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Abstract—In this paper, we analyze the ergodic capacity
performance for diversity reception schemes over composite
fading channels using a mixture gamma (MG) distribution. By
adopting the MG distribution, various composite fading channel
models can be approximated with mathematically tractable and
highly accurate properties. In other words, signal-to-noise ratio
statistics which contain complicated functions for each diversity
reception scheme are formulated as a weighted sum of gamma
distributions. With an aid of properties of the gamma distribu-
tion, we can derive closed-form expressions of an ergodic capacity
for important diversity reception schemes such as maximal ratio
combining and selection combining. We observe that our analysis
can be expressed with the general number of receiver branches
over various composite fading conditions. Simulation results
verify that the derived ergodic capacity expressions match well
with the empirical results.

I. INTRODUCTION

The radio-wave propagation which includes shadowing and
multipath fadings [1] has an impact on the performance of
wireless communication systems. For realistic situations, the
shadowing and the multipath fading appear simultaneously.
These effects are modeled by composite fading channels
such as Rayleigh-lognormal (RL) and Nakagami-lognormal
(NL) distributions [2]. However, such fading models are not
presented in a closed-form, which makes the performance
analysis complicated [3].

In order to represent wireless propagation properties more
tractably in comparison to the RL and NL distributions,
various channel models have been proposed such as the
generalized K (KG) distribution [4] and the generalized
gamma distribution [5]. Above all, many researches focused
on the KG distribution since a variety of fading conditions
can be expressed by adjusting two shaping parameters with
a closed-form [4]. Accordingly, the KG distribution can be
adopted as a system channel model in this paper.

Many researchers have endeavored to analyze the aver-
age symbol error probability (ASEP) of diversity reception
schemes over the KG fading channel [6]–[10]. Especially,
the authors in [10] analyzed diversity and array gains by
applying the mixture gamma (MG) distribution for maximal
ratio combining (MRC) and selection combining (SC). Due
to its mathematically tractable form, the results allow us to
have meaningful insights for the system performance.
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From a perspective of the information theoretic analysis,
capacity is an important measure of the system performance
in wireless communication systems, as it provides a significant
intuition on the theoretical transmission limit [11], [12]. For
the L-branch diversity reception schemes over generalized
fading channels, researchers in [13] and [14] analyzed the
capacity with the moment generating function (MGF)-based
approaches relying on complex functions such as the Meijer-
G function [15] and the Fox-H function [16]. In this case, the
probability density function (PDF) of the overall instantaneous
signal-to-noise ratio (SNR) is in general not available in
a simple form, and the ergodic capacity analysis becomes
mathematically intractable, since it apparently involves the
L-fold integral defined by the joint multivariate PDF of
the instantaneous SNRs for the L branch case. For these
reasons, the PDF-based approaches are generally difficult for
the performance analysis [14].

To handle these problems, we adopt the MG distribution for
the analysis. In [17], the MG distribution which is organized
by a weighted sum of gamma distributions. Therefore, by
adjusting its parameters, a variety of fading channels as
well as the KG distribution can be approximated with high
accuracy. Note that the MGF and the cumulative distribution
function (CDF) can also be given with expressions of the MG
distribution, which allows simple performance analysis.

In this paper, we investigate the ergodic capacity analysis
for diversity reception schemes over KG fading channels using
the MG distribution. We present expressions of the capacity
for the MRC and the SC by applying the PDF-based approach
in the independent and identically distributed (i.i.d.) case.
Exploiting the properties of the MG distribution, the PDF of
the MRC and the SC can also be expressed as the form of
a weighted sum of the gamma distributions. As a result, the
ergodic capacity of these diversity reception schemes can be
obtained in an efficient way using the multinomial theorem
in [18]. Simulations confirm that our derived analysis is well
matched with empirical results.

The rest of the paper is as follows: The system model and
the MG distribution are described in Section II. Then, we
derive expressions of the ergodic capacity for the MRC and
the SC by utilizing the MG distribution in Section III. From
the simulation results in Section IV, we clarify the validity of
our proposed analysis. Finally, this paper is terminated with
conclusions in Section V.

Throughout the paper, we employ uppercase boldface letters
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for matrices and lowercase boldface letters for vectors. E[·]
denotes the expectation operator, | · | stands for the absolute
value, and (·)T means the transpose. Also, It indicates a t× t
identity matrix and n(·) represents the number of elements in
a set.

II. SYSTEM MODEL

We consider single-input multiple-output systems where a
diversity reception technique at a receiver is adopted over KG

fading channels. Assuming that the receiver is equipped with
L antennas, the received signal y is given by

y = hs + n

where h = [h1, · · · , hL]T ∈ C
L indicates the KG fading

channel vector, s is the transmitted complex signal symbol
with energy Es = E[|s|2], and n = [n1, · · · , nL]T ∼
CN (0, N0IL).

In order to analyze the performance, we first investigate the
PDF of SNR over KG fading channels with L = 1. Then, the
PDF of the SNR ρ can be obtained by [8]

fρ(x)=
2ν(k+m)/2x(k+m−2)/2

Γ(m)Γ(k)
Kk−m

(
2
√

νx
)
, for x≥0 (1)

where k and m stand for the shaping parameters of KG fading
channels which represent the multipath fading and shadow-
ing effect, respectively, Γ(·) denotes the gamma function,
Kk−m(·) is the modified Bessel function of order k − m,
ν is defined as ν = km/ρ̄, and ρ̄ equals the average
SNR. From (1), important channel model statistics such as
the CDF and the MGF can be derived [8]. However, these
results contain some special functions such as a modified
Bessel function, generalized hypergeometric functions, and
the Whittaker function, which make the performance analysis
difficult.

In order to tackle these problems, we adopt the MG distribu-
tion of the SNR in this model [10]. As mentioned before, the
MG distribution has attractive properties such that an accurate
approximation is possible for a variety of composite fadings
by utilizing mathematically tractable expressions. The PDF of
ρ in the form of the MG distribution is expressed by [17]

fρ(x) =
N∑

i=1

wifi(x) =
N∑

i=1

αix
βi−1e−ζix (2)

where wi = αiΓ(βi)/ζβi

i means the normalization factor
with

∑N
i=1 wi = 1, fi(x) = ζβi

i xβi−1e−ζix/Γ(βi) denotes
the standard gamma distribution, and αi, βi, and ζi are the
parameters of the i th mixture gamma component. Here,
the number of terms N determines the accuracy measured
by the mean square error (MSE) E

[∣∣fext(x) − fMG(x)
∣∣2]

between the exact PDF fext(x) and the MG distribu-
tion fMG(x), or the Kullback-Leibler divergence DKL =∫∞
−∞ fext(x) log fext(x)

fMG(x)dx. The effect of N can be verified
in section IV.

For the KG fading channel model, the PDF of ρ in (1) can
be approximated by the form of (2) with parameters αi, βi,

and ζi as [17]

αi =
θi∑N

j=1 θjΓ(βj)ζj
−βj

, βi =m, ζi =
ν

ti
, θi =

νmyiti
λ−1

Γ(m)Γ(k)

where λ = k − m, and yi and ti are the weight factor
and the abscissa for the Gaussian-Laguerre integration [19],
respectively. Also, the CDF of ρ can be computed as

Fρ(x) =
∫ x

0

fρ(t) dt =
N∑

i=1

αiζi
−βiγ(βi, ζix) (3)

where γ(·, ·) indicates the lower incomplete gamma function
defined as γ(c, σ) �

∫ σ

0
tc−1e−tdt.

Based on (2), the MGF is evaluated as [8]

Mρ(s) =
∫ ∞

0

e−sxfρ(x)dx =
N∑

i=1

αiΓ(βi)

(s + ζi)
βi

. (4)

Compared to the exact MGF in [8], it is worth noting that
(4) has a simple form, while the MGF in [8] includes a
complicated Whittaker function. Using the PDF, the CDF, and
the MGF obtained from the MG distribution, we will provide
simple and clear solutions for a diversity and array gain with
parameters αi, βi, and ζi in the following section.

III. CAPACITY ANALYSIS OF DIVERSITY SCHEMES

In this section, we derive expressions of the ergodic ca-
pacity for MRC and SC using the MG distribution. First, the
ergodic capacity Cerg is defined as

Cerg =
∫ ∞

0

log2(1 + x)fρ(x)dx. (5)

To compute Cerg for diversity reception schemes, we need
to identify the PDF of SNR in each scheme. Because of
properties of the MG distribution as mentioned before, the
PDF of the MRC and the SC can be expressed by the weighted
sum of gamma distributions, which will be shown in the next
subsections.

Therefore, the analysis of the capacity becomes manageable
with a closed form of the derived PDFs. For simple calculation
of the capacity, we can apply a useful identity in [1] as∫ ∞

0

ln(1 + x)xn−1e−μxdx = (n − 1)!eμ
n∑

k=1

Γ(k − n, μ)
μk

� In(μ) (6)

where Γ(·, ·) indicates the upper incomplete gamma function
defined as Γ(a, b) =

∫∞
b

ta−1e−tdt. By utilizing the function
In(μ), the capacity analysis for the MRC and the SC is
achieved in a simple manner. Now, we investigate the PDF
of each diversity scheme and derive an expression of the
capacity for positive integer shaping parameters k and m. For
simple explanations, we consider the i.i.d. case. However,
our result can be easily extended to the i.n.d. case.

A. Maximal Ratio Combining
The combined SNR for the MRC is given by ρMRC =∑L
i=1 ρi where ρi denote the SNR for the i th branch for



fρMRC
(x) = (Γ(m))L

∑
k1+···+kN=L

(
L

k1, . . . , kN

) ∏
1≤i≤N

αi
ki

N∑
j=1

kjm∑
l=0

Rjl
xl

l!
e−ζjx (7)

CρMRC
= (Γ(m))L

∑
k1+···+kN=L

(
L

k1, . . . , kN

) ∏
1≤i≤N

αi
ki

N∑
j=1

kjm∑
l=0

Rjl

l!

∫ ∞

0

log2(1 + x)x(l+1)−1e−ζjxdx

=
(Γ(m))L

ln2

∑
k1+···+kN=L

(
L

k1, . . . , kN

) ∏
1≤i≤N

αi
ki

N∑
j=1

kjm∑
l=0

Rjl

l!
Il+1(ζj). (8)

i = 1, · · · , L. For independent ρi, the MGF of ρMRC can be
expressed as

MρMRC
(s) = E[e−sρMRC ] =

L∏
i=1

Mρi
(s). (9)

From equation (9), the MGF of the MRC can be alternatively
represented by using the multinomial theorem [18], which is
given as(

N∑
i=1

xi

)L

=
∑

k1+···+kN=L

(
L

k1, · · · , kN

) ∏
1≤i≤N

xi
ki

where
(

L
k1,··· ,kN

)
= L!

k1!···kN ! . By applying this theorem, the
MGF of the MRC is rewritten as

MρMRC
(s) =

(
N∑

i=1

αiΓ(m)
(s + ζi)m

)L

From the relationship between the PDF and the MGF
L−1 {Mρ(s)} = fρ(x), the PDF of the MRC can be obtained
by the inverse Laplace transform of (9) as

fρMRC
(x) = L−1 {MρMRC

(s)} (10)

Using the identity

L−1

{
1

(s + a)m

}
=

xm−1

(m − 1)!
e−ax,

equation (10) follows as (7). where Rjl denotes the coefficient
of the l th term for a = ζj .

By utilizing the expression In(μ), the capacity of the MRC
is calculated from (5) by (8). The key point which makes the
PDF-based analysis possible is that by exploiting the MGF
formulated with the MG distribution, the inverse Laplace
transform can be calculated unlike the MGF containing other
complex functions. Thus, with the derived expression of the
PDF which consists of the form of gamma distributions, an
efficient computation of the ergodic capacity of the MRC is
made possible.

B. Selection Combining
For generalized L branches, the PDF of the SC is composed

of the product of the PDF in (2) and the CDF in (3) as

fρSC
(x) = LFρ(x)L−1

fρ(x). (14)

Similar to the MRC case, the PDF of the SC is represented
by the method of the multinomial theorem as (11). In order

to make the equation (11) more tractable, we transform
the product form of the lower incomplete gamma function∏

1≤l≤N γ(m, ζlx)kl into a summation form. Applying the
recurrence relation γ(m,x) = (m−1)γ(m−1, x)−xm−1e−x,
γ(m, ζlx) is converted into

γ(m, ζlx) = (m − 1)!

[
1 −

m−1∑
k=0

ζl
k

k!
xke−ζlx

]
. (15)

In what follows, we will show that after inserting equation
(15) to (11), the PDF of the SC can be represented by the
summation form which simplifies the PDF-based capacity
analysis. For illustrative purposes, we begin by presenting the
product form of γ(m, ζlx) for the case of L = 3 and l = 1, 2
as an example. In this case, the product form of γ(m, ζlx) is
given as
2∏

i=1

γ(m, ζix)={(m − 1)!}2 [1−K(ζ1, ζ2;m)+T (ζ1, ζ2;m)]

where

K(ζ1, ζ2;m) =
2∑

j=1

m−1∑
k=0

ζj
k

k!
xke−ζjx,

T (ζ1, ζ2;m) =
m−1∑
k=0

ζ1
k

k!
xk

m−1∑
p=0

ζ2
p

p!
xpe−(ζ1+ζ2)x.

After some manipulations, T (ζ1, ζ2;m) can also be written
by the weighted sum of gamma distributions as

T (ζ1, ζ2;m) =
2(m−1)∑

s=0

∑
i+j=s

0≤i,j≤m−1

ζ1
iζ2

j

i!j!
xse−(ζ1+ζ2)x.

Now we consider the generalized L branch case for sim-
plifying the PDF of the SC. By observing the characteristics
of K(·) and T (·) for given L, we define H(x,S, i) as (12)
where S is a set with kj repeated elements for each j (j =
1, · · · , N), Pu means the u th tuple Pu = {pu1, · · · , pur}
which follows conditions

∑r
k=1 puk = l, n(Pu) = r, 0 ≤

puk ≤ m − 1, B denotes n(S)Cr, S̃ represents a set which
consists of subsets organized by choosing r elements from
the given set S, S̃h stands for the h th subset of S̃, and S̃hw

indicates the w th element of S̃h. For example, in case of
k1 = 2, k3 = 1, and r = 2 for L = 4, S and S̃ are given by
S = {1, 1, 3} and S̃ = {(1, 1), (1, 3), (1, 3)}, respectively.

Note that the PDF of the SC is represented by the weighted
sum of xm−1e−ζix and xl+m−1e−(

∑ r
w=1 ζS̃hw

+ζi)x as (13).



fρSC
(x) = L

N∑
i=1

αi

∑
k1+···+kN=L−1

(
L − 1

k1, . . . , kN

) ∏
1≤j≤N

(αjζj
−m)kj

∏
1≤l≤N

γ(m, ζlx)klxm−1e−ζix. (11)

H(x,S, i) = {(m − 1)!}L−1

⎡
⎢⎢⎣xm−1e−ζix+

L−1∑
r=1

r(m−1)∑
l=0

B∑
h=1

U∑
u=1

⎧⎪⎪⎨
⎪⎪⎩(−1)r

∑
puk∈Pu

S̃hk∈S̃h

r∏
w=1

(
ζS̃hw

)pw

pw!
xl+m−1e−(

∑ r
w=1 ζS̃hw

+ζi)x

⎫⎪⎪⎬
⎪⎪⎭

⎤
⎥⎥⎦ (12)

fρSC
(x) = L

N∑
i=1

αi

∑
k1+···+kN=L−1

(
L − 1

k1, . . . , kN

) ∏
1≤j≤N

(αjζj
−m)kj H(x,S, i). (13)

CρSC
=
∫ ∞

0

log2(1 + x)L
N∑

i=1

αi

∑
k1+···+kN=L−1

(
L − 1

k1, . . . , kN

) ∏
1≤j≤N

(αjζj
−m)kj H(x,S, i)dx

=
L

ln2

N∑
i=1

αi

∑
k1+···+kN=L−1

(
L − 1

k1, . . . , kN

) ∏
1≤j≤N

(αjζj
−m)kj

∫ ∞

0

ln(1 + x)H(x,S, i)dx. (16)

∫ ∞

0

ln(1 + x)H(x,S, i)dx={(m − 1)!}L−1

⎛
⎜⎜⎝Im(ζi)+

L−1∑
r=1

r(m−1)∑
l=0

B∑
h=1

U∑
u=1

(−1)r
∑

puk∈Pu

S̃hk∈S̃h

r∏
w=1

(
ζS̃hw

)pw

pw!
Il+m

(
r∑

w=1

ζS̃hw
+ζi

)⎞⎟⎟⎠. (17)
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Fig. 1. Effect of N between the KG distribution and MG distribution (k = 5
and m = 7)

Therefore, the ergodic capacity of the SC is computed by
using (13) as (16). In (16), the integral term is simply
calculated with In(μ) as (17).

It can be seen that the PDF of the SC in (14) is directly
derived by the PDF and the CDF of a single branch using the
MG distribution. This is due to the fact that the product form
of the lower incomplete gamma function can be modified by
the weighted sum of gamma distributions. Then, after applying
some mathematical manipulations, the capacity analysis of the
SC follows a similar way to that of the MRC.

IV. SIMULATION RESULTS

In this section, we confirm the validity of our ergodic
capacity analysis through Monte Carlo simulations. First, we
observe the accuracy of the MG distribution according to the
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Fig. 2. Ergodic capacity of MRC and SC versus the average output SNR
(L = 2 and 3)

number of terms N . Figure 1 presents the comparison of the
PDF between the KG distribution and the MG distribution
with various N for k = 5, m = 7, and ρ̄ = 10 dB. From
this plot, it is verified that the MG distribution becomes more
accurate as N grows. In particular, when N equals 10, the MG
distribution nearly corresponds to the exact PDF. As a result,
we can conclude that the PDF of the KG fading channel is
well approximated by utilizing the MG distribution with larger
N . Throughout the simulations, the number of terms N is set
to 10.

Then, we provide numerical results for the capacity of
diversity reception schemes. As expected, the capacity of the
MRC is higher than that of the SC. In Figure 2, the ergodic
capacity of the MRC and the SC is depicted with respect
to SNR for the different number of branches with the fading
parameters k = 5 and m = 2. As L increases, the performance
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enhancement of the MRC is larger than that of the SC. As
seen in this figure, the analysis results from equations in (8)
and (16) are accurately matched with the actual results over
all SNR ranges.

Next, we present simulation results of the capacity for
various shaping parameters k and m in the generalized fading
channel. We set the average SNR as 20 dB. In Figure 3, the
ergodic capacity is plotted with respect to different multipath
fading factors k for m = 2. Also, Figure 4 illustrates the
ergodic capacity with various shadowing factors m for k = 5.
From these two figures, it is shown that the capacity of each
diversity reception scheme has a tendency to converge when
the shaping parameter becomes large. For the SC, it can be
seen that as the shaping parameter increases, a gain of the
capacity with respect to L becomes less, while the gain for
the MRC is invariant. Since the variance of the output SNR
for the KG fading channel becomes smaller as the shaping
parameter k or m increases, the selective gain for the PDF
decreases. Simulation results reveal that this effect becomes
more pronounced for the shadowing parameter m. Again, the
proposed analysis exactly matches with the simulation results.

V. CONCLUSIONS

In this paper, we have provided the ergodic capacity anal-
ysis of diversity reception schemes over KG fading channel
models by employing the MG distribution. Due to properties
of the MG distribution, PDFs of SNR for both MRC and SC
are represented by the form of the weighted sum of gamma
distributions. Therefore, compared to the MGF-based analysis,
our PDF-based approach allows us to perform the capacity
analysis for the MRC and the SC with a simple manner. Also,
our proposed capacity analysis generates the same result as the
simulations for different scenarios of the fading environment.
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