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Abstract—This paper studies linear precoding and decoding
schemes for 𝐾-user interference channel systems. It was shown
by Cadambe and Jafar that the interference alignment (IA)
algorithm achieves a theoretical bound on degrees of freedom
(DOF) for interference channel systems. Based on this, we first
introduce a non-iterative solution for the precoding and decoding
scheme. To this end, we determine the orthonormal basis vectors
of each user’s precoding matrix to achieve the maximum DOF,
then we optimize precoding matrices in the IA method according
to two different decoding schemes with respect to individual
rate. Second, an iterative processing algorithm is proposed which
maximizes the weighted sum rate. Deriving the gradient of the
weighted sum rate and applying the gradient descent method,
the proposed scheme identifies a local-optimal solution iteratively.
Simulation results show that the proposed iterative algorithm
outperforms other existing methods in terms of sum rate. Also,
we exhibit that the proposed non-iterative method approaches a
local optimal solution at high signal-to-noise ratio with reduced
complexity.
Index Terms—Interference channel, interference alignment
(IA), linear precoding, minimum mean-square error (MMSE)
filtering, gradient decent.

I. I NTRODUCTION

I

N the past years, researches on information theory have
been applied for Gaussian interference channels, and several results have been introduced for special cases [1] [2].
However, the capacity region of interference channels still
remains unknown in general [3]. Recently, the investigation
of degrees of freedom (DOF) has been of concern in the
interference channels [4] [5]. The DOF is defined as
DOF = lim

𝜌→∞

𝐶Σ (𝜌)
log𝜌

where 𝐶Σ (𝜌) is the ergodic sum capacity at signal-to-noise
ratio (SNR) 𝜌. By definition, the DOF is equivalent to the
multiplexing gain. Hence, this can be used as a leverage on
characterizing the system performance.
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In [4], an upperbound on the DOF has been determined,
and an achievable precoding method named as interference
alignment (IA) has been introduced for interference channel
systems. For the case where the global channel knowledge is
available at each node, the IA methods designs the precoding
matrix at each transmitter restricting all interference at every
receivers to approximately half of the received signal space,
leaving the other half interference free for the desired signal.
This promising method successfully achieves a theoretical
bound on the DOF for interference channels. However, since
this method has approached the precoder design problem only
from the DOF point of view, there are still chances to improve
the sum rate performance.
In this paper, we propose two linear precoding and decoding
methods for the 𝐾-user interference channel systems. The
focus is on the case where linear operation is considered
for the proposed schemes. Then, the interference cancellation
techniques are not allowed at both transmitter and receiver,
and other users’ interference is treated as additive noise.
Within this context, the first proposed method employs a
simple non-iterative algorithm for identifying the precoding
and decoding matrices. In order to achieve the maximum DOF,
we determine the basis vectors of precoding matrices based on
the modified IA method in which the chordal distance criterion
is additionally applied to make the desired signal space and
the interference signal space roughly orthogonal to each other.
Then, we employ the block interference suppression concept
used in single cell multi-user downlink systems [6] [7] for
receiver filters and optimize the precoding matrices obtained
from the IA algorithm according to the decoding methods such
that the resulting individual rate is maximized.
The second proposed method is an iterative solution which
shows better sum rate performance than non-iterative solutions
with the increased computational complexity. Unlike the noniterative algorithm which identifies the precoding matrices for
satisfying the interference aligning constraints, the proposed
algorithm iteratively computes the precoding matrices which
maximize the weighted sum rate by applying a gradient
descent algorithm [8]. Although the gradient descent algorithm
may not guarantee the global optimal solution, a locally
maximized sum rate is found. From simulation results, we
show that the proposed schemes outperform the traditional
method such as orthogonal resource sharing while achieving
the theoretical bound on the DOF, and illustrate that the
proposed non-iterative method approaches a local optimal
solution obtained by an iterative technique at high SNR with
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lower complexity.
A similar idea with the proposed non-iterative method was
introduced in [9] as an improved IA scheme. However, an
explicit solution has not been given in [9] as will be shown in
this paper. Also, in [10] and [11], iterative processing schemes
have been introduced for the interference channel systems.
However, the algorithm in [10] optimizes only the transmit
covariance matrices. Although the method in [11] determines
both precoding and decoding matrices which maximize the
signal-to-interference-plus-noise ratio (SINR) using the joint
transmitter-receiver optimization, this scheme becomes suboptimal as compared to the proposed iterative method. This
is due to a fact that the scheme in [11] computes the precoding and decoding matrices in a distributed iterative manner,
whereas the proposed scheme identifies the precoder with a
centralized optimization approach.
This paper is organized as follows: In Section II, we
describe a general system model for the 𝐾-user interference
channel. Section III reviews the conventional IA methods, and
in Section IV, we propose a non-iterative algorithm based on
the IA method. Section V introduces an iterative weighted
sum rate maximization scheme. In Section VI, the simulation
results are presented. Finally, the paper is terminated with
conclusions in Section VII.
The following notations are used throughout the paper. We
employ uppercase boldface letters for matrices and lowercase
boldface for vectors. For any general matrix X, X𝑇 , X∗ and
X𝐻 denote the transpose, the conjugate and the conjugate
transpose, respectively. Tr (X) indicates the trace and the
Frobenius norm of a matrix X is ∥X∥2𝐹 = Tr (XX𝐻 ). ∣X∣ and
vec(X) represent the determinant and the stacked columns of
a matrix X, respectively.
II. S YSTEM M ODEL
We consider 𝐾-user interference channel systems where 𝐾
transmitters are transmitting independent data streams to 𝐾
receivers simultaneously and generating co-channel interference at all receivers as shown in Fig 1. Also, there is no
coordination among transmitters and also among receivers. In
this system, the 𝑗th transmitter is equipped with 𝑁𝑡𝑗 antennas
and receiver 𝑖 has 𝑁𝑟𝑖 antennas. In the discrete-time complex
baseband case, the channel from the 𝑗th transmitter to the 𝑖th
receiver is modeled by the 𝑁𝑟𝑖 × 𝑁𝑡𝑗 channel matrix H 𝑖𝑗 . We
assume that the channel information is globally available, i.e.,
each node perfectly knows all channel coefficients.
First, we define the 𝑑𝑖 ×1 data symbol vector for user 𝑖 as x𝑖
where 𝑑𝑖 is the number of data streams for user 𝑖 and 𝑑𝑖 ≤ 𝑁𝑡𝑖 .
Here, we assume that all symbols of x𝑖 are independently
generated with unit variance, i.e., 𝔼[x𝑖 x𝐻
𝑖 ] = I𝑑𝑖 for 𝑖 =
1, ⋅ ⋅ ⋅ , 𝐾, and these are only known to one specific transmitter
such that no joint transmission such as dirty paper coding [12]
is possible. Also, defining the 𝑁𝑡𝑖 × 𝑑𝑖 precoding matrix for
user 𝑖 as P𝑖 , the 𝑁𝑟𝑖 × 1 received signal vector y𝑖 is given
by
y𝑖 = H 𝑖𝑖 P𝑖 x𝑖 +

𝐾
∑

H 𝑖𝑗 P𝑗 x𝑗 + n𝑖

𝑗=1,𝑗∕=𝑖

(1)
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Structure of 𝐾 user interference channel systems.

where n𝑖 denotes the independent and identically distributed
(i.i.d.) complex Gaussian noise vector at receiver 𝑖 with zero
2
mean and 𝔼[n𝑖 n𝐻
𝑖 ] = 𝜎𝑛 I𝑁𝑟𝑖 for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾.
In (1), the first term H 𝑖𝑖 P𝑖 x∑
𝑖 is the desired signal vector
𝐾
sent by the 𝑖th transmitter and 𝑗∕=𝑖 H 𝑖𝑗 P𝑗 x𝑗 represents the
interference from other transmitters. Also, each transmitter 𝑖
has to satisfy the transmit power constraint 𝔼[∥P𝑖 x𝑖 ∥2 ] ≤ 𝑃𝑖
where 𝑃𝑖 denotes the maximum average transmitted power of
the 𝑖th transmitter. Since we assume 𝔼[x𝑖 x𝐻
𝑖 ] = I𝑑𝑖 , the total
transmit power constraint for transmitter 𝑖 can be expressed
as Tr (P𝐻
𝑖 P𝑖 ) ≤ 𝑃𝑖 for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾.
In this paper, we focus on linear processing scheme where
no interference cancellation is performed and the interference
generated by other transmitters is treated as additive noise
from each receiver. Then, denoting the 𝑑𝑖 × 𝑁𝑟𝑖 decoding
matrix of the 𝑖th receiver as M𝑖 which decouples the 𝑁𝑟𝑖
interfering received signals into 𝑑𝑖 substreams for single
symbol detection, the 𝑑𝑖 × 1 receive filter output vector of
user 𝑖 can be written as
x̂𝑖 = M𝑖 y𝑖 = M𝑖 H 𝑖𝑖 P𝑖 x𝑖 + M𝑖

𝐾
∑

H 𝑖𝑗 P𝑗 x𝑗 + M𝑖 n𝑖 . (2)

𝑗=1,𝑗∕=𝑖

III. R EVIEW OF I NTERFERENCE A LIGNMENT M ETHODS
In this section, we review the IA algorithm presented in
[4]. As a non-iterative linear precoding method, this algorithm
enables to achieve the theoretical bound on the DOF with a
simple zero-forcing (ZF) filter at each receiver. For the brief
review, we illustrate this method for the case of 𝐾 = 3.
A more general case can be found in [4] and [13]. This
representation will serve as a basis of the proposed noniterative scheme in Section IV.
A. Interference Alignment for 3-user MIMO case
For multi-input multi-output (MIMO) interference channels,
we consider the case where all nodes have 𝑀 antennas. i.e.,
𝑁𝑡𝑖 = 𝑁𝑟𝑖 = 𝑀 , and 𝑀 is even. In this case, the achievable
DOF are 3𝑀/2 and the received signal vector of the 𝑖th
receiver in (1) can be written as
y𝑖 = H 𝑖1 P1 x1 + H 𝑖2 P2 x2 + H 𝑖3 P3 x3 + n𝑖
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where H 𝑖𝑗 is an 𝑀 × 𝑀 full rank channel matrix. In order
to transmit 3𝑀/2 total independent data streams, x𝑖 and P𝑖
𝑀
can be an 𝑀
2 × 1 vector and an 𝑀 × 2 matrix, respectively,
for 𝑖 = 1, 2, 3.
To decode 𝑀/2 data streams from the 𝑀 ×1 received signal
vector y𝑖 , the interference signal space should have at most
𝑀/2 dimension and be linearly independent with the desired
signal space. Thus, each precoder has to be designed to satisfy
the three interference aligning constraints described as
span(H12 P2 ) =

span(H13 P3 ),

span(H21 P1 ) =
span(H31 P1 ) =

span(H23 P3 ),
span(H32 P2 )

(3)

span(H12 P2 ) = span(H13 P3 ),
H31 P1 = H32 P2 .

(4)

These equations can be equivalently expressed as
span(P1 ) = span(EP1 ),
P3 = H−1
P2 = H−1
32 H31 P1 ,
23 H21 P1

(5)

−1
−1
where E = H−1
31 H32 H12 H13 H23 H21 .
Finally, we can set P1 to be

P1 = [ e1

e2

⋅⋅⋅

e𝑀/2 ]

(6)

where e1 , ⋅ ⋅ ⋅ , e𝑀 are the eigenvectors of E. Similarly, we
obtain P2 and P3 from (5) and (6) for the 3-user MIMO
interference channels.
B. Interference Alignment for 3-user SISO case
For single-input single-output (SISO) interference channels,
we need a symbol extension of the channel in order to
apply preprocessing which aligns the interference signals. The
symbol extension can be made in time-slots or frequencyslots. Due to the causality requirement, we consider that the
channel between each transmitter and receiver is comprised
of 2𝑛 + 1 orthogonal frequency dimensions where 𝑛 is an
arbitrary positive integer in the frequency selective fading case.
Then, the received signal vector of the 𝑖th receiver can be
written as
y𝑖 = H 𝑖1 P1 x1 + H 𝑖2 P2 x2 + H 𝑖3 P3 x3 + n𝑖 .
Here, unlike the MIMO case, y𝑖 and n 𝑖 are the (2𝑛 +
1) × 1 vectors extended along the frequency slots, and H 𝑖𝑗
is a (2𝑛 + 1) × (2𝑛 + 1) diagonal matrix whose diagonal
elements represent the channel coefficient corresponding to
each subcarrier. Also, in this case, the DOFs of user 1, user
2 and user 3 are 𝑛 + 1, 𝑛 and 𝑛, respectively. Thus, P 1 , P 2
and P 3 can be the (2𝑛 + 1) × (𝑛 + 1), (2𝑛 + 1) × 𝑛 and
(2𝑛 + 1) × 𝑛 matrices, respectively.
Similar to the MIMO case, to align the interference, the
following constraints are imposed.
H12 P2 = H13 P3 , H23 P3 ≺ H21 P1 , H32 P2 ≺ H31 P1

where X ≺ Y represents that the set of column vectors of
X is a subset of the set of column vectors of Y. The above
equations can be rewritten as
B = TC,

B ≺ A,

C≺A

(7)

where
T
B

where span(X) indicates the vector space spanned by the
column vectors of X.
Then, to compute the proper precoding matrices, the IA
method restricts the above constraints as
H21 P1 = H23 P3 ,

293

−1
−1
= H12 H−1
21 H23 H32 H31 H13 ,

=

H−1
21

H23 P3 ,

C=

H−1
31

A = P1 ,

H32 P2 .

(8)

To satisfy the above constraints in (12), A, B and C can
be chosen as
A =

[w

B

=

[ Tw

C

=

[w

Tw

T2 w

2

T w
Tw

⋅⋅⋅

T 𝑛 w ],

⋅⋅⋅

⋅⋅⋅

𝑛

(9)

T w ],

(10)

T (𝑛−1) w ]

(11)

where the (2𝑛 + 1) × 1 column vector w is defined in [4] as
w = [1 1

⋅⋅⋅

1 ]𝑇 .

(12)

Finally, we can obtain P1 , P2 and P3 using (8) - (12) for the
SISO interference channels.
IV. N ONITERATIVE A LGORITHM BASED ON
I NTERFERENCE A LIGNMENT
Based on the conventional IA algorithm reviewed in the
previous section, we propose non-iterative linear precoder
and decoder design methods for interference channel systems.
Before addressing this, we first introduce a combination matrix
ℂ(X). Any 𝑚 × 𝑙 matrix X can be decomposed as 𝕆(X)
and ℂ(X), i.e., X = 𝕆(X)ℂ(X) where 𝕆(X) is defined
as a matrix which consists of the orthonormal basis vectors
that span the column space of X and ℂ(X) denotes the
combination matrix of X. For instance, denoting the QR
decomposition of X as X = QR, the 𝑚 × 𝑙 matrix 𝕆(X)
can be obtained as QY where Y is an arbitrary 𝑙 × 𝑙 unitary
matrix, and the 𝑙 × 𝑙 matrix ℂ(X) is given as Y𝐻 R. Using
this property, we can decompose each precoding matrix P𝑖 as
P𝑖 = 𝕆(P𝑖 )ℂ(P𝑖 ).
In some sense, the conventional IA is a method which
characterizes only 𝕆(P𝑖 ) since the interference alignment is
determined only with 𝕆(P𝑖 ), and there is no consideration
on ℂ(P𝑖 ). The combination matrix ℂ(P𝑖 ) randomly chosen
from the IA method does not affect the DOF. However, this
leads to a degradation of the sum rate performance. Thus, we
identify the proposed non-iterative scheme with the following
procedure. First, the basis vectors of the precoding matrix are
determined from the IA method to achieve the maximum DOF,
then the receiver filters are chosen to suppress interference
among users. Finally, the combination matrix of each precoder
is computed according to different receiver filters such that
the resulting individual rate is maximized. In what follows,
we explain the proposed non-iterative algorithms for the 3user case, and these schemes can be adopted for more general
cases as in [4] and [13].
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Pcd,1 = arg max {𝑑cd (H11 P1 , H12 P2 ) + 𝑑cd (H22 P2 , H21 P1 ) + 𝑑cd (H33 P3 , H31 P1 )}
(13)
P1 ≺ eig(E)
√
√
{ 𝑀
𝑀
𝐻
𝐻
2
2
− ∥𝕆(H11 P1 ) 𝕆(H12 H−1
− ∥𝕆(H22 H−1
= arg max
32 H31 P1 )∥𝐹 +
32 H31 P1 ) 𝕆(H21 P1 )∥𝐹
2
2
P1 ≺ eig(E)
√
}
𝑀
𝐻
2
− ∥𝕆H33 (H−1
+
(14)
23 H21 P1 ) 𝕆(H31 P1 )∥𝐹
2

A. Precoder basis determination using the modified Interference Alignment
As shown in Section III, the conventional IA is a method
which determines the signal space, span(H 𝑖𝑗 P𝑗 ) for 𝑖, 𝑗 =
1, 2, 3, and this has been done under the interference aligning
constraints in (3), which means that the conventional IA
obtains P𝑗 only with a consideration of the interference signal
space. However, it is desirable to take the desired signal space
into account for finding P𝑗 in order to make the desired
signal space, span(H 𝑖𝑖 P𝑖 ), and the interference signal space,
span(H 𝑖𝑗 P𝑗 ) for 𝑗 ∕= 𝑖, roughly orthogonal to each other.
By doing so, we can minimize the interference signals that
spill over the desired signal space. To this end, we apply
a maximum chordal distance criterion additionally to the
conventional IA, and identify the precoder basis vectors.
1) MIMO case: For the MIMO case, the conventional IA
computes the precoding matrices by simply constructing P1
with the first 𝑀/2 eigenvectors of E as in (6). Instead,
we make P1 with 𝑀/2 column vectors selected from 𝑀
eigenvectors of E with a maximum chordal distance criterion.
Let us define the chordal distance between an 𝑚 × 𝑛1 matrix
X1 and 𝑚 × 𝑛2 matrix X2 for 𝑚 ≥ 𝑛1 , 𝑛2 as [14]
1
𝐻
𝐻
𝑑cd (X1 , X2 ) = √ ∥𝕆(X1 )𝕆(X1 ) − 𝕆(X2 )𝕆(X2 ) ∥𝐹
2
√
𝑛1 + 𝑛2
− ∥𝕆(X1 )𝐻 𝕆(X2 )∥2𝐹 .
=
(15)
2
Then, we can formulate the selection problem from (5) and
(15) as (14). In (14), eig(E) represents the matrix made of
𝑀 eigenvectors of E. Now we choose the subset
( 𝑀 ) which maximizes the chordal distance in (14) out of 𝑀/2
eigenvector
subsets of E as Pcd,1 . After determining Pcd,1 , Pcd,2 and
Pcd,3 are also found using (5). Note that, since the interference
signal spaces from other users are all aligned, we only consider
the distance between the desired signal term H 𝑖𝑖 P𝑖 and one
of interference signal terms H 𝑖𝑗 P𝑗 for 𝑖, 𝑗 = 1, 2, 3 and 𝑖 ∕= 𝑗
to formulate the problem in (13).
2) SISO case: In the SISO case, the conventional IA
obtains the precoding matrices by setting all elements of w
to 1 as in (12). In contrast, adjusting each element of w =
[ 𝑤1 ⋅ ⋅ ⋅ 𝑤2𝑛+1 ]𝑇 , we can maximize the chordal distance in
(13) since all precoding matrices are a function of w and
the interference aligning constraints in (7) are also satisfied
with any nonzero complex 𝑤𝑚 for 𝑚 = 1, ⋅ ⋅ ⋅ , 2𝑛 + 1. Then
the problem which identifies the chordal distance maximizing

vector wcd can be written from (15) as
{√
𝐻
wcd = arg max
𝑁 − ∥𝕆(H11 P1 ) 𝕆(H12 P2 )∥2𝐹
w √
𝐻
+ 𝑁 − ∥𝕆(H22 P2 ) 𝕆(H21 P1 )∥2𝐹
√
}
𝐻
+ 𝑁 − ∥𝕆(H33 P3 ) 𝕆(H31 P1 )∥2𝐹 (16)
where 𝑁 = (2𝑛 + 1)/2.
However, unlike the selection problem (14) of the MIMO
case where the eigenvectors E of are known, it is not possible
to obtain the optimal wcd directly from the above equation due
to the operation in 𝕆(X). Thus, we approximate the above
problem as
{
wcd = arg min ∥(H11 P1 )𝑇 H12 P2 ∥2𝐹 + ∥(H22 P2 )𝑇 H21 P1 ∥2𝐹
w
}
(17)
+∥(H33 P3 )𝑇 H31 P1 ∥2𝐹 .
Here, since T and H 𝑖𝑗 have a diagonal structure for 𝑖, 𝑗 =
1, 2, 3 from (8) and (11), the first term of the argument
∥(H11 P1 )𝑇 H12 P2 ∥2𝐹 can be rewritten as
∥(H11 P1 )𝑇 H12 P2 ∥2𝐹
𝑛 𝑛+1
∑
∑
(𝑘−1)
w𝑇 T (𝑙−1) H11 H12 H−1
=
w
32 H31 T
=

𝑘=1 𝑙=1
𝑛 𝑛+1
∑
∑

2

(
)
(𝑘−1)
𝔻 T (𝑙−1) H11 H12 H−1
wsq
32 H31 T

2

(18)

𝑘=1 𝑙=1

where 𝔻(X) is defined as a row vector consisting of
the diagonal elements of X and the column vector wsq
is denoted by wsq = [ 𝑤sq, 1 𝑤sq, 2 ⋅ ⋅ ⋅ 𝑤sq, 2𝑛+1 ]𝑇 =
2
[ 𝑤12 𝑤22 ⋅ ⋅ ⋅ 𝑤2𝑛+1
]𝑇 . A detailed derivation of (18) is presented in Appendix A. Similarly, the other two terms are given
by
∥(H22 P2 )𝑇 H21 P1 ∥2𝐹
𝑛 𝑛+1
∑
∑ (
2
)
(𝑙−1)
𝔻 T (𝑘−1) H31 H−1
wsq , (19)
=
32 H22 H21 T
𝑘=1 𝑙=1

∥(H33 P3 )𝑇 H31 P1 ∥2𝐹
𝑛 𝑛+1
∑
∑ (
2
)
(𝑙−1)
=
wsq .
𝔻 T 𝑘 H21 H−1
23 H33 H31 T

(20)

𝑘=1 𝑙=1

Then, applying (18)-(20) to (17), the optimization problem
becomes
ŵsq = arg min∥ Ω wsq ∥2
wsq
subject to ∥wsq ∥ = 1
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where Ω = [ Ω𝑇[1,1] ⋅ ⋅ ⋅ Ω𝑇[1,𝑛+1] ⋅ ⋅ ⋅ Ω𝑇[𝑛,1] ⋅ ⋅ ⋅ Ω𝑇[𝑛,𝑛+1] ]𝑇
and the 3 × (2𝑛 + 1) matrix Ω[ 𝑘, 𝑙 ] is defined as
)⎤
⎡ ( (𝑙−1)
𝔻 T
H11 H12 H−1
H31 T (𝑘−1)
32
)
(
(𝑙−1) ⎦
Ω[ 𝑘, 𝑙 ] = ⎣ 𝔻 T (𝑘−1) H31 H−1
.
32 H22 H21 T
)
( 𝑘
(𝑙−1)
H
H
T
𝔻 T H21 H−1
33
31
23
In order to obtain a non-trivial solution in (21), we impose the
constraint that wsq is a unit norm vector since the amplitude of
w does not affect the chordal distance in (16). Then the solution of (21) ŵsq equals the right singular vector corresponding
to the minimum singular√
value of √
Ω, and the optimized
vector
√
wcd results in wcd = [ 𝑤
ˆsq, 1 𝑤
ˆsq, 2 ⋅ ⋅ ⋅
𝑤
ˆsq, 2𝑛+1 ]𝑇 .
With this wcd , Pcd,1 , Pcd,2 and Pcd,3 for the SISO case are
computed from (8) - (12).
Note that, for identifying the optimized vector wcd , we approximate the exact equation (16) as (17) with the constraint in
(22). In spite of this approximation, the modified wcd increases
the chordal distance in (16) compared to the original w in (12)
since the value of the objective in (17) decreases as the desired
signal space becomes orthogonal to the interference, statically.
Also this leads to the improved sum rate performance, which
will be shown in the simulation section.
B. Precoder optimization methods with two different decoding
schemes
Once P𝑖 is obtained from the signal space constraints,
we now optimize its combination matrix with two different
decoding schemes, i.e, ZF based and minimum mean-squared
error (MMSE) based methods. We will describe the procedure
of the methods for the MIMO case. This can be similarly
applied to the SISO case.
1) ZF based decoder: First, consider the QR decomposition
of P𝑖 obtained from the IA method as
P 𝑖 = Q𝑖 R𝑖

for 𝑖 = 1, 2, 3

where Q𝑖 is an 𝑀 × 𝑀
2 matrix whose columns form an
𝑀
orthonormal basis for P𝑖 and R𝑖 denotes an 𝑀
2 × 2 upper
triangular matrix. Then, the modified precoder can be formulated as
Pzf,𝑖 = Q𝑖 Czf,𝑖

(23)

𝑀
where Czf,𝑖 represents an 𝑀
2 × 2 square matrix which satisfies
the transmit power constraint Tr (C𝐻
zf,𝑖 Czf,𝑖 ) ≤ 𝑃𝑖 . Note that
the modified precoding matrices Pzf,𝑖 for 𝑖 = 1, 2, 3 will not
meet the restricting constraints in (4). Instead, these matrices
will satisfy the equations in (3) for any matrix Czf,𝑖 , and also
this combination matrix does not affect the chordal distance
in (13) since we have

span(H𝑖𝑗 Q𝑗 ) = span(H𝑖𝑗 Q𝑗 Czf,𝑗 ) for 𝑖, 𝑗 = 1, 2, 3. (24)
In this way, as we relax the constraints in (4) and optimize
the precoding matrix in two independent steps, we can identify
the non-iterative scheme for interference channel systems.
Now, applying the precoder in (23) to (1), the 𝑀 × 1
received signal vector y𝑖 of the 𝑖th receiver is written as
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where the 𝑀 × 𝑀
2 effective channel H ef,𝑖𝑗 is denoted by
H ef,𝑖𝑗 = H 𝑖𝑗 Q𝑗 . Here, all matrices H ef,𝑖𝑗 for 𝑗 = 1, 2, 3
and 𝑗 ∕= 𝑖 span the same space due to the interference aligning
processing. Thus, we choose one of these matrices arbitrarily
and denote the singular value decomposition (SVD) of this as
(1)

(0)

H ef,𝑖𝑗 = [U 𝑖𝑗 U 𝑖𝑗 ][Λ 𝑖𝑗 O]𝑇 V𝐻
𝑖𝑗

(26)

(1)

where the matrix U 𝑖𝑗 is composed of the first 𝑀
2 left singular
(0)
vectors, and the matrix U 𝑖𝑗 holds the last (𝑀 − 𝑀
2 ) left
singular vectors. Then, from (26), the 𝑀
×
𝑀
interference
2
nulling matrix at the 𝑖th receiver which completely eliminates
(0)𝐻
the interference becomes M̄ zf,𝑖 = U 𝑖𝑗 [6]. Multiplying this
𝑀
to (25), the 2 × 1 non-interfering received signal vector x̄𝑖
of the 𝑖th receiver can be written as
x̄𝑖 = M̄ zf,𝑖 y𝑖 = H zf,𝑖 Czf,𝑖 x𝑖 + M̄ zf,𝑖 n𝑖

(27)

𝑀
2

×𝑀
2 block
M̄ zf,𝑖 H ef,𝑖𝑖 .

where the
channel matrix H zf,𝑖 is expressed
as H zf,𝑖 =
Next, let us denote the SVD of H zf,𝑖 as H zf,𝑖 =
𝐻
Uzf,𝑖 Λzf,𝑖 Vzf,𝑖
. Then, the information rate of the 𝑖th receiver
can be computed as
( 2
𝐻 )−1
𝐻
𝐻
𝑅 zf
𝑖 = log2 I + H zf,𝑖 Czf,𝑖 Czf,𝑖 H zf,𝑖 𝜎𝑛 M̄ zf,𝑖 M̄ zf,𝑖
= log2 I +

1
𝐻
𝐻
Λzf,𝑖 Vzf,𝑖
Czf,𝑖 C𝐻
zf,𝑖 Vzf,𝑖 Λzf,𝑖 .
𝜎𝑛2

Thus, the optimal combination matrix Czf,𝑖 corresponding to
1
the ZF based decoder is given by Czf,𝑖 = Vzf,𝑖 Σ𝑖2 where
the diagonal matrix Σ𝑖 is calculated by using the water-filling
solution [15] as
1
max log2 I + 2 Λ2zf,𝑖 Σ𝑖 subject to Tr(Σ𝑖 ) ≤ 𝑃𝑖 .
Σ𝑖
𝜎𝑛
Also applying U𝐻
zf,𝑖 to (27), the received signal streams can
be decoupled into 𝑀/2 parallel streams for single-symbol
detection.
Finally, the decoding and precoding matrices for this case
are obtained as
Mzf,𝑖

=

U𝐻
zf,𝑖 M̄ zf,𝑖 ,

Pzf,𝑖

=

Q𝑖 Vzf,𝑖 Σ𝑖2 .

1

Also, the decoder output symbol vector x̂𝑖 of the 𝑖th receiver
can be written as
1

x̂𝑖 = Mzf,𝑖 y𝑖 = Λzf,𝑖 Σ𝑖2 x𝑖 + Mzf,𝑖 n𝑖 .
2) MMSE based decoder: Now we consider the case of the
optimal decoding method. For this case, denoting the 𝑀 × 𝑀
2
precoding matrix of the 𝑖th transmitter as Pms,𝑖 = Q𝑖 Cms,𝑖
and the 𝑀
2 × 𝑀 decoding matrix of the 𝑖th receiver as Mms,𝑖 ,
and applying these to (2), the corresponding decoder output
signal vector x̂𝑖 of the 𝑖th receiver can be written as
x̂𝑖 = Mms,𝑖 y𝑖 = Mms,𝑖 H ef,𝑖𝑖 Cms,𝑖 x𝑖
3
∑
+ Mms,𝑖
H ef,𝑖𝑗 Cms,𝑗 x𝑗 + Mms,𝑖 n𝑖 .
𝑗∕=𝑖

From the above equation, the SINR of each stream is exy𝑖 = H ef,𝑖1 Czf,1 x1 +H ef,𝑖2 Czf,2 x2 +H ef,𝑖3 Czf,3 x3 +n𝑖 (25) pressed as equation (28) where m𝑇ms,𝑖,𝑟 and cms,𝑖,𝑟 are the 𝑟th
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SINR𝑖,𝑟 =

∥mms,𝑖,𝑟 ∥2 𝜎𝑛2 +

∣mms,𝑖,𝑟 H ef,𝑖𝑖 cms,𝑖,𝑟 ∣2
∑3
2
2
𝑗∕=𝑖 ∥mms,𝑖,𝑟 H ef,𝑖𝑗 Cms,𝑗 ∥
𝑙∕=𝑟 ∣mms,𝑖,𝑟 H ef,𝑖𝑖 cms,𝑖,𝑙 ∣ +

column vectors of M𝑇ms,𝑖 and Cms,𝑖 , respectively [16]. Then,
unlike the ZF case which eliminates other users’ interference
completely, we identify the decoding matrix of each receiver
from the following formulation

Mms,𝑖

∑

Also, from (31) and (32), M̃ms,𝑖 is obtained from M̃ms,𝑖 =
−1
U𝐻
ms,𝑖 Lms,𝑖 where Lms,𝑖 is computed using the Cholesky
factorization as
M̄ms,𝑖

𝑀/2

max

log2 (1 + SINR𝑖,𝑟 ) .

3
(∑

To define the solution of (29), we denote again Mms,𝑖 as
Mms,𝑖 = M̃ms,𝑖 M̄ms,𝑖 . Then the 𝑀
2 × 𝑀 matrix M̄ms,𝑖 is
given by
M̄ms,𝑖 = (H ef,𝑖𝑖 Cms,𝑖 )𝐻
3
(∑
)−1
𝐻
2
×
H ef,𝑖𝑗 Cms,𝑗 C𝐻
,
ms,𝑗 H ef,𝑖𝑗 + 𝜎𝑛 I

)
𝐻
2
𝑝𝑗 Hef,𝑖𝑗 H𝐻
+
𝜎
I
M̄ms,𝑖 = Lms,𝑖 L𝐻
ef,𝑖𝑗
ms,𝑖 , (34)
𝑛

𝑗∕=𝑖

(29)

𝑟=1

and Ums,𝑖 is determined from the SVD of Hms,𝑖 as Hms,𝑖 =
𝑀
𝑀
Ums,𝑖 Λms,𝑖 V𝐻
ms,𝑖 . Here the 2 × 2 block channel matrix
−1
Hms,𝑖 is denoted by Hms,𝑖 = Lms,𝑖 M̄ms,𝑖 Hef,𝑖𝑖 .
Then the final decoding and precoding matrices are given
by
Mms,𝑖

(30)

Pms,𝑖

𝑗∕=𝑖
𝑀
and the 𝑀
2 × 2 square matrix M̃ms,𝑖 is determined from the
following conditions:
3
[
(∑
𝐻
M̃ms,𝑖 M̄ms,𝑖
H ef,𝑖𝑗 Cms,𝑗 C𝐻
ms,𝑗 H ef,𝑖𝑗
𝑗∕=𝑖

(28)

∑ 𝑀2

−1
= U𝐻
ms,𝑖 Lms,𝑖 M̄ms,𝑖 ,
√
=
𝑝𝑖 Q𝑖 Vms,𝑖 .

The decoder output signal vector x̂𝑖 of the 𝑖th receiver can be
written as
3

x̂𝑖 =

∑
√
𝑝𝑖 Λms,𝑖 x𝑖 + Mms,𝑖
H 𝑖𝑗 Pms,𝑗 x𝑗 + Mms,𝑖 n𝑖 .
𝑗∕=𝑖

] 𝐻
)
𝐻
+ 𝜎𝑛2 I M̄ms,𝑖 M̃ms,𝑖 = I 𝑀

As shown in this section, the optimal combining matrix
can be found only for the case of a sub-optimal decoding
method. When an optimal receive filter is applied, even if
and
we aim to optimize the combination matrix instead of the
(
𝐻
𝐻 )
𝐻
M̃ms,𝑖 M̄ms,𝑖 H ef,𝑖𝑖 Cms,𝑖 C𝐻
ms,𝑖 H ef,𝑖𝑖 M̄ms,𝑖 M̃ms,𝑖 = D𝑖 (32) whole precoding matrix, a non-iterative approach would not be
feasible. To address this concern, we will introduce an iterative
where D𝑖 is some diagonal matrix.1 Then, M̃ms,𝑖 can be cal- approach in the following section.
culated using the Cholesky factorization and SVD operation.
For the case of the ZF based decoder, the optimal comV. I TERATIVE W EIGHTED S UM R ATE M AXIMIZATION
bination matrix Czf,𝑖 is found using the SVD of the block
A LGORITHM
channel Hzf,𝑖 in (27) and the power loading solution, since
the interference nulling matrix M̄zf,𝑖 and Hzf,𝑖 are not a
In this section, we propose an iterative method for 𝐾function of Czf,𝑖 . In contrast, in the MMSE case, the optimal user interference channels. Unlike the non-iterative algorithm
Cms,𝑖 cannot be computed in a closed-from solution since which obtains the precoder basis for satisfying the interference
Mms,𝑖 depends on the choice of the combination matrices, and aligning constraints and only the combination matrix accordthen the joint optimization based on iterative water-filling [17] ing to individual rate maximization criterion, the proposed
should be needed. To reduce the computational complexity, algorithm identifies the whole precoding matrices iteratively
we determine Cms,𝑖 with an equal power distribution, i.e., using the weighted sum rate maximization criterion, which
√
Cms,𝑖 = 𝑝𝑖 X where X is a unitary matrix and 𝑝𝑖 represents results in a local optimal solution. Note that, with a symbol
the average power of each stream as 𝑝𝑖 = 2𝑃𝑖 /𝑀 , as a sub- extension as in Section III-B, the following solution can be
optimal strategy. However, this solution approaches an optimal applied to the SISO case as well as the MIMO case.
one for high SNR.
First, to identify the precoding matrices P𝑖 for 𝑖 =
In this case, Cms,𝑗 C𝐻
ms,𝑗 = 𝑝𝑗 I and, from (30), the
1, ⋅ ⋅ ⋅ , 𝐾, we formulate the weighted sum rate maximization
interference suppressing matrix M̄ms,𝑖 is given by
problem on P𝑖 as
2

𝐻

M̄ms,𝑖 = (Hef,𝑖𝑖 )

3
(∑
𝑝
𝑗∕=𝑖

𝑗

𝑝𝑖

Hef,𝑖𝑗 H𝐻
ef,𝑖𝑗 +

𝜎𝑛2 )−1
I
.
𝑝𝑖

(31)

(33)

max

{P1 ⋅⋅⋅ P𝐾 }

1 It

can be verified that the MMSE based decoder in (30), (31)
and (32) is a solution of (29) by checking that the individual  sum
rate of all streams after the decoder Mms,𝑖 is equal to log2 I +
( ∑3
) 
𝐻
𝐻
𝐻
2 −1 .
Hef,𝑖𝑖 Cms,𝑖 C𝐻
𝑗∕=𝑖 Hef,𝑖𝑗 Cms,𝑗 Cms,𝑗 Hef,𝑖𝑗 + 𝜎𝑛 I
ms,𝑖 Hef,𝑖𝑖

𝐾
∑

𝐻
𝛼𝑖 log2 I + H 𝑖𝑖 P𝑖 P𝐻
𝑖 H 𝑖𝑖

𝑖=1

×

𝐾
(∑

𝐻
2
H 𝑖𝑗 P𝑗 P𝐻
𝑗 H 𝑖𝑗 + 𝜎𝑛 I

)−1

𝑗∕=𝑖

subject to

Tr(P𝐻
𝑖 P𝑖 ) ≤ 𝑃𝑖
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for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾

(35)
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where 𝛼𝑖 represents a weight factor of user 𝑖.2 Since the above
maximization problem is not a convex or concave problem
with respect to P𝑖 in general, it cannot be solved analytically.
Hence we identify the optimal precoding matrix maximizing
the weighted sum rate by deriving the gradient of the weighted
sum rate and applying a gradient descent algorithm.
In order to exploit the gradient method, we first convert the
problem in (35) into √
an unconstrained maximization problem.
Let us denote P𝑖 = 𝛽𝑖 P̃𝑖 where 𝛽𝑖 is defined by
𝑃𝑖

𝛽𝑖 =

for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾.
𝐻
Tr(P̃𝑖 P̃𝑖 )
√
Then we substitute 𝛽𝑖 P̃𝑖 for P𝑖 in the cost function of (35).
Now, the problem which computes the optimum precoding
matrices for maximizing the weighted sum rate can be written
as
˜ wsum
{P̄op,1 , ⋅ ⋅ ⋅ , P̄op,𝐾 } = arg max 𝑅

(36)

{P1 ⋅⋅⋅ P𝐾 }

˜ wsum is defined as
where 𝑅
˜ wsum =
𝑅

𝐾
∑

𝐻

𝐻

×

𝐾
(∑

𝐻

2
𝛽𝑗 H 𝑖𝑗 P̃𝑗 P̃𝑗 H𝐻
𝑖𝑗 + 𝜎𝑛 I

)−1

. (37)

𝑗∕=𝑖

˜ wsum is a real valued function,
Since the weighted sum rate 𝑅
∗
˜
˜
we have ∇P̃𝑘 𝑅 wsum = 2∂ 𝑅 wsum /∂ P̃𝑘 derived as
˜ wsum =
∇P̃𝑘 𝑅

𝐾
2𝛽𝑘 ∑
−1
𝛼𝑖 H𝐻
𝑖𝑘 Φ̃𝑖 H 𝑖𝑘 P̃𝑘
ln2 𝑖=1
𝐾

−

𝐻
2𝛽𝑘2 ∑
−1
𝛼𝑖 Tr(P̃𝑘 H𝐻
𝑖𝑘 Φ̃𝑖 H 𝑖𝑘 P̃𝑘 )P̃𝑘
𝑃𝑘 ⋅ ln2 𝑖=1

−

𝐾
2𝛽𝑘 ∑
−1
𝛼𝑖 H𝐻
𝑖𝑘 Π̃𝑖 H 𝑖𝑘 P̃𝑘
ln2
𝑖∕=𝑘
𝐾

+

2𝛽𝑘2 ∑
𝐻
−1
𝛼𝑖 Tr(P̃𝑘 H𝐻
𝑖𝑘 Π̃𝑖 H 𝑖𝑘 P̃𝑘 )P̃𝑘 (38)
𝑃𝑘 ⋅ ln2
𝑖∕=𝑘

where the 𝑁𝑟𝑖 × 𝑁𝑟𝑖 matrices Φ̃𝑖 and Π̃ 𝑖 are defined as
Φ̃𝑖

=

𝐾
∑

𝐻
𝛽𝑗 H 𝑖𝑗 P̃𝑗 P̃𝑗 H𝐻
𝑖𝑗

𝜎𝑛2 I,

(39)

2
𝛽𝑗 H 𝑖𝑗 P̃𝑗 P̃𝑗 H𝐻
𝑖𝑗 + 𝜎𝑛 I,

(40)

+

Π̃𝑖

=

𝐻

In this algorithm, 𝜖 is the tolerance factor for terminating
the iteration and 𝛿 denotes the step size. Several line search
methods are introduced in [19] to efficiently determine the step
size 𝛿. We employ a line search method called Armijo’s Rule
which provides provable convergence [19]. Also, the 𝑁𝑡𝑖 ×𝑁𝑡𝑖
matrix P̃op,𝑖 calculated from the main loop could be a rank
deficient matrix. Thus, we convert this matrix into the 𝑁𝑡𝑖 ×𝑑𝑖
matrix P̄op,𝑖 using the SVD of P̃op,𝑖 where 𝑑𝑖 = rank(P̃op,𝑖 )
represents the number of data streams allowed for user 𝑖.
The above proposed algorithm exploits a fact that the
weighted sum rate increases fastest when the precoding matrices move in the direction of the gradient of the weighted
sum rate. Although this algorithm cannot guarantee the global
optimal solution due to non-convexity of the maximization
problem in (35), a locally maximized weighted sum rate can
be found.
After computing the precoding matrices P̄op,𝑖 for 𝑖 =
1, ⋅ ⋅ ⋅ , 𝐾, we now determine the decoding matrices with a
similar procedure as in Section IV-B2. Then, the 𝑑𝑖 × 𝑁𝑟𝑖
interference suppressing matrix for receiver 𝑖 is given by
M̄op,𝑖 = (H 𝑖𝑖 P̄op,𝑖 )𝐻

𝐾
(∑

H 𝑖𝑗 P̄op,𝑗 (H 𝑖𝑗 P̄op,𝑗 )𝐻 + 𝜎𝑛2 I

)−1

.

𝑗∕=𝑖

Also, applying the Cholesky factorization as

𝑗=1
𝐾
∑

-Initialization:
1) Initialize P̃𝑖 (0) as an arbitrary 𝑁𝑡𝑖 × 𝑁𝑡𝑖 matrix
for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾
˜ wsum,0 with the initial matrices
2) Calculate 𝑅
{P̃1 (0), ⋅ ⋅ ⋅ , P̃𝐾 (0)} and set 𝑙 = 1
-Iteration Loop:
3) for 𝑘 = 1 to 𝐾
˜ wsum (P̃1 (𝑙), ⋅ ⋅ ⋅ ,
4) Calculate the gradient G̃𝑘 = ∇P̃𝑘 𝑅
P̃𝑘−1 (𝑙), P̃𝑘 (𝑙 − 1), ⋅ ⋅ ⋅ , P̃𝐾 (𝑙 − 1))
5) Update P̃𝑘 (𝑙) ← P̃𝑘 (𝑙 − 1) + 𝛿 ⋅ G̃𝑘
6) end
˜ wsum,𝑙 with the updated precoding matrices
7) Calculate 𝑅
{P̃1 (𝑙), ⋅ ⋅ ⋅ , P̃𝐾 (𝑙)}
˜ wsum,𝑙 − 𝑅
˜ wsum,𝑙−1 ∣ > 𝜖, set 𝑙 ← 𝑙 + 1 and go back
8) If ∣𝑅
to step 3), otherwise stop the iteration
-Computation of P̄op,𝑖 for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾:
√
9) Set P̃op,𝑖 ← 𝛽𝑖 P̃𝑖 (𝑙) where 𝛽𝑖 = 𝑃𝑖 /Tr(P̃𝑖 (𝑙)𝐻 P̃𝑖 (𝑙))
10) Set P̄op,𝑖 ← Ũ𝑖 Λ̃𝑖 where Ũ𝑖 and Λ̃𝑖 are obtained from
the SVD of P̃op,𝑖 as P̃op,𝑖 = Ũ𝑖 [ Λ̃𝑖 0 ]Ṽ𝑖

𝛼𝑖 log2 I + 𝛽𝑖 H 𝑖𝑖 P̃𝑖 P̃𝑖 H𝐻
𝑖𝑖

𝑖=1
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𝑗∕=𝑖

respectively. A more detailed derivation of (38) is presented
in Appendix B.
With the derived gradient expression, we propose an iterative algorithm for solving (36) as follows:
2 The weight factor 𝛼 can be chosen according to the state of the packet
𝑖
queues for a max-stability service or different Quality of Service demands
of each user [18]. For instance, using equal weight, the problem in (35) can
be interpreted as a conventional sum rate maximization. Since the study of a
determining method of the weight factor is outside the scope of this paper,
we assume that 𝛼𝑖 is given in this paper.

M̄op,𝑖

𝐾
(∑

)
𝐻
H 𝑖𝑗 P̄op,𝑗 (H 𝑖𝑗 P̄op,𝑗 )𝐻+ 𝜎𝑛2 I M̄op,𝑖 = Lop,𝑖 L𝐻
op,𝑖

𝑗∕=𝑖
𝐻
and the SVD of Hop,𝑖 as Hop,𝑖 = Uop,𝑖 Λop,𝑖 Vop,𝑖
where the
𝑑𝑖 × 𝑑𝑖 block channel matrix Hop,𝑖 is defined as Hop,𝑖 =
L−1
op,𝑖 M̄op,𝑖 H 𝑖𝑖 P̄op,𝑖 , the weighted sum rate maximizing precoding and decoding matrices are obtained as

Pop,𝑖

=

P̄op,𝑖 Vop,𝑖 ,

Mop,𝑖

=

−1
U𝐻
op,𝑖 Lop,𝑖 M̄op,𝑖 .

(41)

Finally, applying the above solutions to (2), the decoder output
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Fig. 2. CDFs of the chordal distance for 3-user SISO interference channel
systems.
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𝐾
∑
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H 𝑖𝑗 Pop,𝑗 x𝑗 + Mop,𝑖 n𝑖 .

𝑑𝑖
𝐾 ∑
∑

(
)
log2 1 + 𝜆2op,𝑖,𝑟

𝑖=1 𝑟=1

where 𝜆op,𝑖,𝑟 is the 𝑟th diagonal element of Λop,𝑖 .
Note that, when we compute P̄op,𝑖 using the proposed
˜ wsum in (37) while the joint
iterative method, we utilize 𝑅
decoding approach is given on the receiver side. As shown in
Section IV-B2, the decoding method in (41) does not change
the maximized weighted sum rate obtained from (36) allowing
a single-symbol detectable receiver. Hence, by exploiting the
iterative gradient descent algorithm for precoder and applying
the MMSE based decoder, we can identify the linear processing scheme which maximizes the weighted sum rate for
interference channel systems.
VI. N UMERICAL R ESULTS
This section evaluates the sum rate performance of various
data transmission strategies over interference channel systems.
In all simulations, we consider the case of 𝐾 = 3, and
assume that each transmitter has the same transmission power
constraint 𝑃 , i.e., 𝑃𝑖 = 𝑃 for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾. Then, the SNR
is defined as 𝑃/((2𝑛 + 1)𝜎𝑛2 ) and 𝑃/𝜎𝑛2 for the SISO and
MIMO case, respectively. Also, we assume that the elements
of the channel matrix H 𝑖𝑗 have an i.i.d. complex Gaussian
distribution with zero mean and unit variance, and set 𝑛 in
Section III-B to be 2 for symbol extensions of the SISO case.
First, Fig. 2 presents the comparison of the cumulative
distribution functions (CDFs) of the chordal distance (16) for
the precoding methods with the modified wcd in (21) and

Sum Rate [bits/s/Hz]

𝑗∕=𝑖

𝑅 op
wsum =

35

40

Sum rates for SISO interference channels with K=3 and n=2
18

∑𝐾
Also,
since
Mop,𝑖 ( 𝑗∕=𝑖 H 𝑖𝑗 Pop,𝑗 (H 𝑖𝑗 Pop,𝑗 )𝐻
+
𝐻
2
𝜎𝑛 I)Mop,𝑖 = I from (41), the weighted sum rate of
the proposed iterative scheme is given by

30

Fig. 3. Sum rates of non-iterative methods for 3-user SISO interference
channel systems.

signal vector x̂𝑖 of the 𝑖th receiver can be written as
x̂𝑖 = Λop,𝑖 x𝑖 + Mop,𝑖
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Fig. 4. Comparison of the sum rate as a function of SNR for 3-user SISO
interference channel systems.

the original w in (12) for the SISO interference channels.
From this plot, we confirm that the modified wcd increases the
distance between the desired signal space and the interference
space compared to the original w, even though there is an
approximation for identifying the optimal wcd . This increase
in the chordal distance leads to a sum rate improvement, which
will be shown in the following.
In Figure 3, we illustrate the sum rates of various noniterative methods as a function of SNR for the SISO interference channels with 𝑛 = 2. This figure shows that
the proposed methods achieve much better sum rate performance than the conventional IA algorithm. Also, from the
observation on the slopes of the proposed schemes, it is
clear that these methods achieve the maximum DOF, which
is expected since the proposed non-iterative method fulfills
the interference alignment constraints, too. In general, the
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Sum rates for MIMO interference channels with K=3 and M=4
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Fig. 5. Comparison of the sum rate as a function of SNR for 3-user MIMO
interference channel systems with 𝑀 = 4.

MMSE based method outperforms the ZF based scheme in low
SNR region. However, for interference channel systems, these
methods provide almost identical sum rates, since the ZFmethod employs an optimal power loading solution while the
sub-optimal equal power allocation is applied to the MMSEmethod. Also, as predicted in Fig. 2, the schemes with the
modified wcd outperform the methods with the original w.
Fig. 4 is presented to address the sum rate benefits of
the proposed algorithms over the traditional scheme such as
orthogonalization in the SISO interference channels. To plot
the sum rate of the orthogonalization approach, we utilize the
max-rate scheduling method which selects only the best user
among the 𝐾 transmitter-receiver pairs in terms of the sum
rate at the given channel condition. For a fair comparison,
we plot sum rates of the scheduling method with the total
power and user power constraints, i.e., the transmit powers of
each user are 𝐾 ⋅ 𝑃 and 𝑃 , respectively. Also, the sum rate
of the iterative method in Section V is calculated using equal
weights (𝛼𝑖 = 1 for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐾) to maximize the sum
rate corresponding to the best effort service. In this plot, we
observe that the iterative algorithm outperforms other methods.
As expected from the DOF, the performance gains of the
proposed methods over the traditional scheme grow as SNR
increases.
In Fig. 5, we consider MIMO interference channels where
all transmitters and receivers have 4 antennas (𝑁𝑡𝑖 = 𝑁𝑟𝑖 =
𝑀 = 4 for 𝑖 = 1, 2, 3). In the MIMO case, the sum rates
of various algorithms exhibit a similar aspect to those of the
SISO case. In this plot, it should be emphasized that the performance of the proposed non-iterative scheme with a selection
based on maximum chordal distance criterion approaches the
maximized sum rate result obtained by the iterative technique
at high SNR. This demonstrates the efficiency of the proposed
non-iterative algorithm which identifies the precoder basis
vectors and its combination matrix separately.
Finally, in order to show the provable convergence of the
proposed iterative method, we plot the sum rate of the iterative

30
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SNR 0 dB
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Fig. 6. Convergence of the iterative scheme for 3-user MIMO interference
channels.

scheme in terms of the number of iterations for the MIMO
interference channel systems in Fig. 6. As shown in this plot,
the sum rate of the iterative method grows as the number
of iteration increases, and is saturated after some iterations.
Also, it can be seen that more iterations are required to
converge as the number of antennas and SNR increase since
the gap between the rate with random initial matrices and a
local optimal point also grows. Note that, the convergence of
this iterative algorithm could be improved significantly if it
is initialized with the precoding matrices based on the noniterative method.
VII. C ONCLUSION
In this paper, we have studied linear precoder and decoder
design methods for 𝐾-user interference channel systems. For
a non-iterative approach, a two-stage optimization procedure
has been utilized. Then, using the modified IA algorithm,
the precoder basis vectors are designed to determine the
signal spaces such that the maximum DOF and chordal
distance are achieved, and the combination matrix is optimized
based on the block interference suppressing receive filters
to maximize the individual rate. To identify the weighted
sum rate maximization method, an iterative technique has
also been proposed by exploiting an iterative gradient descent
algorithm and employing the MMSE based decoder. Through
numerical simulations, we have demonstrated a local optimal
sum rate performance of interference channels using the
proposed iterative algorithm. Also, we have illustrated that the
performance of the proposed non-iterative scheme approaches
the maximized sum rate at high SNR with a low computational
complexity.
A PPENDIX A
D ERIVATION OF E QUATION (18)
From (8), (9) and (10), the (2𝑛 + 1) × (𝑛 + 1) matrix P1
is given by
[
]
P1 =
w Tw ⋅ ⋅ ⋅ T𝑛 w ,
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and the (2𝑛 + 1) × 𝑛 matrix P2 is written as
[
]
P2 = H−1
⋅ ⋅ ⋅ T(𝑛−1) w .
32 H31 w Tw

R EFERENCES

Substituting these to the left hand side of equation (18), the
(𝑛 + 1) × 𝑛 matrix P𝑇1 H𝑇11 H12 P2 can be expressed as
[
]𝑇
P𝑇1 H𝑇11 H12 P2 = w Tw ⋅ ⋅ ⋅ T𝑛 w H𝑇11 H12 H−1
32 H31
[
]
(𝑛−1)
× w Tw ⋅ ⋅ ⋅ T
w .
Here, we denote the (𝑙, 𝑘) element of the matrix
P𝑇1 H𝑇11 H12 P2 as [P𝑇1 H𝑇11 H12 P2 ](𝑙,𝑘) . Then, since T and
H 𝑖𝑗 are diagonal matrices, [P𝑇1 H𝑇11 H12 P2 ](𝑙,𝑘) is obtained
as
(𝑘−1)
w
[P𝑇1 H𝑇11 H12 P2 ](𝑙,𝑘) = w𝑇 T(𝑙−1) H11 H12 H−1
32 H31 T
( (𝑙−1)
)
−1
(𝑘−1)
=𝔻 T
wsq .
H11 H12 H32 H31 T

Finally, by definition of the Frobenius norm,
∥(H11 P1 )𝑇 H12 P2 ∥2𝐹 can be rewritten as equation (18).
A PPENDIX B
D ERIVATION OF THE W EIGHTED S UM R ATE G RADIENT
From (39) and (40), the weighted sum rate (37) can be
expressed as
˜ wsum =
𝑅

𝐾
∑

𝛼𝑖 log2 ∣Φ̃𝑖 ∣ − 𝛼𝑖 log2 ∣Π̃𝑖 ∣.

(42)

𝑖=1

Then, from 𝑑(ln ∣X∣) = Tr{X−1 𝑑(X)}, the differential of the
∗
weighted sum rate for P̃𝑘 is given by
𝐾

(
𝐻 𝐻
1 ∑
𝛼𝑖 Tr Φ̃−1
𝑖 (𝑑𝛽𝑘 H 𝑖𝑘 P̃𝑘 P̃𝑘 H 𝑖𝑘
ln2 𝑖=1

˜ wsum =
𝑑𝑅

)
𝐻
+𝛽𝑘 H 𝑖𝑘 P̃𝑘 𝑑P̃𝑘 H𝐻
𝑖𝑘 )

−

𝐾
(
𝐻 𝐻
1 ∑
𝛼𝑖 Tr Π̃−1
𝑖 (𝑑𝛽𝑘 H 𝑖𝑘 P̃𝑘 P̃𝑘 H 𝑖𝑘
ln2
𝑖∕=𝑘

)
𝐻
+𝛽𝑘 H 𝑖𝑘 P̃𝑘 𝑑P̃𝑘 H𝐻
𝑖𝑘 ) .

Also, using 𝑑{Tr(X)} = Tr{𝑑(X)}, vec(𝑑X) =
𝑑vec(X), Tr(X𝑇 Y) = vec(X)𝑇 vec(Y) and Tr(X𝑑Y 𝐻 ) =
Tr(X𝑇 𝑑Y ∗ ) [20], the above equation can be rewritten as
[
𝐾
∑
−1
𝑇
˜ wsum = 𝛽𝑘
𝑑𝑅
𝛼𝑖 vec(H𝐻
𝑖𝑘 Φ̃𝑖 H 𝑖𝑘 P̃𝑘 )
ln2 𝑖=1
𝐾

𝛽𝑘2 ∑
𝐻
−1
𝑇
−
𝛼𝑖 Tr(P̃𝑘 H𝐻
𝑖𝑘 Φ̃𝑖 H 𝑖𝑘 P̃𝑘 )vec(P̃𝑘 )
𝑃𝑘 ⋅ ln2 𝑖=1
𝐾

−

𝛽𝑘 ∑
−1
𝑇
𝛼𝑖 vec(H𝐻
𝑖𝑘 Π̃𝑖 H 𝑖𝑘 P̃𝑘 )
ln2
𝑖∕=𝑘

+

𝛽𝑘2

𝑃𝑘 ⋅ ln2

𝐾
∑

𝐻
−1
𝑇
𝛼𝑖 Tr(P̃𝑘 H𝐻
𝑖𝑘 Π̃𝑖 H 𝑖𝑘 P̃𝑘 )vec(P̃𝑘 )

]
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𝑑vec(P̃𝑘 ).

𝑖∕=𝑘
𝐻

Here we have used 𝑑𝛽𝑘 = −𝛽𝑘2 Tr(P̃𝑘 𝑑P̃𝑘 )/𝑃𝑘 .
∗
After all, the coefficients of 𝑑vec(P̃𝑘 ) in the above equation
˜ wsum /∂ P̃∗ , and the gradient
directly lead to the derivative ∂ 𝑅
𝑘
˜ wsum is then derived as (38).
of the weighted sum rate ∇P̃𝑘 𝑅
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