo(Φ1) � Tr
(
ΦH

1 Λ̃gΦ1 + Λ−1
ω

)−1
and fp(Φ1) �

Tr(Φ1RωΦH
1 ). Here Λ̃g is defined as the Nt × Nt upper

left submatrix of Λg and Rω � UH
ω RyUω .

For Nt × Nt positive definite matrices A and B, it is
known [13] that Tr(AB) ≥ ∑Nt

i=1 λi(A)λNt−i+1(B) and
Tr(A−1) ≥ ∑Nt

i=1(Ak,k)−1 where λk(A) and Ak,k stand for
the the k-th largest eigenvalue and the k-th diagonal element
of A, respectively. From these facts, we can check that the
optimum solution for (6) is obtained when the matrices inside
the trace in (6), i.e.,

(
ΦH

1 Λ̃gΦ1+Λ−1
ω

)−1
and Φ1RωΦH

1 are
simultaneously diagonalized. However, unlike the case with
no direct link (i.e., Rω = Λω) [7], there exists no such a case
for all Φ1 due to the non-diagonal structure of Rω , which
makes the problem in (6) generally non-convex. To overcome
this difficulty and provide a closed-form solution, we impose
the following structural constraint on Φ1.

Let us define a diagonal matrix Φd ∈ C
Nt×Nt with

diagonal entries φ1, . . . , φNt
. Then, we can always find a

proper Φd such that fo(Φd) = fo(Φ̂1), since Φd is the
optimum structure for the objective function fo(·). For the
problem (6), however, Φd is obviously suboptimal because it
may increase the power consumption, i.e., fp(Φd) ≥ fp(Φ̂1)
with the same MSE. Nevertheless, a diagonal structure can
provide a simple convex problem, and thus in this paper, we
consider Φd as a solution. Then, by imposing the structural
constraint Φ1 = Φd on the problem (6), we attain the
following strictly convex optimization problem1 as

Φ̂d = arg min
Φd

fo(Φd)

s.t. fp (Φd) ≤ PR. (7)

The solution for (7) can be found efficiently by using the
Lagrangian multiplier ν.

Finally, combining with the relay receiver LR in Lemma 1,
a closed-form solution for the relay transceiver Q is obtained
as

Qcf = ṼgΦ̂dUH
ω LR,

where

|φ̂k|2= 1
λω,kλg,k

⎛⎝√
λ2

ω,kλg,k

rkν
− 1

⎞⎠+

, for k = 1, . . . , Nt.

Here (x)+ is defined as max(x, 0), rk designates the k-th
diagonal element of Rω, and ν is chosen to satisfy the power
constraint in (7). Note that when Rω is a diagonal matrix, the
derived solution is globally optimal (i.e., Φ̂1 = Φ̂d). Thus,
our solution includes the existing works in [6] and [7] without
the direct link. For the same reason, the optimal single stream
beamforming (i.e. Nt = 1) [9] [11] can also be specified as
a special case of our solution, because in this case, we have
scalar Rω ∈ R+.

In what follows, we give some interpretations for our design
strategy to provide more insights. Let us consider an arbitrary
Φd that consumes the same power with the global optimal
solution Φ̂1, i.e., fp(Φd) = fp(Φ̂1). In this case, it is always
true that fo(Φd) ≥ fo(Φ̂1). Therefore, our closed-form
solution Φ̂d in (7) minimizes the upper-bound of the objective
function in the original problem (6). On the contrary, assuming
that both Φ̂1 and an arbitrary Φd achieve the same MSE, i.e.,
fo(Φd) = fo(Φ̂1), it is also clear that fp(Φd) ≥ fp(Φ̂1). This
observation indicates that our strategy establishes a convex
optimization problem (7) by contracting the feasible set of
the original non-convex problem in (6). For these reasons,
our solution does not guarantee the optimality in terms of the
MSE. Nevertheless, numerical results in the following section
show that the proposed closed-form solution achieves almost
identical performance with the optimal design based on the
iterative algorithm [11] with much reduced complexity.

V. NUMERICAL RESULTS

In this section, we compare the bit error rate (BER) and
MSE performance of the proposed solution with those of the
optimal design. We use a notation Nt×Nr×Nd to denote the

1Strictly speaking, the problem (7) is convex with respect to ΦdΦ
H
d , since

the phase of each element in Φd has no impact on both fo(Φd) and fp(Φd).
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system with Nt source, Nr relay and Nd destination antennas.
The total transmit power is defined as P0 assuming that PT =
PR = P0/2. Also we assume that the elements of the channel
matrices H, G and T have an independent and identically
distributed complex Gaussian distribution with zero mean and
unit variance.

Figure 2 shows the cumulative distribution functions (CDF)
of the instantaneous MSE for 4× 4× 4 AF relaying systems
with the fixed transmit power P0 = 20 dB. The Naive
AF indicates the most simple scheme where only the power
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normalizing operation is performed at the relay, i.e., Q =√
PR/Tr(σ2

xHHH + INr
) INr

. From this figure, we see that
Naive AF exhibits the worst performance, since it does not
exploit the CSI of the system. In addition, the proposed
solution clearly outperforms the algorithm in [6], because the
CSI of the direct link (i.e., T) is exploited at the relay while
only the source-relay-destination link is optimized in [6]. This
figure also demonstrates that our closed-form solution has no
difference in the MSE compared to the optimal design based
on the iterative algorithm in [11].

In Figures 3 and 4, we present Monte Carlo simulations for
the BER performance of 2×2×2 and 2×3×2 systems as a
function of P0. For both cases of Nr = 2 and 3, the proposed
solution obtains about 2 dB gain at a BER of 10−4 over the
solution in [6]. Also, similar to the previous results, we can
check that the proposed closed-form solution has the identical
BER performance with the optimal design with substantially
reduced complexity. Note that although not presented in this
paper, we obtain similar consequences for other constellations.

VI. CONCLUSION

In this paper, we have developed an MMSE-based near-
optimal closed form solution for the relay matrix in AF MIMO
relaying systems with direct link. First, we have shown that
the optimal relay matrix consists of the relay receiver and
the precoder. Using this fact, the decomposable property of
the error covariance matrix has been exploited to simplify the
problem. Then, to solve non-convexity of the problem and
derive a simple closed-form solution, we impose a structural
constraint on the solution. Finally, from numerical simula-
tions, we have demonstrated that the proposed closed-form
solution has no performance loss compared to the optimal
iterative solution with substantially lower complexity.
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APPENDIX

A. Proof of Lemma 1

First, using the Lagrangian multiplier μ, we set up the cost
function C as

C = Tr (Re(W,Q)) + μTr
(
QH(σ2

xHHH + INr
)Q

)
= Tr

(
2�[σ2

xW2GQH(THWH
1 + INt

)]

+W2GQ(σ2
xHHH + INr

)QHGHWH
2

+μQ(σ2
xHHH + INr

)QH + C
)
,

where the matrix C indicates the constant terms independent
of Q. Then, we can find Q̂ by setting the gradient with respect
to Q equal to zero as

∂C
∂Q∗ = σ2

xG
HWH

2 W1THH + σ2
xG

HWH
2 W2GQHHH

+GHWH
2 W2GQ − σ2

xGHWH
2 HH

+μ(QHHH + Q) = 0. (8)

This result can be verified using some rules such as dtr (Y) =
tr (dY), vec(dX) = dvec(X), tr(XT Y) = vec(X)T vec(Y).

Solving the equation (8), we obtain the optimal Q as

Q̂ =
(
GHWH

2 W2G + μINr

)−1

GHWH
2 (I − W1T)

×(HHH + σ−2
x INt

)−1HH

=
(
GHWH

2 W2G + μINr

)−1

GHWH
2 (I − W1T)

×
(
I + (HHH + σ−2

x INt
)−1THT

)
×

(
HHH + THT + σ−2

x INt

)−1

HH

and the proof is completed.

B. Proof of Lemma 2

By employing Lemma 1, Re(Q) in (2) can be rewritten as

Re =
(
HHLH

R BHGHR−1
nd2

GBLRH + R−1
T

)−1

.

Then, using the matrix inversion lemma, we have

Re =RT − RT H̃
H

(
H̃RT H̃

H
+ Rnd2

)−1

H̃RT

=RT − RT H̃
H

(
GBΩBHGH + INd

)−1

H̃RT , (9)

where H̃ � GBLRH and the positive definite matrix Ω is
calculated as

Ω � LR

(
HRT HH + INr

)
LH

R

= RT HHH
(
HHH + R−1

T

)−1

.

Again, applying the matrix inversion lemma to the equation
(9) and employing some mathematical manipulations, we

obtain

Re = RT − RT H̃
H

×
(
INd

− GB
(
BHGHGB + Ω−1

)−1
BHGH

)
H̃RT

= RT − RT H̃
H
H̃RT

+RT H̃
H
GB

(
BHGHGB + Ω−1

)−1

×
(
BHGHGB + Ω−1 − Ω−1

)
LRHRT

= RT − RT H̃
H
GB

(
BHGHGB + Ω−1

)−1

×Ω−1LRHRT

= RT − RT HHLH
R

(
BHGHGB + Ω−1 − Ω−1

)
×

(
BHGHGB + Ω−1

)−1

J

= RT − RT HHLH
RJ + J

(
BHGHGB + Ω−1

)−1

J
where J � Ω−1LRHRT . We can easily show that J equals
identity matrix INt

. Therefore, it follows

Re = RT − RT HHLH
R +

(
BHGHGB + Ω−1

)−1

=
(
HHH + R−1

T

)−1

+
(
BHGHGB + Ω−1

)−1

and we complete the proof.
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