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Abstract—In this paper, we present a low-complexity method
to generate a transmit beamforming vector for multiple-inputmultiple-output (MIMO) systems. We begin by introducing
new definitions regarding orthogonality between two complexvalued vectors and then present new expressions of complex
rotation matrices for the complex vector orthogonalization. The
rotation matrices are utilized to derive the weight vector for
the maximum-norm combining (MNC) process of two complex
vectors, which provides a constructive basis for a new beamforming method. The proposed transmit beamforming method uses
successive column combining of MIMO channel matrices based
on MNC, and as a result, an approximate solution to the optimum
beamforming vector is obtained. The proposed method offers a
good tradeoff between complexity and performance. Simulation
results demonstrate that the proposed beamforming method
achieves the near-optimal performance with much reduced computational complexity, compared to the optimal beamforming
scheme using singular-value decomposition (SVD) of the channel
matrix.
Index Terms—Multiple-input-multiple-output (MIMO) systems, transmit-beamforming technique, complex rotation matrix,
maximum-norm combining (MNC).

I. I NTRODUCTION

T

HE use of multiple-input-multiple-output (MIMO) antennas, coupled with space-time processing, has been
considered to be a promising means to increase the available
capacity for high data rate wireless links [1] [2]. The expected
benefits include higher system capacity and improved quality
of service as a result of spatial multiplexing (SM) and diversity
gain [3]. The fundamental tradeoff between the SM gain and
the diversity gain has been characterized in [4], which reveals
the relationship between two types of gain and provides insights to understand the overall resources provided by MIMO
channels.
In open-loop systems where channel state information (CSI)
is known only at the receiver, space-time code (STC) techniques exploit the transmit diversity, which yields an additional
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diversity and/or coding gain compared to a single-input singleoutput (SISO) system [5][6][7]. Specifically, the antenna diversity combining at the receiver has been studied to improve the performance of single-input multiple-output (SIMO)
systems. A classical receiver technique for such systems is
maximum-ratio combining (MRC) [8]. In contrast, closed-loop
transmission strategies utilize knowledge of the channel at the
transmitter to further enhance the capacity of MIMO systems
[9][10]. In this case, the MRC algorithm was generalized for
both transmit beamforming and receive combining in [11]
where the concept of maximum ratio transmission (MRT) was
presented. In order to maximize the received signal-to-noise
ratio (SNR), the transmit beamforming and receive combining
vectors need to be jointly designed by utilizing the singularvalue decomposition (SVD) of the channel matrix [12][13],
which will be referred to as optimal beamforming scheme for
the rest of this paper.
There exist several approaches for computing the SVD
of matrices. The Jacobi method is originally proposed for
diagonalizing real symmetric matrices, and plays an important
role in the computation of the SVD of matrices [14]. While
the original two-sided Jacobi transformation requires both premultiplication and post-multiplication to cancel the largest
off-diagonal elements, its one-sided version was introduced
by discovering the equivalence between orthogonalizing two
vectors and annihilating a matrix element [15] [16]. The most
widely used algorithm for computing the full SVD is the
Golub-Kahan algorithm [14]. However, in the beamforming
transmission, since we do not need to compute all the singular
vectors of the channel matrix, only the dominant singular
vector can be efficiently obtained by using the iterative power
method [17]. In this paper, we present an approximate method
of generating transmit beamforming vectors, while its performance is very close to that of the optimal beamforming
scheme. Note that all the SVD approaches, including the
previously mentioned one- and two-sided Jacobi methods and
the power method, are based on iterative algorithms. Instead,
in this paper, we focus on non-iterative solutions to reduce the
complexity while minimizing the performance loss.
We first discuss a method for orthogonalization of two
complex-valued vectors. To this end, we introduce new definitions regarding orthogonality between two complex-valued
vectors and present new expressions of complex rotation matrices for orthogonalizing an arbitrary pair of complex-valued
vectors [18]. The orthogonalization of two real-valued vectors
based on plane rotations was introduced in [16]. Also, several
forms of general 2-by-2 complex-valued rotation matrices have
been proposed for various purposes including the complex
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Fig. 1. Schematic diagram of a transmit beamforming and receive combining
scheme with Mt transmit and Mr receive antennas.

vector orthogonalization in [19] and therein references. Unlike
the previous works where the 2-by-2 rotation matrices were
chosen from general representations without any theoretical
basis, we propose a new expression of 2-by-2 complex rotation
matrices with theoretical explanations in its derivation. As a
result, we can deal with the complex vector orthogonalization
problem more efficiently. The proposed rotation transformation is utilized to derive the unit-norm weight vector for
maximum-norm combining (MNC) of two complex vectors.
As a consequence, a new beamforming method is obtained
which employs successive MNC to the MIMO channel matrix.
Simulation results show that this approach achieves a
good trade-off between system performance and computational complexity. For example, for MIMO systems with four
transmit and four receive antennas, the proposed beamforming
scheme allows a computational complexity saving of about
60% for the same performance in comparison to the beamforming scheme based on the iterative power method [14] [17].
Throughout this paper, normal letters represent scalar quantities, boldface letters indicate vectors and boldface uppercase
letters designate matrices. With a bar accounting for complex
variables, for any complex notation c, we denote the real and
imaginary part of c by [c] and [c], respectively.
The organization of the paper is as follows: Section II
presents a general description of MIMO beamforming and
combining systems and reviews conventional beamforming
schemes. In Section III, we derive new expressions of complex
rotation matrices for the complex vector orthogonalization. In
Section IV, we propose a new beamforming method based on
combining columns of a MIMO channel matrix successively.
Section V shows the simulation results and compares the
proposed method with the optimum beamforming scheme.
Finally, the paper is terminated with conclusions in Section
VI.
II. S YSTEM D ESCRIPTIONS
In this section, we consider a MIMO system model with
Mt transmit and Mr receive antennas, as shown in Figure 1.
We assume that the elements of the MIMO channel matrix
are obtained from an independent and identically distributed
(i.i.d.) complex Gaussian distribution with zero mean and unit
variance. The system consists of a beamforming processing at
the transmitter and a combining processing at the receiver. At
by the unitthe transmitter, the data symbol s is multiplied

norm transmit weight vector t ||t|| = 1 to form the Mt -

dimensional complex transmitted signal vector x, where || · ||
denotes the 2-norm of a vector.
Denoting H and y as the Mr -by-Mt channel matrix and the
Mr -dimensional complex received signal vector, respectively,
the complex received signal is given by
y = Hx + n
where x = ts and n is the complex Gaussian noise vector with
the covariance matrix σn2 IMr . Here Id indicates an identity
matrix of size d.
At the receiver, the transmitted data symbol can be recovered by combining Mr received symbols by the receive weight
vector r (||r|| = 1). In Figure 1, ti and r i indicate the i-th
element of t and r, respectively, and (·)∗ denotes the complex
conjugate. Then, the corresponding estimated symbol z can be
written as
z = r† H t s + r† n
(1)
†

where (·) denotes the complex conjugate transpose of a vector
or matrix.
Note that r† H t in (1) corresponds to the effective channel
gain. In order to maximize the output SNR, we need to
properly choose the transmit weight vector t and the receive
weight vector r. We assume an MRC receiver given by
r=

Ht
,
||H t||

(2)

which is optimal in terms of the output SNR when the noise
is white [8].
Without any constraint on the beamforming vector, it can
be shown that the channel gain r† H t is maximized when
the dominant right singular vector of the channel matrix H
corresponding to the largest singular value λmax of H is
employed as t [13]. In this case, the maximum channel gain
is obtained as
|r† H t| = ||H t|| = λmax .

(3)

This beamforming technique based on the dominant singular vector of the channel matrix is optimal in terms of the SNR
performance. Therefore, the optimal solution of the channel
gain maximization in Equation (3) requires the computation of
the dominant singular vector of the Mr -by-Mt channel matrix,
and the power method is known to be particularly suited for
the computation. The iterative power method determines the
transmit vector t by performing the following iteration
(i)

Ht

r(i+1) =

(i)

||H t ||

and
(i+1)

t

†

=

H r(i+1)
†

||H r(i+1) ||

,
(0)

where we start with an initial vector t and then, after the
(k)
iteration k, the channel gain of ||Ht || is achieved. Note that
(k)
||H t || approaches λmax as the iteration process converges.
The power method described above involves (8Mt Mr +
4Mt +4Mr )Nit real multiplications for the Mr -by-Mt channel
matrix, where Nit indicates the number of iterations. In this
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paper, we propose a new transmit beamforming method which
achieves a reduction of up to 13 in the complexity compared
to the power method while maintaining the near optimum
performance.
III. ROTATION T RANSFORMATIONS FOR COMPLEX
VECTOR ORTHOGONALIZATION

In this section, we present the mathematical background
for the proposed beamforming method. We first discuss an
orthogonalization problem of two complex-valued vectors and
derive new expressions of complex rotation matrices for the
complex vector orthogonalization. Meanwhile, we provide
many useful insights on the connection between the vector
orthogonalization process and the vector-norm maximization.
It was shown in [16] that given two real-valued vectors the
norm of one column is maximized and the norm of the other
is minimized when the two columns become orthogonal to
each other by a rotation transformation. In order to generalize
the observation to the complex case, we first define three
different kinds of orthogonality between two complex-valued
vectors: inner orthogonality, outer orthogonality, and complex
orthogonality [18].
Definition 1: Given two complex vectors h1 and h2 , consider the Hermitian product of two (complex-valued) vectors
as


†
h1 , h2
= h1 h2




= h1 , h2 R + j h1 , h2 I ,






and h1 , h2 I 
where
h
  h1 , h2
1 , h2 R

 h1 , h2 . We refer to two complex-valued vectors h1 and
Mr
h2 as being

 inner orthogonal
 or outer orthogonal in C
if h1 , h2 R = 0 or h1 , h2 I = 0 is satisfied, respectively.
Furthermore,

 referred
 h1 and h2 are
 to as complex orthogonal
if h1 , h2 R = 0 and h1 , h2 I = 0 at the same time.
Therefore, complex orthogonality means a stronger condition.
For any complex vector v, we define two real-valued vectors
as


[v]
−[v]
v=
, and v̇ =
.
(4)
[v]
[v]

become either inner, outer or complex orthogonal. Here, we
should emphasize that we are trying to establish orthogonality



between columns h1 and h2 so that the norm of h1 is
maximized, which is based on the connection between the
vector orthogonalization process and the vector-norm maximization [16]. In the following section, the transformation F
will be used to find the MNC weight vector, which gives a
constructive basis for a new beamforming strategy on how to
construct the transmit weight vector t.
The real-valued representation of (8) can be written by [14]
[20]
⎤
⎡




 h1 h2 − h1 h2
⎦
⎣
(9)




 h1 h2
 h1 h2



 
h1 h2  − h1 h2 [F] −[F]
=
.
[F] [F]
 h1 h2
 h1 h2
Using the notations in (4), Equation (9) is transformed to



[F] −[F]
h1 h2 ḣ1 ḣ2 = h1 h2 ḣ1 ḣ2
. (10)
[F] [F]
We first derive the rotation transformation F for ob

taining
between h1 and h2 in (8)
 orthogonality

 the inner


i.e., h1 , h2
= 0 . From (6), it is obvious that in order
R
to achieve the inner orthogonality, we need to make the


real-valued vectors h1 and ḣ1 perpendicular to h2 and ḣ2 ,


respectively, in (10) (i.e., h1 ⊥ h2 and ḣ1 ⊥ ḣ2 ). In this case
we can arrive at new orthogonal pairs of real-valued vectors


{h1 , h2 } and {ḣ1 , ḣ2 } by applying the following rotation
transformation to a pair of {h1 , h2 } and {ḣ1 , ḣ2 } as


and

v · v̇ = 0



h1 , h2 I = −h1 · ḣ2 = h2 · ḣ1 .

[h1 h2 ] R(θ)

ḣ1 ḣ2 R(θ)

(5)

(7)

In what follows, we will utilize the properties (5), (6), and
(7) to derive a new rotation matrix for achieving three different
kinds of orthogonality between two complex vectors. Given
two complex vectors h1 and h2 , we consider a rotation matrix


F such that two vectors h1 and h2 in




h1 h2 = h1 h2 F
(8)

(11)

where R(θ) is the well-known two-dimensional Givens rotation matrix [14] defined as

cos θ sin θ
R(θ) =
.
− sin θ cos θ
In a complex domain, Equation (11) is equivalent to




[h1 h2 ] = [h1 h2 ]I(θ)

where (·) denotes the inner (dot) product between two real
vectors.
Also, from Definition 1 and Equation (4), we have the
relations


h1 , h2 R = h1 · h2 = ḣ1 · ḣ2
(6)
and



h1 h2 ḣ1 ḣ2 =

It is easy to show the following properties:
||v|| = ||v̇||

2069

(12)

where the inner rotation matrix I(θ) is given as
I(θ) = R(θ).

(13)

Then, from (6), we can show that the inner orthogonality




between h1 and h2 is achieved (h1 , h2 R = 0) if the
following rotation angle is employed [18]


√
2 + 4B 2
A
A
−
(14)
θI = tan−1
2B


where A = ||h1 ||2 − ||h2 ||2 and B = h1 , h2 R .
It is important to point out that in Equation (12) the column

h
norm value when the inner rotation I(θ)
 1 πhas its maximum

− 2 ≤ θ ≤ π2 is applied with the rotation angle θ = θI 1
that when θI = tan−1
 
  
while h1  is minimized.



1 Note
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so that the inner orthogonality between
  two vectors h1 and

  
h2 is obtained. In other words, h1  is maximized over all
possible θ by substituting the above angle θI into Equation
(12), and this results in
 2  2
 2
h1  + h2 
  
(15)
h1  =
2

  2  2 2
 h1  − h2 

2
+ 
+ h1 , h2 R .
2


In this case, the norm value of h2 is minimized as
 2  2
 2
h1  + h2 
  
h2  =
2

  2  2 2
 h1  − h2 

2
+ h1 , h2 R ,
− 
2
since the Frobenius norm
for any unitary
  unchanged

 remains
  2   2  2  2
matrix F in (8), i.e., h1  + h2  =h1  + h2  .
Next, we derive
matrix
for achieving the outer
 a rotation



orthogonality
h1 , h2 = 0 . From (7), we can see that
I
the outer orthogonality is obtained by applying a rotation
transformation onto a pair of columns {h1 , ḣ2 } and {h2 , ḣ1 }


so that h1 ⊥ ḣ2 and h2 ⊥ ḣ1 . In this case, the corresponding
rotation operation is expressed as




h1 ḣ2 h2 ḣ1 =

h1 ḣ2 R(θ)

h2 ḣ1 R(θ)

(16)

which becomes, in a complex notation,




[h1 h2 ] = [h1 h2 ]O(θ)
where the outer rotation matrix O(θ) is given as

cos θ j sin θ
O(θ) =
.
j sin θ cos θ

(17)



while minimizing the norm value of h2 as
 2  2
 2
h1  + h2 
  
(21)
h2  =
2

  2  2 2
 h1  − h2 
2

− 
+ h1 , h2 I .
2



[h1 h2 ] =
=

[h1 h2 ]I(θI )O(θc )
[h1 h2 ]C(θI , θc )

where θI is given by (14) and


√
D − D2 + 4C 2
−1
θc = tan
(22)
2C

2
2

where D =
||h1 ||2 − ||h2 ||2 + 4 h1 , h2 R . Here the
complex rotation matrix C(θ1 , θ2 ) is given by

cos(θ1 , θ2 )
sin(θ1 , θ2 )
C(θ1 , θ2 ) =
(23)
−sin(θ1 , θ2 )∗ cos(θ1 , θ2 )∗
where we define complex cosine cos(θ1 , θ2 ) and complex sine
sin(θ1 , θ2 ) as
cos(θ1 , θ2 ) = cos θ1 cos θ2 + j sin θ1 sin θ2

(18)

After some mathematical manipulations, we can obtain the
rotation angle for the outer orthogonality between h1 and h2
as [18]


√
2 + 4C 2
A
−
A
(19)
θo = tan−1
2C


where C = h1 , h2 I .
We notice that when the outer rotation O(θ) is applied to

(8) as in (17), the norm value of h1 is maximized by applying
the above rotation angle θo , and this results in
 2  2
  2
h1  + h2 
 
(20)
h1  =
2

  2  2 2
 h1  − h2 
2

+ 
+ h1 , h2 I ,
2


Now we are ready to establish
 the complex orthogonality




between h1 and h2 ( h1 , h2 = 0) by means of the above
two rotation transformations in (13) and (18). The underlying
process for this problem is equivalent to an orthogonalization


of the columns h1 , h2 , ḣ1 , and ḣ2 . We note that the inner
rotation operation
 in (12) forces the real part of Hermitian


to zero and does not affect the imaginary
product h1 , h2

  R 
 

part i.e., h1 , h2 = h1 , h2 I . Similarly the outer rota I  
tion in (17) makes h1 , h2 become zero and leaves the real

  I 
 

part unchanged i.e., h1 , h2
= h1 , h2 R . This means
R
that the inner orthogonality between columns established in
(12) remains unaffected by subsequent outer operations of
(17).
Considering this fact, we can arrive at complex orthogonal


vectors h1 and h2 by means of the following transformations

and
sin(θ1 , θ2 ) = sin θ1 cos θ2 + j cos θ1 sin θ2 .
We notice that the angle θc given by (22) is nothing but
the rotation angle θO for the outer rotation operation to the


channel matrix [h1 h2 ] = [h1 h2 ]I(θI ), where
wehave

  2   2
used the fact from (20) and (21) that h1  − h2  =

2
2

||h1 ||2 − ||h2 ||2 + 4 h1 , h2 R .


In this case, the norm of h1 is maximized as
 2  2
 2
h1  + h2 
  
(24)
h1  =
2

  2  2 2
 h1  − h2 

2
+  h1 , h2  ,
+ 
2


while the norm of h2 is minimized as
 2  2
 2
h1  + h2 
  
h2  =
2

  2  2 2
 h1  − h2 

2
− 
+  h1 , h2  .
2
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1
0.9
0.8
Cumulative Distribution Function

Comparing (24) with (15) and (20), we can conclude
  that
  
the complex orthogonalization results in larger h1  than

2
the inner and outer orthogonalization as  h1 , h2  is always
2
2


greater than h1 , h2 R and h1 , h2 I .
In the following section, we will utilize the connection of
the vector orthogonalization with the vector-norm maximization to describe our new beamforming technique. In particular,
we will see that the orthogonalization transformations in
Equations (13), (18), and (23) provide solutions to maximumnorm combining of two complex-valued vectors.
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IV. N EW T RANSMIT B EAMFORMING M ETHOD
In this section, we present a new beamforming method
which can be realized with low complexity while maintaining
the performance comparable to the optimal beamforming. We
exploit the aspect of the norm maximization achieved by the
orthogonalization transformations to specify the combining
vector for two complex column vectors. The proposed beamforming consists of Mt − 1 successive column combining of
the MIMO channel matrix based on MNC.
First we study an MNC technique which combines two
vectors h1 and h2 by the unit-norm weight vector w of length
2 (||w|| = 1) in the form



h1 = h1 h2 w.
(25)
The goal is to choose w which maximizes the output norm

||h1 ||. As noted in the previous section, the optimal solution

of maximizing ||h1 || in the above equation is directly related
to the orthogonalization problem in Equation (8). Specifically,

the norm maximization of h1 can be achieved by employing
the first column of C(θI , θc ) in Equation (23), denoted by

cos(θI , θc )
wc =
.
(26)
−sin(θI , θc )∗
We notice that the complex weight vector wc achieves the
maximum value (24), which is identical
to the larger singular

value λmax of the Mr × 2 matrix h1 h2 .
In a similar way, by taking the first column of I(θI ) and
O(θo ), the inner and outer weight vectors are defined as,
respectively,


cos θI
cosθo
wI =
and wo =
.
(27)
− sin θI
jsinθo


The corresponding output norm values ||h1 || are given by
Equations (15) and (20), respectively.
From the equations (15), (20) and (24), we can see that compared to the complex weight vector, the inner or outer weight
vector leads to a small decrease in the norm. Comparison of
Equations (15) and (20) indicates that a larger norm value can
be achieved by selecting one of two weight vectors wI and wo
according to the
the inner weight


  criterion:
Choose
 following
vector wI if  h1 , h2 R  ≥  h1 , h2 I , otherwise choose the
outer weight vector wo .
Figure 2 depicts the cumulative distribution functions
(CDFs) of the squared norm value achieved by the MNC
process in (25) for 2-by-1 vectors h1 and h2 . Here, we
assume that the elements of h1 and h2 are drawn from

0.1
0
−10

Fig. 2.

−5

0
Squared Norms [dB]

5

10

Cumulative distribution function of the squared vector norm.

an i.i.d. complex Gaussian distribution with zero mean and
unit variance. It is demonstrated that the squared norm value
achieved by the complex weight vector wc is equal to the
square

of the maximum singular value λmax of the matrix
h1 h2 . More importantly, Figure 2 shows that almost the
same norm value as λ2max is obtained by choosing one of
inner and outer weight vector based on the above selection
criterion. This suggests that we may not need the complex
weight vector wc to maximize the output norm for small Mt .
We consider two different types of the MNC weight vector
wmnc : TYPE 1 and TYPE 2. ForTYPE 1, we employ


the
inner weight vector wmnc = wI if  h1 , h2 R  ≥  h1 , h2 I ,
otherwise choose the outer weight vector wmnc = wo . In
contrast, for TYPE 2, we apply the complex weight vector.
To summarize, the MNC process provides the weight vector
wmnc as follows:

⎧
  
 
⎨wI if  h1 , h2 R  ≥  h1 , h2 I 
for TYPE 1
wmnc = wo otherwise
.(28)
⎩
wc
for TYPE 2
In what follows, on the basis of the MNC process above,
we propose a beamforming strategy on how to construct t.
Notice that in the case of Mt = 2 the beamforming vector t
becomes the MNC weight vector wmnc , i.e., t = wmnc . After
the beamforming vector t is determined, the receive vector
r is simply obtained from (2). In this case, the achievable

channel

 gain is equal to the norm of the 2 × 1 vector h1 =
h1 h2 wmnc since the channel gain achieved by the MRC

receiver is given as |r† H t| = ||H t|| = ||h1 || from Equation
(3). It is worthy of note that this approach on the beamforming
problem for Mt = 2 is optimal in terms of the output SNR
since the achievable channel gain is equal to λmax of the
MIMO channel matrix when the MNC weight vector wmnc is
TYPE 2 (See Figure 2).
We now present a general way of constructing the transmit
beamforming vector t for Mt ≥ 2. The whole algorithm
for determining t is carried out by applying Mt − 1 successive MNC processes between column vectors of the MIMO
channel matrix H. In particular, each MNC is applied to
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combine the first column vector h1 and the rest columns hk
for k = 2, · · · , Mt so that the resulting vector norm becomes
maximized, where hk denotes the k-th column of H.

The algorithm starts with an initialization process: h1 = h1
(see the algorithm below). For the first step (k = 2), we

perform the MNC on the pair of h1 and h2 . The 2 × 1
weight vector w2mnc is chosen by the MNC process as one

of the three weight vectors in (26) and (27) using h1 and

h2 according to the defined TYPE. After h1 is updated as


h1 = h1 h2 w2mnc , subsequent iterations proceed. At the
following steps k = 3, · · · , Mt , in order to perform the MNC

on the pair of h1 and hk , we determine the corresponding

k
wmnc at the same way. At each step, we update h1 as


h1 ⇐ h1 hk wkmnc . This is described compactly as follows:

MRC only
Transmit Antenna Selection
New Beamforming Type 1
New Beamforming Type 2

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

0

0.2

0.4
0.6
Channel Gain (Normalized by λ

max



1:

h1 = h1

2:

for k = 2 : Mt

0.8

1

)

Fig. 3. Cumulative distribution function of the normalized channel gain for
different beamforming schemes.


3:

wkmnc is obtained in (28) for two vectors h1 and hk

4:

h1 ⇐ h1 hk wkmnc

5:

Normalized Channel gain for MIMO with Mt=Mr=4
1

Cumulative Distribution Function
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end

As the iteration proceeds, the norm of the Mr × 1 vec

tor h1 approaches λmax of H. The resulting norm ||h1 ||
corresponds to the effective channel gain achieved by the

proposed scheme. It is easy to show that h1 is related to H

as h1 = H F2 F3 · · · FMt with

wkmnc
02×(Mt −k)
Fk =
,
(29)
0(Mt −k)×1
IMt −k
where 0m×n denotes an m × n zero matrix or vector. Here
the (Mt − k + 2) × (Mt − k + 1) transformation matrix Fk
k−1
combines the first two columns of the matrix H j=2 Fj
by the weight vector wkmnc and leaves the rest unchanged,
k
resulting in the Mr × (Mt − k + 1) matrix H j=2 Fj . As a
result, the transmit beamforming vector is given as the Mt × 1
Mt
vector t = j=2
Fj .
We note again that the proposed MNC scheme generates
optimal solutions only for Mt = 2. For the case of Mt > 2,
the above procedure can be considered as the first iteration of
the optimal MNC algorithm. In other words, in order to obtain
the optimum beamforming vector, we may further repeat
the above algorithm with increased computational complexity
[16][18]. However, we do not consider subsequent iterations in
this paper since simulation results show that the performance
improvement is marginal in spite of the increase in complexity.
We will briefly address the computational complexity issue
by evaluating the number of floating point multiplications
required for the proposed method based on the MNC. The
overall computational cost in the proposed scheme can be
assessed as follows:
1) Determining the weight vector wkmnc in line 3 of the
above algorithm requires (8Mr +3)+(6Mr +3)(Mt −2)

and (8Mr + 10) + (6Mr + 10)(Mt − 2) real multiplications for TYPE 1 and TYPE 2, respectively.
Note that from Equations (14), (19), and (22), the
weight vector wkmnc ∈ {wc , wI , wo } can be generated
through simple computations without any intermediate
calculation of the optimal angles θI , θo and θc as
and sin θI = tI cos θI with
follows: cos θI = √ 12
tI +1
A
A 2
+ sign(B) ( 2B
) + 1, cos θo = √ 12
and
tI = 2B
 to +1
A
A 2
sin θo = to cos θo with to = 2C
+ sign(C) ( 2C
) + 1,
1
cos θc = √ 2
and sin θc = tc cos θc with tc =
tc +1



A
( A )2 + 1, where A = ||h1 ||2 − ||hk ||2 ,
2B + sign(B)
 2B

 
 
√
B = h1 , hk , C = h1 , hk , A = A2 + 4B 2 .
R
I
Here, sign(·) denotes the signum function. Therefore,
the main
cost is in the evaluation of ||hk ||

  computational

and h1 , hk since the norm values of ||h1 || for k ≥ 3
is easily obtained from Equations (15), (20) and (24)
during the preceding step.


2) The update h1 ⇐ h1 hk wkmnc in line 4 requires
4Mr (Mt − 1) and 8Mr (Mt − 1) real multiplications,
respectively, for TYPE 1 and TYPE 2.
3) When determining the beamforming vector t =
Mt
j=2 Fj , we need to perform 2(Mt − 2) and 8(Mt − 2)
real multiplications, respectively, for TYPE 1 and TYPE
2. Note that each transformation Fk involves only two
non-zero elements considered in the matrix product
Mt
j=2 Fj , as can be seen in Equation (29).
We assume that for both the proposed scheme and the iterative
power method, the square root operation is performed by
a lookup table. In the simulation section, we will compare
the computational complexity with the beamforming scheme
based on the power method and show that our proposed
method achieves a significant reduction in the complexity to
find the transmit weight vector.
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Fig. 4.
Bit-error-rate performance comparison with two transmit and
two/three receive antennas.

Figure 3 depicts the CDF of the relative channel gain
of the proposed beamforming methods normalized by the
maximum channel gain λmax for 4-by-4 MIMO channels.
For comparison purposes, we consider the performance of the
1-by-4 SIMO system with an MRC receiver. Also a simple
transmit antenna selection scheme is compared where the
antenna is selected to provide the highest effective channel
gain [21]. In Figure 3, we can see that the proposed scheme
is able to achieve more than 90% of the theoretical maximum
channel gain. It can also be noticed that a significant gain is
obtained compared with the MRC only and the simple transmit
antenna selection schemes.
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Fig. 5. Bit-error-rate performance comparison with three transmit and three
receive antennas.
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V. S IMULATION R ESULTS
In this section, we present the performance of the proposed
beamforming method, the beamforming scheme based on
the iterative power method, and the optimal beamforming
scheme in flat fading channels. We assume that the transmitter
has perfect knowledge of the MIMO channel. Note that the
optimal beamforming vector is obtained from the dominant
right singular vector of H. In this case, the effective channel
gain is equal to the largest singular value λmax of H, as shown
in Section II.
In the first simulation, we verify that the proposed beamforming is optimal in the case of two transmit antennas
regardless of Mr in terms of bit-error rate (BER) performance.
In Figure 4, we present the BER performance with respect
to SNR in dB with Mt = 2 and 4QAM. This figure shows
that the proposed TYPE 2 beamforming provides the same
performance as the optimal beamforming. More importantly,
with much simpler TYPE 1 beamforming, the new beamforming provides the performance almost identical to the optimum
beamforming.
Next, Figures 5 and 6 display the BER performance for
MIMO systems with Mt = 3 and Mt = 4, respectively, using
16QAM. Comparing with Figure 4, Figures 5 and 6 show that
there exists a small performance difference between TYPE

10
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Fig. 6.
Bit-error-rate performance comparison with four transmit and
two/four receive antennas.

2 and the optimum case for Mt > 2. Nevertheless, for all
combinations of transmit and receive antennas, the proposed
TYPE 1 and TYPE 2 beamforming methods still perform
within 0.3 dB of the optimum beamforming at a BER of 10−4
with reduced complexity.
Finally, we make a complexity comparison between the
proposed method and the iterative power method. We assume
that for both the proposed scheme and the iterative power
method, the square root operation is performed by a lookup
table. For a fair comparison, we first confirm that the proposed
beamforming methods with TYPE 1 and TYPE 2 outperform
the beamforming scheme based on the power method with 2
and 3 iterations, respectively, as shown in Figure 7, where
the BER curves versus the number of transmit and receive
antennas (Mt = Mr ) are shown for 16QAM at a SNR
of 10dB. To verify the complexity saving of the proposed
scheme, Figure 8 presents the number of real multiplications
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10

10

method is quite effective in approaching the performance of
the optimum beamforming with much reduced complexity.
The proposed method can be applied to spatial multiplexing
MIMO systems based on a minimum Euclidean distance
criterion [22].
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Fig. 7. BER performance of the proposed method and the iterative power
method.
Complexity Comparison
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Fig. 8.
Complexity comparison between the proposed method and the
iterative power method.

required for the beamforming schemes. We can see that the
proposed method shows a complexity saving of up to 70% for
the same performance in comparison to the power method.
VI. C ONCLUSION
In this paper, we propose a new beamforming method based
on maximum-norm combining of columns for MIMO wireless
channels. A new form of complex matrices has been derived
as a general expression of rotation transformations for the
complex vector orthogonalization. As a result, three different
weight vectors have been proposed for maximum-norm combining between two complex vectors. We have shown that the
channel gain comparable to the maximum singular value of
the channel matrix can be achieved by employing successive
maximum-norm combining to the MIMO channel matrix. The
simulation results confirm that the proposed beamforming
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