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Optimal Precoding for Orthogonalized Spatial
Multiplexing in Closed-Loop MIMO Systems
Young-Tae Kim, Heunchul Lee, Seokhwan Park, and Inkyu Lee

Abstract—In this paper, we propose a new precoding algorithm
for orthogonalized spatial multiplexing (OSM) systems over flatfading multiple-input multiple-output (MIMO) channels. The
OSM scheme was recently introduced for closed-loop MIMO
systems which allows single symbol decodable maximum likelihood detection. To further improve the performance of the OSM
system, we propose a new precoding method by maximizing the
minimum Euclidean distance between constellation points in the
effective channel. In order to efficiently identify the parameters of
a precoder which maximizes the minimum distance, we introduce
a partitioning approach. Through analysis, it is shown that one
real value parameter and two bits are required for feedback
information for precoding in 16-QAM systems. Simulation results
demonstrate that our algorithm provides 9dB and 7.5dB gains
at a bit error rate (BER) of 10−4 over the conventional OSM
systems for 4-QAM and 16-QAM, respectively. We also confirm
that the performance of the proposed scheme is the same as
that of the optimum closed-loop MIMO systems in terms of
the minimum distance. Consequently, our precoding algorithm
significantly improves the system performance with a small
increase of feedback amount.
Index Terms—Closed-loop MIMO system, precoding design,
ML receiver, limited feedback, minimum Euclidean distance

I. I NTRODUCTION

C

OMMUNICATION over multiple-input multiple-output
(MIMO) channels has been the subject of intense research over the past several years. MIMO channels can
offer much greater diversity advantages and higher spatial
multiplexing (SM) gains over their single-input single-output
(SISO) counterpart [1][2][3]. Normally, two approaches have
been considered to exploit such aspects of MIMO channels.
One is space time coding directed towards maximizing diversity gain [4][5][6], and the other is the SM which focuses on
increasing channel throughput [7][8][9].
When the communication environment is slowly time varying, we can assume that channel state information (CSI)
is available at the transmitter via feedback in frequency
division duplex (FDD) systems or via the reciprocal principle in time division duplex (TDD) systems. Many studies
on such closed-loop MIMO systems have been based on
singular value decomposition (SVD) of the channel transfer
matrix [10][11][12]. For practical applications, a transmitter
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with limited feedback information has been studied to utilize
system resources more efficiently [13][14]. These works focus
on maximizing mutual information, minimizing uncoded error
rate or minimizing some functions of the mean squared error
(MSE) matrix. Linear receivers are employed in [11][12][13]
which result worse performance than maximum likelihood
(ML) receivers. To approach the optimal performance of
systems with ML receivers in terms of uncoded error rate,
the minimum Euclidean distance between constellation points
in the effective channel must be maximized [13]. However,
deriving a closed-form solution to maximize the minimum
distance is quite difficult and the decoding complexity of ML
receivers may become prohibitive in MIMO systems.
Recently, orthogonalized spatial multiplexing (OSM) has
been proposed which achieves orthogonality between transmitted symbols by applying phase rotation at the transmitter
[15][16]. The OSM scheme is a new closed-loop MIMO
system which does not rely on the SVD. By applying rotation
operations to the transmitted symbols, the OSM system allows
a simple ML decoder at the receiver. Also, for the OSM
system, only one phase feedback value is required for the
transmitter. Thus, compared to conventional SVD-based transmission methods, the OSM scheme exhibits a good system
performance gain with lower complexity and feedback overhead. One salient feature of the OSM scheme is that the transmitted data symbols experience the same channel quality. This
may lead to an incorrect conclusion that additional precoding
would not improve the OSM performance. However, this is
not the case since each of the inphase/quadrature components
of the transmitted symbol still has different channel gains.
Recognizing this situation, we introduce new precoding
schemes for OSM systems which further improve the performance. First, we consider a criterion based on the minimum
Euclidean distance, since the minimum Euclidean distance accounts for the symbol error probability. To efficiently identify
the parameters of the proposed precoder which maximizes the
minimum distance, we introduce a partitioning approach. Our
derivation indicates that one real value parameter and one
bit (two bits) are required for feedback information for the
proposed precoder in 4-QAM (16-QAM) systems. Also, we
propose two other suboptimum precodings for our schemes to
reduce the feedback information. Power loading for the OSM
proposed in [17] can be considered as a special case of the
proposed precoder.
The simulation results show that our optimal precoding
obtains 9dB and 7.5dB gains over the conventional OSM case
at a bit error rate (BER) of 10−4 for 4-QAM and 16-QAM,
respectively. Also we compare our proposed solution with the
optimal system in [18] in terms of the minimum distance.
We verify that the proposed system equipped with symbol

c 2008 IEEE
0733-8716/08/$25.00 
Authorized licensed use limited to: IEEE Xplore. Downloaded on October 16, 2008 at 20:47 from IEEE Xplore. Restrictions apply.

KIM et al.: OPTIMAL PRECODING FOR ORTHOGONALIZED SPATIAL MULTIPLEXING IN CLOSED-LOOP MIMO SYSTEMS

by symbol detection achieves the performance identical to the
optimal system in [18] based on joint ML detection with lower
complexity.
The remainder of this paper is organized as follows: In
Section II, we present the system model and review the OSM
system. In Section III, we propose new precoding algorithms
for enhancing the performance of OSM systems. Also, we
introduce a partitioning approach for identifying the precoder
parameters. In Section IV, we describe simulation results
to demonstrate the optimality of our precoding algorithms.
Finally, we conclude in Section V.
II. S YSTEM D ESCRIPTIONS
In this section, we consider a SM system with Mt transmit
and Mr receive antennas in a frequency flat fading channel.
Throughout this paper, normal letters represent scalar quantities, boldface letters indicate vectors and boldface uppercase
letters designate matrices. With a bar accounting for complex
variables, for any complex notation c, we denote the real and
imaginary part of c by [c] and [c], respectively.
We consider the complex channel output as
y = Hx + n

(1)

where x ∈ CMt ×1 is the complex transmitted signal, y ∈
CMr ×1 indicates the complex received signal, H ∈ CMr ×Mt
represents the complex channel matrix with the (i, j)th element hij denoting the fading coefficient between the jth
transmit and the ith receive antenna, and n ∼ N (0, σn2 IMr )
stands for circularly symmetric complex Gaussian noise. Here,
IMr denotes an identity matrix of size Mr . Each channel
realization is assumed to be known at the receiver.
In what follows, we give a brief review of the OSM scheme
[15][16]. The transmitter structure diagram of the OSM is
given in [15]. The OSM orthogonalizes a channel by applying
a rotation operation at the transmitter and transmits two independent data streams. Then, a single symbol decodable ML
detection is employed at the receiver which greatly decreases
the detection complexity. To simplify the presentation, we
focus on Mt = 2. In [15], a method of extending the original
OSM scheme to systems with Mt ≥ 2 was introduced.
To orthogonalize the channel, the OSM adopts the following
transformation as


1
0
F (x, θ) =
s(x)
0 exp (jθ)
where θ is the rotation phase angle applied to the second
antenna and s(x) is defined as

 

s1 (x)
[x1 ] + j[x2 ]
s(x) 
=
.
s2 (x)
[x1 ] + j[x2 ]
Employing the above transformation, equation (1) can be
rewritten as
y = HF (x, θ) + n = Hθ s(x) + n

(2)

where Hθ accounts for the effective channel matrix for s(x),
represented by


1
0
Hθ = H
.
0 exp (jθ)
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Equivalently, the real-valued representation of the system
(2) is given as [15] [16]


[y]
= Hθ s(x) + n
y =
[y]


 

[s(x)]
[Hθ ] −[Hθ ]
[n]
=
+
[s(x)]
[n]
[Hθ ] [Hθ ]


(3)
=
hθ1 hθ2 hθ3 hθ4 s(x) + n
where the real column vector hθi of length 2Mr denotes the
ith column of the effective real-valued channel matrix Hθ ,
s(x)
represents [ [x1 ] [x1 ] [x2 ] [x2 ] ]t and n indicates

t
[nt ] [nt ] .
From the real-valued representation of the channel matrix
in (3), it is easy to see that the column vectors hθ1 and hθ2 are
orthogonal to hθ3 and hθ4 , respectively (hθ1 ⊥hθ3 and hθ2 ⊥hθ4 ),
regardless of θ. We also notice that we have hθ1 ·hθ4 = −hθ2 ·hθ3
for all θ, where a · b denotes the inner (dot) product between
vectors a and b. In this case, Hθ becomes orthogonal if and
only if hθ1 ⊥ hθ4 and hθ2 ⊥ hθ3 (hθ1 · hθ4 = −hθ2 · hθ3 = 0).
Denoting the rotation angle θ = θo for the orthogonality
between hθ1 and hθ4 (or hθ2 and hθ3 ), we obtain θo as [15] [16]

B
π
θo = tan−1
±
A
2
M

r
|hm1 ||hm2 | sin ∠hm2 − ∠hm1 and B =
where A = m=1
Mr
|h
||h
|
cos
∠hm2 − ∠hm1 . This rotation angle
m1
m2
m=1
θo
θo
makes h1 and h2 (or hθ3o and hθ4o ) orthogonal to each other.
Utilizing this orthogonality, the ML estimate of transmitted
symbols x̂1 and x̂2 can be obtained as [15] [16]

 2
[x1 ]
θo
θo
x̂1 = arg min y − [ h1 h2 ]
(4)
[x1 ]
x1 ∈Q

and
x̂2 = arg min

x2 ∈Q

y−[

hθ3o

hθ4o


]

[x2 ]
[x2 ]



2

(5)

where Q is a signal constellation of size Mc . As a result,
the complexity of the ML detection of the OSM reduces
from O(Mc2 ) to O(Mc ). Thus, compared to SVD-based transmission schemes, the OSM achieves lower complexity and
feedback overhead [15] [16].
III. P RECODING S CHEMES FOR OSM
First we discuss the necessity of precoding for OSM systems. We can see from equations (4) and (5) that a solution
for the OSM system is transformed into two SISO equations.
Here, hθ1o , hθ2o , hθ3o and hθ4o represent the channel column
vectors corresponding to the inphase/quadrature components
of two transmitted symbols. It was shown in [15] and [16]
that the subspace spanned by hθ1o and hθ2o is orthogonal to
that spanned by hθ3o and hθ4o in the OSM system. Also, it is
easy to see that we have ||hθ1o || = ||hθ3o ||, ||hθ2o || = ||hθ4o ||,
and hθ1o · hθ2o = hθ3o · hθ4o . Because of this fact, one may
think that a precoding operation is not necessary for an OSM
system. However, we can note that the column vectors hθ1o
and hθ3o are not orthogonal to hθ2o and hθ4o , respectively.
Also, ||hθ1o || = ||hθ3o || is not equal to ||hθ2o || = ||hθ4o ||. As
a result, the channel energies corresponding to the inphase
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Schematic diagram of the transmitter structure for the proposed scheme

and quadrature components are still different and the symbol
with a smaller channel gain can degrade the performance.
Motivated by this observation, we present a new precoding
algorithm for OSM systems which maximizes the minimum
distance, denoted by dmin , since the performance of the
optimum ML receiver depends on the minimum Euclidean
distance in the received signal constellation [19]. In general,
deriving a closed-form solution which maximizes dmin is
difficult, since the number of candidates for dmin grows
exponentially depending on the number of antennas and
modulation levels used. However, since the OSM systems
orthogonalize the channel associated with the transmitted
symbols, the structure of OSM makes the process of dmin
maximization easier. In this section, we first introduce the
optimal precoding for an OSM system. Then, we will present
two other suboptimal precoding algorithms for OSM systems
which are special cases of the proposed precoding. Again, to
simplify the presentation, we assume Mt = 2.
To construct the precoding for OSM systems, we can rewrite
the system model in (3) as
y = Hθo Ps(x) + n

(6)

where P denotes the 4-by-4 real precoding matrix. Then,
in order to preserve orthogonality between the transmitted
symbols, we can choose P as a block orthogonal matrix,


P1 0
P=
(7)
0 P2
where P1 and P2 are 2-by-2 real matrices. Here, P1 and
P2 control the channel gains associated with x1 and x2 ,
respectively. Since the channel qualities of hθ1 and hθ2 are
identical to those of hθ3 and hθ4 in terms of dmin , P1 and
P2 in the precoding matrix in (7) can be set to be the same
(P1 = P2 ). Thus, our precoder design problem reduces to
identifying a 2-by-2 real matrix P1 .
In choosing P1 , there may be many different methods. In
this paper, we decompose P1 into three 2-by-2 real matrices
to simplify the derivation. Consider the SVD of a matrix A as
A = UΛV∗ , where U, V and Λ are the left and right singular
value decomposition matrices and the singular value matrix,
respectively. In the case where A is a 2-by-2 real matrix,
U and V can be represented by rotation matrices. Based on
this observation, we propose a new precoding matrix P in (7)
where P1 = P2 is decomposed into the same matrix structure
as the SVD. Then, the precoding matrix can be defined as



P = Rθ1 D Rθ2 =
where

Rθ1 0
0 Rθ1





D 0
0 D





p
cos θ1 − sin θ1
, D=
Rθ1 =
sin θ1
cos θ1
0


cos θ2 − sin θ2
and Rθ2 =
.
sin θ2
cos θ2

Rθ2 0
0 Rθ2



 0
2 − p2

(8)


By substituting the precoding matrix (8) into the system
model in (6), we have
y

= Hθo Rθ1 D Rθ2 s(x) + n
= HθR D Rθ2 s(x) + n
= Hθp s(x) + n

where HθR  Hθo Rθ1 = [hθ1R hθ2R hθ3R hθ4R ] and Hθp 
Hθo Rθ1 D Rθ2 = [hθ1p hθ2p hθ3p hθ4p ]. We assume that
the total transmit power is constrained to be E{tr(Ps(x)
s(x)T PT )} = PT which equals E{tr(s(x)s(x)T )} = PT .
The structure of the proposed precoding system is shown in
Fig. 1.
Now, by transforming Equation (4) into the equation with
the precoding (8), the ML solution for x1 in our scheme can
be rewritten as

 2
[x1 ]
θ
θ
x̂1 = arg min y − [ h1p h2p ]
.
(9)
[x1 ]
x1 ∈Q
Similarly, x2 can be estimated by using hθ3p and hθ4p . Since
the channel gains of x1 and x2 are the same in terms of dmin ,
we will consider only one ML solution (9) from now on.
To obtain the precoding matrix which maximizes dmin ,
we need to compute three parameters θ1 , θ2 and p for (8).
Because it is very complex to jointly optimize these three
parameters, we simplify the computation by prefixing θ1 with
the inner rotation value introduced in [20]. Even though
this approach may not be optimal for OSM systems, we
will confirm through simulations that the proposed precoding
achieves the performance identical to that of the optimum
closed-loop MIMO systems in [18].
The orthogonality between hθ1R and hθ2R is achieved if the
inner product of hθ1R and hθ2R becomes zero as [20]


2
2
(hθ1R )T hθ2R = ||hθ2o || − ||hθ1o || cos θ1 sin θ1
+(cos2 θ1 − sin2 θ1 )(hθ1o )T hθ2o = 0.
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Solving Equation (10) with respect to θ1 yields the following
rotation angle


√
2 + 4D 2
C
C
±
(11)
θ1 = tan−1
2D
2

2

θo
where C = ||hθ2o || − ||hθ1o || and D =√ (hθ1o )T h
2 . Here,
2
2
+4D
||hθ1R || is maximized for θ1 = tan−1 C+ C
, whereas
 2D√

θ
−1 C− C 2 +4D2
||h2R || is maximized for θ1 = tan
. Be2D
cause both of two solutions make the same dmin , we consider
only the first case (||hθ1R || ≥ ||hθ2R ||). Note that the magnitudes of hθ1R and hθ2R equal the first and the second singular
values of the matrix H, respectively [20].
Now that θ1 is computed in (11), the other two parameters
θ2 and p need to be determined. In what follows, we will
show that our scheme requires only a finite set of p and θ2 for
feedback information. Thus, just a few bits are sufficient for
indicating the chosen set of p and θ2 . In this work, we identify
the optimal parameters popt and θ2opt with the following
criterion

(popt , θ2opt ) = arg

dmin (p, θ2 )
√ max
0≤p≤ 2, 0≤θ2 ≤π/4

(12)

where dmin (p, θ2 ) represents the minimum distance as a
function of p and θ2 . We limit the search area of θ2 to 0 ≤
θ2 ≤ π/4 in Equation (12), because dmin in π/4 ≤ θ2 ≤ 2π
is symmetric to that in 0 ≤ θ2 ≤ π/4. Since the maxmin function in Equation (12) is nonlinear, it is a difficult
problem to find a closed form solution. To simplify this
problem, we introduce a partitioning approach which separates
the search area in terms of p and θ2 . Note that the optimal
precoding parameters popt and θ2opt in (12) are dependent
on modulation levels. In the following, we will present the
optimized parameters for 4-QAM and 16-QAM constellations
based on the partitioning approach.
A. Optimal precoding for 4-QAM and 16-QAM
To identify popt and θ2opt , we should find the maximum
value of dmin for the p − θ2 region. From the results derived
in Appendix A and B, the optimum solutions can be obtained
as
4-QAM :


popt = 6/(k + 3), θ2opt = π/4
θ
2
2
if 1 ≤ k < 7
 dmin =√4k||h2R || /(k + 3)
popt = 2,
θ2opt = 0.464
if k > 7
d2min = 2k||hθ2R ||2 /5
16-QAM :


θ2opt = π/4
popt = 6/(k + 3),
θ
2
2
=
4k||h
||
/(k
+
3)
if 1 ≤ k < 7.59
d
2R
 min 
popt = 42/(k + 21), θ2opt = 0.489
2
10.8k||hθ2R ||2 /(k + 21) if 7.59 ≤ k < 43.1
dmin =
popt = 182/(k + 91), θ2opt = 0.345
θ
2
2
dmin =√22.6k||h2R || /(k + 91) if 43.1 ≤ k < 101
θ2opt = 0.245
popt = 2,
if k > 101
d2min = 2k||hθ2R ||2 /17

(13)

(14)

where k is defined as ||hθ1R ||2 /||hθ2R ||2 . Note that there are
only two or four distinct cases for representing the optimum
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TABLE I
C LOSED FORM EXPRESSIONS OF popt AND θ2opt FOR THE PROPOSED
PRECODING

Mod
4-QAM
16-QAM

Case
1≤k<7
k≥7
1 ≤ k < 7.59
7.59 ≤ k < 43.1
43.1 ≤ k < 101
k ≥ 101

popt
√1
2
1
1
√1
2

θ2opt
π/4
0.464
π/4
0.488
0.345
0.245

precoder parameters θ2 and p, and that each case can be
determined by a single variable k.
It is clear that the partitioning approach presented in Appendix A and B is effective for identifying the maximum of
dmin . We note that the boundary of the partition is critical.
Also, ||hθ2p || = ||hθ1p + nhθ2p || for n = 1, 2, ..., log2 M − 1 in
M -QAM systems is an important equation to determine the
maximum of dmin . The approach made in this section can be
extended to higher modulation systems such as 64-QAM. It is
expected that θ2 and p can be expressed as 3 bits in 64-QAM.
In the proposed precoding systems, two real values θ1 and k
are needed for feedback in addition to θo which is required
in the original OSM. For solutions (13) and (14), k should
be reported to the transmitter to compute popt and θ2opt . We
can simplify the representation to reduce feedback information without a performance loss. We first recognize that the
variation in popt is small in Equations (13) and (14) in terms
of k. Thus, we can simply replace the variable p with 1 or
√
2, and the final result for p and θ2 is depicted in Table I.
Note that the case p = 1 indicates no power
√ loading in (8)
(D = I). Also, the precoder with p = 2 means that the
smaller channel gain in HθR is not utilized as can be seen in
(8). With this simplification, instead of feeding back the value
k to the transmitter, only one bit and two bits are required
for feedback information in 4-QAM and 16-QAM systems,
respectively. In the simulation section, it will be shown that
this simplification causes no performance loss compared to
the optimum case.
B. Suboptimum precoding for OSM
As the proposed precoder consists of three different matrices
in (8), we may reduce the complexity of the precoding process
by employing only a subset of matrices in (8) at the expense
of a little performance loss. First, when the diagonal matrix
D in (8) is neglected, the precoding matrix in Equation (8)
becomes


cos(θ1 + θ2 ) − sin(θ1 + θ2 )
Rθ1 Rθ2 =
sin(θ1 + θ2 ) cos(θ1 + θ2 )


cos θr − sin θr
=
(15)
sin θr
cos θr
where θr = θ1 + θ2 . Then, the new precoding matrix Rθ1 Rθ2
can be represented by a single parameter θr . Here, θr is
determined by θr = θ1 + arg maxθ2 dmin (θ2 ), where θ1 is
computed in (11) and dmin (θ2 ) denotes the minimum distance
as a function of θ2 in the above precoding system. This will be
referred to as ”OSM with rotation precoding”, and the result is
listed in Table II. The detailed derivation in Table II is omitted
for simplification of the presentation.
Another simplification is made possible by considering
only the diagonal matrix D in (8). This can be viewed as
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TABLE II
C LOSED FORM EXPRESSIONS OF θr FOR OSM WITH ROTATION

TABLE III
C LOSED FORM EXPRESSIONS OF ppower F OR OSM WITH POWER
θ
LOADING (||hθ
1 || ≤ ||h2 ||)

PRECODING

Mod

4-QAM

Case
1≤k<3

θr
π/4

k≥3

α

1≤k<3

π/4

A = 5||hθ1R ||4−10||hθ1R ||2 ||hθ2R ||2
+ 5||hθ2R ||4
B = 5||hθ1R ||2 ||hθ2R ||2−2||hθ1R ||4
− 3||hθ2R ||4
C = ||hθ2R ||4

A = 5||hθ1R ||4−10||hθ1R ||2 ||hθ2R ||2
+ 5||hθ2R ||4
3 ≤ k < 19.5
α
B = 5||hθ1R ||2 ||hθ2R ||2−2||hθ1R ||4
− 3||hθ2R ||4
C = ||hθ2R ||4
A = 13||hθ1R ||4−26||hθ1R ||2 ||hθ2R ||2
19.5 ≤ k < 43.6
+ 13||hθ2R ||4
β
B = 13||hθ1R ||2 ||hθ2R ||2−11||hθ1R ||4
110 ≤ k < 132
− 2||hθ2R ||4
C = 9||hθ1R ||4
A = 20||hθ1R ||4−40||hθ1R ||2 ||hθ2R ||2
+ 20||hθ2R ||4
16-QAM 43.6 ≤ k < 83 α
B = 20||hθ1R ||2 ||hθ2R ||2−14||hθ1R ||4
− 6||hθ2R ||4
C = 9||hθ1R ||4 + 6||hθ1R ||2 ||hθ2R ||2
+ ||hθ2R ||4
A = 29||hθ1R ||4−58||hθ1R ||2 ||hθ2R ||2
+ 29||hθ2R ||4
83 ≤ k < 110
β
B = 29||hθ1R ||2 ||hθ2R ||2−27||hθ1R ||4
− 2||hθ2R ||4
C = 25||hθ1R ||4
A = 68||hθ1R ||4−136||hθ1R ||2 ||hθ2R ||2
+ 68||hθ2R ||4
132 ≤ k <190
α
B = 68||hθ1R ||2 ||hθ2R ||2−42||hθ1R ||4
− 26||hθ2R ||4
C = 25||hθ1R ||4+30||hθ1R ||2 ||hθ2R ||2
+ 9||hθ2R ||4
A = 85||hθ1R ||4−170||hθ1R ||2 ||hθ2R ||2
+ 85||hθ2R ||4
k ≥ 190
α
B = 85||hθ1R ||2 ||hθ2R ||2−74||hθ1R ||4
− 11||hθ2R ||4
C = 64||hθ1R ||4+16||hθ1R ||2 ||hθ2R ||2
+ ||hθ2R ||4 r
r
√
√
2
−B+ B −AC
−B− B 2 −AC
α = cos−1
, β = cos−1
A
A

power loading for the OSM, referred to as ”OSM with power
loading”, which was proposed in [17]. Since two matrices Rθ1
and Rθ2 are neglected in (8), we determine only p = ppower
by using the criteria ppower = arg maxp dmin (p), where
dmin (p) represents the minimum distance in terms of p in
the power loading system. Table III depicts the conditions for
selecting the power loading parameters qi for ||hθ1 || ≤ ||hθ2 ||,
where θc denotes the angle between the columns ||hθ1 || and
||hθ2 || of the effective channel matrix in Equation (4). For the
opposite case of ||hθ1 || > ||hθ2 ||, we can obtain q
i by swapping
||hθ1 || and ||hθ2 ||, and ppower is computed as 2 − qi2 . The
values of qi are defined in Table IV. The detailed derivations
in Tables III and IV can be found in [17].
IV. S IMULATION R ESULTS
In this section, we provide simulation results to demonstrate
the effectiveness of the proposed precoding algorithms for
OSM systems, and compare these results with the original
OSM systems in [15] and [16]. The elements of the MIMO

Mod
4-QAM

Case
0 ≤ | cos θc | ≤ 0.5
0.5 < | cos θc | ≤ 1
0 ≤ | cos θc | ≤ 0.5
0.5 < | cos θc | ≤ 0.866
q5
q4
q5
0.9 < | cos θc | ≤ 0.943
q4
q5
0.943 < | cos θc | ≤ 0.966 q7
q6
q
0.966 < | cos θc | ≤ 0.985 5
q6
0.985 < | cos θc | ≤ 1
0.866 < | cos θc | ≤ 0.9

16-QAM

if
if
if
if
if
if
if
if
if

ppower
q1
q2
q1
q2
||hθ1 || ≤ ||hθ2 || < 3||hθ1 ||
3||hθ1 || ≤ ||hθ2 ||
||hθ1 || ≤ ||hθ2 || < 2||hθ1 ||
2||hθ1 || ≤ ||hθ2 ||
||hθ1 || ≤ ||hθ2 ||< 2||hθ1 ||
2||hθ1 ||≤ ||hθ2 ||< 3||hθ1 ||
3||hθ1 || ≤ ||hθ2 ||
||hθ1 || ≤ ||hθ2 || < 2||hθ1 ||
2||hθ1 || ≤ ||hθ2 ||
q6

TABLE IV
E XPRESSIONS FOR qi IN TABLE III
q
q1
q
q2

r
−B−

q4

q

r
−B−

A = ||hθ1 ||2 + ||hθ2 ||2
B = 2||hθ2 ||2

A = 4||hθ1 ||2 cos2 θc + ||hθ2 ||2
B = 2||hθ2 ||2
A = 9||hθ1 ||4 + ||hθ2 ||4 − 6||hθ1 ||2 ||hθ2 ||2
+ 16||hθ1 ||2 ||hθ2 ||2 cos2 θc

B 2 −AC
A

B = 6||hθ1 ||2 ||hθ2 ||2 − 2||hθ2 ||4

B
A

A = 9||hθ1 ||2 + 4||hθ2 ||2 cos2 θc
B = 8||hθ2 ||2 cos2 θc
A = 64||hθ1 ||4 + ||hθ2 ||4 − 16||hθ1 ||2 ||hθ2 ||2
+ 36||hθ1 ||2 ||hθ2 ||2 cos2 θc

√

q
q7

B
A

√

q5

q6

B
A

− 16||hθ1 ||2 ||hθ2 ||2 cos2 θc
C = 4||hθ2 ||4

B 2 −AC
A

B = 16||hθ1 ||2 ||hθ2 ||2 − 2||hθ2 ||4

B
A

A = 25||hθ1 ||2 + 4||hθ2 ||2 cos2 θc
B = 8||hθ2 ||2 cos2 θc

− 36||hθ1 ||2 ||hθ2 ||2 cos2 θc
C = 4||hθ2 ||4

channel matrix H are generated with an independent and
identically distributed (i.i.d.) complex Gaussian distribution
with zero mean and unit variance, whose magnitude has
Rayleigh fading distribution.
In Figure 2, we compare various systems for 4-QAM
constellations. In this plot, we depict the BER performance
of ARITH-BER [12], Optimal Unitary Precoding (OUP) [13]
and Optimal Linear Precoding (OLP) based on the minimum
mean-squared error design [11]. First, we note that the performance of the proposed precoding is the same as that of the
precoding presented in [18], which was shown to be optimal in
terms of dmin in closed-loop MIMO systems. Comparing this
optimum precoding with the proposed algorithm, we confirm
that the proposed precoding attains the optimal performance.
Note that the optimum precoding in [18] was presented in
only BPSK and 4-QAM systems. Also, the receiver structure
of the precoding in [18] requires joint ML detection which
makes it difficult to be applied for higher modulation systems
due to high computational complexity. In contrast, our precoding method is based on the symbol-by-symbol detection for
arbitrary modulation levels. The required feedback amount for
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the proposed precoder is also less than the system in [18]. It
is interesting to note that even though the proposed scheme is
based on OSM whose structure is different from the system in
[18], the optimized OSM with our proposed precoder exhibits
the performance identical to the optimum precoding in [18].
We can see that the proposed precoding algorithm provides
a 9dB gain at a BER of 10−4 over the original OSM in
Fig. 2. Compared to the original OSM, our precoding method
additionally requires one feedback value θ1 and one bit.
Figure 2 shows that the rotation precoding and power loading
precoding provide 7.5dB and 5dB gains at a BER of 10−4 over
the original OSM, respectively. Also, we can see that ARITHBER, OUP and OLP show a considerable performance loss
compared to our proposed scheme. These performance gaps
can be attributed to a fact that the proposed scheme allows
a simple ML receiver, while ARITH-BER, OUP and OLP
adopt linear receivers. In addition, the simulation result of the
proposed scheme with quantized feedback is included. In this
case, three and two bits for quantized feedback are used for θo
and θ1 , respectively, which result in total 6 bits for feedback.
Surprisingly, the quantized result show that only with 6 bits,
the proposed scheme achieves the performance very close to
the optimum case.
Fig. 3 shows the BER performance of various systems with
16-QAM, which are similar to those of 4-QAM in Fig. 2. We
can see that the performance gain of the proposed scheme,
the rotation precoding and the power loading precoding are
7.5dB, 6.5dB and 5dB at a BER of 10−4 over the original
OSM, respectively, which are smaller compared to the 4QAM systems. We also confirm that our proposed precoding
outperforms the ARITH-BER, the OUP and the OLP.
In Fig. 4, we apply an antenna selection method to the
proposed scheme with three transmit antennas and two receive
antennas in 4-QAM systems. As proposed in [15] and [16],
two transmit antennas can be selected out of Mt transmit
antennas, based on the Euclidean distance criterion in order to
maximize the system performance. In Fig. 4, the performance
gains of our proposed scheme over OSM and ARITH-BER
are 3dB and 4dB, respectively. The reduced performance gains
compared to Fig. 2 indicate that the increased diversity gain
from more transmitter antennas is more beneficial to OSM,
ARITH-BER, OLP and OUP. Also, the quantized feedback
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Fig. 4. BER performance of the proposed scheme with 4-QAM in 3×2
systems
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Fig. 5. BER performance of the proposed scheme with 16-QAM in 2×3
systems
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result with the same quantization bits as in Fig. 2 is plotted,
which is only 1dB away from the unquantized case. It is
expected to require more quantized bits for feedback in higher
modulation levels.
Finally, we depict the proposed scheme with two transmit
and three receive antennas in a 16-QAM system in Fig. 5.
The BER improvements of the proposed scheme are 3dB,
4dB, 5dB and 7.5dB in comparison to the original OSM,
ARITH-BER, OLP and OUP, respectively. The performance
gain, due to the increased receive antenna diversity, becomes
more pronounced in the conventional systems.

θ2
π
4

A41

0

V. C ONCLUSION
In this paper, we have presented a new precoding algorithm for the OSM scheme in MIMO systems, which
gives an excellent performance improvement with additional
feedback information. Our algorithm maximizes the minimum
Euclidean distance to enhance the system performance. We
have illustrated a partitioning approach to determine the optimal precoding parameters which maximize the minimum
Euclidean distance between the constellation points in the
effective channel in OSM systems. The derivation shows that
our proposed precoder requires one real value and two bits for
feedback for 16-QAM. The simulation results confirm that
the proposed algorithm for the OSM is optimal in terms of
the minimum distance in closed-loop MIMO systems. We can
extend the proposed algorithm to higher level modulations.
Also, the proposed scheme can be applied to systems which
support more than two data streams by employing a method
presented in [21].
A PPENDIX A
A NALYSIS FOR 4-QAM
For 4-QAM constellations, we consider that the real or
imaginary part of the transmitted symbol is equal to ± 21 . From
the system model (6), the noiseless received symbols in the
effective channel become (hθ1p + hθ2p )/2, (−hθ1p + hθ2p )/2,
(−hθ1p − hθ2p )/2 and (hθ1p − hθ2p )/2. Then, the optimization
criterion (12) is equivalent to
(popt , θ2opt ) = arg

√

max

0≤p≤ 2,

{min(||hθ1p ||, ||hθ2p ||,

0≤θ2 ≤π/4

||hθ1p + hθ2p ||, ||hθ1p − hθ2p ||)}.
where we have
2
||2 (2 − p)2 sin2 θ2
||hθ1p ||2 = ||hθ1R ||2 p2 cos2 θ2 + ||hθ2R

||hθ2p ||2 = ||hθ1R ||2 p2 sin2 θ2 + ||hθ2R ||2 (2 − p)2 cos2 θ2
||hθ1p +hθ2p ||2=||hθ1R ||2p2 (cos2 θ2 +sin2 θ2 −2sinθ2 cosθ2) (A-1)
+||hθ2R ||2 (2 − p)2 (sin2 θ2 +cos2 θ2 +2sinθ2 cosθ2)
θ
||h1p −hθ2p ||2=||hθ1R ||2 p2 (cos2 θ2 +sin2 θ2 +2sinθ2 cosθ2)
+||hθ2R ||2 (2 − p)2 (sin2 θ2 +cos2 θ2 −2sinθ2 cosθ2).
Now we adopt a ”divide-and-conquer” approach to facilitate
the optimization process in (12). Instead of identifying p and
(12) for the whole region, the search area
θ2 which maximize
√
of 0 ≤ p ≤ 2 and 0 ≤ θ2 ≤ π/4 is divided into three
partitions as shown in Fig. 6. These partitions are made such
that the number of candidates of dmin is minimized. Note that
the candidate functions of dmin within each partition are either
a monotonically increasing or decreasing function with respect

A42

2
k +1

A43

6
k +3

2

p

Fig. 6. Partition areas for the optimal precoding in the proposed system with
4-QAM

to θ2 , for a fixed value p. Now, we will find p and θ2 which
maximize dmin in each partition. Since θ1 is already computed
so as to maximize ||hθ1R ||, we have ||hθ1R ||2 ≥ ||hθ2R ||2 . Thus,
defining k as ||hθ1R ||2 /||hθ2R ||2 , this leads to k ≥ 1. Then, after
finding the maximum value of dmin in each partition, we can
identify p and θ2 which maximize dmin for the whole region.
Let us start with 
the partition A24 .



2/(k + 1)≤ p ≤ 6/(k + 3), 0≤ θ2 ≤π/4
1) Partition A24
With this partition, it is easy to see that ||hθ1R ||2 p2 ≥
||hθ2R ||2 (2 − p2 ). Using this and Equation (A-1), we have
the following relations: ||hθ1p ||2 ≥ ||hθ2p ||2 , ||hθ1p − hθ2p ||2 ≥
||hθ1p + hθ2p ||2 and ||hθ1p + hθ2p ||2 ≥ ||hθ2p ||2 . This means that
dmin is equal to ||hθ2p || in this partition, regardless of p and θ2 .
θ 2
For a given
increasing function
 θ2 , ||h2p || is a monotonically

of p for 2/(k + 1) ≤ p ≤ 6/(k + 3). Also, for a given
p, ||hθ2p ||2 is a monotonically increasing function of θ2 for
0 ≤
θ2 ≤ π/4. As a result, to maximize dmin , p and θ2 must
be 6/(k + 3) and π/4, respectively, and for these values,
θ
2
we have d2min = 4k||h
 2R || /(k + 3). √

2) Partition A34
6(k + 3) ≤ p ≤ 2, 0 ≤ θ2 ≤ π/4
In this partition, we have ||hθ1p ||2 ≥ ||hθ2p ||2 and ||hθ1p −
≥ ||hθ1p + hθ2p ||2 . Then, the candidates for dmin are
and ||hθ1p + hθ2p ||. Following the analysis method
described in Appendix C, we can show that the case of
||hθ2p ||2 = ||hθ1p + hθ2p ||2 maximizes dmin in this partition. By
solving this equality, θ2 can be expressed as (See Appendix
D for proof.)


2
2
2
2 2
2 4
−1 3kp −2(2−p )− (3kp −2(2−p )) −5k p
. (A-2)
θ2 = sin
2
2
5(kp − (2 − p ))
hθ2p ||2
||hθ2p ||

The other solution of θ2 shown in Appendix D is not considered, since it does not belong to this partition (0 ≤ θ2 ≤ π/4).
Substituting Eq. (A-2) into Eq. (A-1) yields
||hθ2p ||2
=

3(k−1)p2 +6 −


(3kp2 −2(2−p2))2 −5k 2 p4 θ 2
||h2R || . (A-3)
5

To identify the maximum value of Equation (A-3), we need to
find the derivative of (A-3) with respect to p, which is given
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θ2

by

2p
d
θ 2
||h || =
3(k − 1)
dp 2p
5
(4k 2 + 12k + 4)p2 − (12k + 8)
−
(4k 2 + 12k + 4)p4 − 2(12k + 8)p2 + 16

2
A16


= 0. (A-4)

e

a

π
4

3
A16

4
A16

b

0.464
1
A16

5
A16

c
7
A16

6
A16

Then, rearranging Equation (A-4) results in
0.322

2

2

4

(k − 6k + 1)(k + 3k + 1)p
−2(3k + 2)(k 2 − 6k + 1)p2 + 4(−6k + 1) = 0.

8
A16

(A-5)
0

2

Equation (A-5) is a quadratic equation of p and the roots of
the equation can be obtained as

(3k+2)(k −6k+1)± 9k 2 (k 2 −6k+1)(k−1)2
2
. (A-6)
p =
(k 2 − 6k + 1)(k 2 + 3k + 1)

Fig. 7.

9
A16

f

d
2
k +1

6
k +3

42
k + 21

182
k + 91

2

p

Partitions for the proposed optimal precoding with 16-QAM

2

Using Equations (A-5) and (A-6), we recognize that p must
be on the boundary of this partition to maximize
 dmin , which
θ 2
||
.
Thus,
p
should
be
either
6/(k + 3) or
is
equal
to
||h
2p
√
2 to maximize Equation (A-3). Correspondingly, θ2 is either
π/4 or 0.464 and d2min is 4k||hθ2R ||2 /(k + 3) or 2k||hθ2R ||2 /5.
It is interesting to note that θ2 is independent of k.


3) Partition A14 0 ≤ p ≤ 2/(k + 1), 0 ≤ θ2 ≤ π/4
In this partition, since hθ1R is made smaller than hθ2R for the
range of p, we have a smaller maximum value of dmin than
the other partitions. Thus, we do not consider this partition.

A PPENDIX B
A NALYSIS FOR 16-QAM
For 16-QAM constellations, we consider that the real or
imaginary part of the transmitted symbol equals ± 21 or ± 32 .
Then, the candidates of dmin are given as follows: ||hθ1p ||,
||hθ2p ||, ||hθ1p − hθ2p ||, ||hθ1p + hθ2p ||, ||hθ1p − 2hθ2p ||, ||hθ1p +
2hθ2p ||, ||2hθ1p − hθ2p ||, ||2hθ1p + hθ2p ||, ||hθ1p − 3hθ2p ||, ||hθ1p +
3hθ2p ||, ||3hθ1p −hθ2p ||, ||3hθ1p +hθ2p ||, ||3hθ1p −2hθ2p ||, ||3hθ1p +
θ
θ
θ
θ
2hθ2p ||, ||2h
√ 1p − 3h2p ||, ||2h1p + 3h2p ||. The area enclosed by
0 ≤ p ≤ 2 and 0 ≤ θ2 ≤ π/4 is divided into nine partitions
as shown in Fig. 7. Similar to the 4-QAM case in Appendix
A, the boundary points of θ2 in Fig. 7 are chosen such that
all of the candidates of dmin within each partition are either
monotonically increasing or decreasing functions with respect
to θ2 , for a fixed value p. Then, given the boundary points
of θ2 , we determine the boundary points of p to reduce the
number of candidates of dmin .
First, because of a similar reason as in the A14 case of
Appendix A, A116 is not considered. Then, using the inequality
||hθ1R ||2 p2 ≥ ||hθ2R ||2 (2 − p2 ), which is common to partitions Ai16 (i = 2, ..., 9), the candidates of dmin reduce to
||hθ1p ||, ||hθ1p + hθ2p ||, ||hθ1p + 2hθ2p || and ||hθ1p + 3hθ2p ||. Here,
to simplify the analysis we will not consider ||2hθ1p + 3hθ2p ||,
since simulation results show that ||2hθ1p + 3hθ2p || is not a

dominant factor. Then, we have
||hθ2p ||2 = ||hθ1R ||2 p2 sin2 θ2 + ||hθ2R ||2 (2 − p)2 cos2 θ2
||hθ1p +hθ2p ||2=||hθ1R ||2 p2 (cos2 θ2 +sin2 θ2 −2 sinθ2 cosθ2 )
+||hθ2R ||2 (2 − p)2 (sin2 θ2 + cos2 θ2 + 2 sin θ2 cos θ2 )
||hθ1p+2hθ2p ||2=||hθ1R ||2p2 (cos2 θ2+4sin2 θ2 −4sinθ2 cosθ2) (A-7)
+||hθ2R ||2 (2 − p)2 (sin2 θ2 + 4 cos2 θ2 + 4 sin θ2 cos θ2 )
||hθ1p+3hθ2p ||2=||hθ1R ||2p2 (cos2 θ2+9sin2 θ2 −6sinθ2 cosθ2)
+||hθ2R ||2 (2 − p)2 (sin2 θ2 + 9 cos2 θ2 + 6 sin θ2 cos θ2 ).
8
5
2
Now, we start with
the partitions A16, A16 and A16 .
1) Partitions A816
2/(k + 1) ≤ p ≤ 182/(k + 91), 0≤ θ2



5
≤ 0.322 , A16
2/(k + 1) ≤ p ≤ 42/(k + 21), 0.322 ≤ θ2




2
6
≤ 0.464 and A216
≤
p
≤
,
0.464
≤
θ
≤
π/4
2
k+1
k+3
Using a method in Appendix C, we can check that d2min
equals ||hθ2p ||2 in the partition A816 , regardless of p and θ2 .
Since ||hθ2p ||2 is a monotonically increasing function of θ2 for
a fixed value of p, θ2 = 0.322 maximizes dmin . Then, for this
given θ2 , ||hθ2p ||2 is a monotonically decreasing function of p
for 1 ≤ k ≤ 9, while ||hθ2p ||2 is a monotonically increasing
function of p for k > 9. Thus, in the partition A816 , p and θ2
which maximize d2min , can be obtained as


θ2 = 0.322
p = 2/(k + 1),
θ
2
2
=
2k||h
||
/(k
+
1)
if 1 ≤ k ≤ 9
d
2R
 min
θ2 = 0.322
p = 182/(k + 91),
if k > 9 .
d2min = 20k||hθ2R ||2 /(k + 91)

Also, by applying this solution to the partitions A516 and
we obtain the solution for p and θ2 for each partition.
For A516 , we have


θ2 = 0.464
p = 2/(k + 1),
θ
2
2
d
=
2k||h
||
/(k
+
1)
if 1 ≤ k ≤ 4
2R
 min
θ2 = 0.464
p = 42/(k + 21),
if k > 4 .
d2min = 10k||hθ2R ||2 /(k + 21)

A216 ,

and for A216 , we obtain

p = 6/(k + 3) θ2 = π/4, and d2min= 4k||hθ2R ||2/(k + 3).
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42/(k + 21) ≤ p ≤ 182/(k + 91),


0.322 ≤ θ2 ≤ 0.464 and A316
6/(k + 3) ≤ p ≤


42/(k + 21), 0.464 ≤ θ2 ≤ π/4
Based on the analysis in Appendix C, it can be shown that
the candidates of dmin are ||hθ2p ||2 and ||hθ1p + hθ2p ||2 . Also,
||hθ2p ||2 should be equal to ||hθ1p + hθ2p ||2 in the partition A616
to maximize dmin . Solving ||hθ2p ||2 = ||hθ1p + hθ2p ||2 from the
result in Appendix D, θ2 is expressed as

3kp2 − 7(2 − p2 )
−1
−
θ2 = sin
10(kp2 − (2 − p2 ))
 12 

(3kp2 − 7(2 − p2 ))2 − 5(kp2 + 3(2 − p2 ))2
. (A-8)
10(kp2 − (2 − p2 ))
2) Partitions A616

of ||hθ2p ||2 = ||hθ1p + 3hθ2p || as

11kp2 − 74(2 − p2 )
−1
θ2 = sin
−
85(kp2 − (2 − p2 ))
12 

(11kp2 −74(2−p2))2 −85(kp2 +8(2 − p2 ))2
. (A-10)
10(kp2 − (2 − p2 ))
√
Again, by plugging p = 2 into Equation (A-10), we obtain
θ2 = 0.245. Also, we have d2min = 2k||hθ2R ||2 /17.
A PPENDIX C

In this appendix, we present a systemic way of reducing
the number of candidates of dmin for a given partition. First,
for each partition, by taking the derivatives of the candidate
functions with respect to θ2 with a fixed value p, we determine
Using a similar analysis in the partition A34 of Appendix A, we whether it is an increasing or a decreasing function. Note that
notice
that p shouldbe on the boundary of this partition p = each partition is determined such that the candidate functions

42/(k + 21) or 182/(k + 91) . Then, substituting each within the partition are either monotonically increasing or
value of p into Equation (A-8) yields θ2 = 0.464 and 0.345, monotonically decreasing functions with respect to θ2 for a
and these values correspond to d2min = 10k||hθ2R ||2 /(k + fixed value p. Next, we evaluate the inequality among the can21) and 22.592k||hθ2R ||2 /(k + 91), respectively.
didates at two end values of θ2 for the given partition. Then,
Also, in the partition A316 , following a similar step as in the the number of candidates of dmin is reduced by comparing
A, p should
partition A34 of Appendix

 be on the boundary of each candidate function with respect to θ2 .
this partition (p = 6/(k + 3) or 42/(k + 21)). These two
To illustrate the above method, we present the process of
values of p result in θ2 = π/4 or 0.489, and we have d2min = determining the candidates in the partition A416 as an example.
4k||hθ2R ||2 /(k + 3)or 10.8k||hθ2R ||2 /(k + 21), respectively.  First, as mentioned in Section II, the candidates of dmin

√
θ
θ
θ
θ
θ
3) Partitions A916 182/(k + 91) ≤ p ≤ 2, 0 ≤ θ2 ≤ 0.322 , in 16-QAM are ||h1p ||, ||h1p + h2p ||, ||h1p + 2h2p || and
θ
θ


√
||h1p + 3h2p ||. After differentiating the candidate functions
A716
182/(k + 91) ≤ p ≤ 2, 0.322 ≤ θ2 ≤ 0.464 and
with respect to θ2 , we determine that ||hθ2p ||2 , ||hθ1p + 2hθ2p ||2


√
A416
42/(k + 21) ≤ p ≤ 2, 0.464 ≤ θ2 ≤ π/4
and ||hθ1p + 3hθ2p ||2 are monotonically increasing functions,
θ
θ
In these partitions, the candidates for dmin consist of more while ||h1p + h2p ||2 is a monotonically decreasing function.
than two functions. Utilizing results from Appendix C, we can Next, by substituting two end values of θ2 (0.464 and π/4)
find that the candidates for A916 ,A716 and A416 are {||hθ2p ||2 , into the candidate functions in A416 , the following inequalities
||hθ1p + 3hθ2p ||2 }, {||hθ2p ||2 , ||hθ1p + 2hθ2p ||2 , ||hθ1p + 3hθ2p ||2 } are obtained:
and {||hθ2p ||2 , ||hθ1p + hθ2p ||2 , ||hθ1p + 2hθ2p ||2 }, respectively.
θ2 = π/4 :
Also, based on the results in Appendix C, we need to satisfy
θ
θ 2
θ
θ 2
θ 2
θ
θ 2
θ 2
θ
θ 2
θ 2
9
the relations ||h2p || = ||h1p + 3h2p || in A16 , ||h2p || = ||h1p + 3h2p || ≥ ||h1p + 2h2p || ≥ ||h2p || ≥ ||h1p + h2p ||
θ2 = 0.464 :
||hθ1p +2hθ2p ||2 or ||hθ1p +2hθ2p ||2 = ||hθ1p +3hθ2p ||2 in A716 and
θ 2
θ
θ 2
θ
θ 2
θ
θ 2
||hθ1p + 3hθ2p ||2 ≥ ||hθ1p + hθ2p ||2 ≥ ||hθ2p ||2 ≥ ||hθ1p + 2hθ2p ||2 .
||h2p || = ||h1p + h2p || or ||h1p + h2p || = ||h1p + 2h2p ||
4
3
in A16 . By using a similar process in A4 of Appendix A,
Then, plotting the candidate functions based on the above
we notice that p should be on the boundary ab, cd or ef in
relations,
we notice that only two cases are possible as
Fig. 7 when all of the above equalities hold. Since we have
already analyzed the condition on ab and cd at the partitions depicted in Figs. 8 (a) and (b). From this plot, we confirm
θ
θ
A816 , A616√and A316 , we only need to evaluate the boundary that ||h1p + 3h2p || cannot be the minimum distance. For the
case of Fig. 8 (a), the maximum of dmin is obtained at θ2 = θ2
ef (p = 2). Unlike other partitions, we do not know which
√
θ
θ 2
θ
θ 2
equality maximizes
√ dmin , except for the fact that p equals 2. where ||h1p +h2p || = ||h1p +2h2p || . Also, we can recognize
that for the case of Fig. 8 (b), dmin is maximized when we
Substituting p = 2 into Equation (A-7) yields
have ||hθ2p ||2 = ||hθ1p + hθ2p ||2 at θ2 = θ2 . This analysis
leads to a conclusion that to maximize dmin , θ2 should be
||hθ2p ||2 = 2||hθ1R ||2 sin2 θ2
determined such that we have ||hθ1p + hθ2p ||2 = ||hθ1p + 2hθ2p ||2
||hθ1p +hθ2p ||2= 2||hθ1R ||2 (cos2 θ2+sin2 θ2 −2 sin θ2 cos θ2) (A-9)
or ||hθ2p ||2 = ||hθ1p + hθ2p ||2 .
θ
θ 2
2θ 2
2
2
||h1p +2h2p || = 2||h1R || (cos θ2+4sin θ2 −4sinθ2 cosθ2)
||hθ1p +3hθ2p ||2= 2||hθ1R ||2 (cos2 θ2+9sin2 θ2 −6sinθ2 cosθ2).
After some mathematical manipulations, it can be shown
that ||hθ2p ||2 should be equal to ||hθ1p + 3hθ2p ||2 to maximize
dmin . Then, θ2 can be obtained from Appendix D as a solution

A PPENDIX D
As can be seen from the analysis in Appendix A, most
partitions need to solve an equation in the form of ||ahθ1p +
bhθ2p || = ||chθ1p + dhθ2p ||, where a, b, c and d denote integer
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Fig. 8.

d2min of candidates with fixed p in A416

numbers. To solve the equation ||ahθ1p + bhθ2p ||2 = ||chθ1p +
dhθ2p ||2 , it follows
||hθ1R ||2 p2 ((a2 − c2 ) cos2 θ2 − 2(ab − cd) sin θ2 cos θ2 + (b2
−d2 ) sin2 θ2 ) + ||hθ2R ||2 (2 − p2 )((a2 − c2 ) sin2 θ2 + 2(ab −
cd) sin θ2 cos θ2 + (b2 − d2 ) cos2 θ2 ) = 0.
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The solution of the above equation is given by

√
B ± B 2 − AC
−1
θ2 = sin
A
where A = (kp2 − (2 − p2 ))2 ((b2 − d2 − a2 + c2 )2 + 4(ab −
cd)2 ), B = (kp2 − (2 − p2 ))((kp2 (a2 − c2 ) + (2 − p2 )(b2 −
d2 ))(−b2 + d2 + a2 − c2 ) + 2(ab − cd)2 (kp2 − (2 − p2 ))) and
C = (kp2 (a2 − c2 ) + (2 − p2 )(b2 − d2 ))2 .
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