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Abstract—This paper considers both one-way and two-way
relaying systems with multiple relays between two terminal nodes
where all nodes have multiple-input multiple-output (MIMO)
antennas. We propose a unified algorithm which computes
the optimal linear transceivers jointly at the source node and
the relay nodes for amplify-and-forward (AF) protocols. First,
optimization designs based on the sum-rate and the meansquare error (MSE) criteria are formulated for the two-way AF
relaying channel. Due to non-convexity of the given problems,
the proposed schemes iteratively identify local-optimal source
and relay filters by deriving the gradients of the cost functions
for a gradient descent algorithm. Then, the proposed algorithm
can optimize a one-way multiple relay system as a special case
of the two-way channel. Finally, we prove the global optimality
of the maximum sum-rate scheme under an asymptotically large
antenna assumption. From simulation results, it is confirmed
that the proposed methods yield the near optimum result for the
MIMO multiple relay channel even with a moderate number of
antennas. Consequently, we show that the proposed algorithm
outperforms conventional schemes in terms of the sum-rate and
the error performance for both one-way and two-way protocols.
Index Terms—Amplify-and-forward (AF) relaying, multipleinput multiple-output (MIMO), multiple relays, two-way protocol, maximum sum-rate, minimum mean-square error (MMSE).

I. I NTRODUCTION
IRELESS relaying transmission is a promising technique which can be applied to extend the coverage
or increase the system capacity. For this reason, relay based
wireless networks have been studied with a lot of interest.
The information theoretic analysis of relay systems has been
reported in [1], [2] and [3]. In order to enhance the throughput
of the relay network, multiple antennas can be considered
for obtaining a similar performance benefit observed in pointto-point multiple-input multiple-output (MIMO) systems [32].
The capacity of the MIMO relay systems has also been studied
in [4] and [5].
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Furthermore, the capacity scaling analysis in [6] shows that
the capacity of multiple relay systems grows with the number
of relay nodes. Some relaying techniques are proposed to
achieve a cooperative gain in terms of the capacity and the
error performance [7][8]. For MIMO multiple relay systems,
the mean-square error (MSE) minimization and the rate maximization problems have been investigated in [9]. Most relay
systems are assumed to operate in the half-duplex mode where
relay nodes do not transmit and receive signals simultaneously
to avoid loop interference in the relay nodes. Such half-duplex
relay systems suffer from a substantial loss in terms of spectral
efficiency due to the pre-log factor 1/2, which dominates the
capacity at high signal-to-noise ratio (SNR).
Two-way relaying protocol has been proposed recently to
overcome such a spectral efficiency loss in the half-duplex
one-way system [10]–[13]. In the first channel phase, two
terminal nodes transmit their data signals to the relay nodes at
the same time. Subsequently in the second channel phase, the
relay nodes transmit the processed signal to both terminals.
Since each terminal node knows its own transmitted data, the
self-interference in the transmitted signals can be eliminated
from the received baseband signal [10][12], which is also
called as analogue network coding (ANC) [13]. In this way,
the two-way protocol achieves a spectral efficiency gain over
the one-way protocol at the expense of an increased complexity.
In practical relay systems, an amplify-and-forward (AF)
method shows advantages of simple implementation compared
to decode-and-forward (DF) systems [14]. For single relay
one-way AF protocols, it was shown in [15] and [16] that a
singular value decomposition (SVD) technique with powerloading achieves the capacity as in point-to-point MIMO
systems. In this case, the ergodic capacity has been analyzed
in a large antenna regime in [17]. Also, a relay filter which
minimizes the MSE has been solved in [18] through a similar
approach. For the case where channel state information (CSI)
is available at all nodes, an iterative power-loading scheme
has been applied to find the optimal source and relay filters
[19].
For systems with either two-way protocols or multiple
relays, the SVD-based technique is not applicable since all
link channels cannot be simultaneously decomposed. Twoway single relay systems have been investigated in terms of
the sum-rate [12][13] and the sum-MSE [20]. In [13], authors
have identified the optimal rate region in a relay network with
single-input single-output (SISO) terminals. For the case of
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II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
Consider a relay network where there are two terminal
nodes 𝒯𝐴 , 𝒯𝐵 and 𝐾 relay nodes ℛ1 , ℛ2 , ⋅ ⋅ ⋅ , ℛ𝐾 . The
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UUU

two-way protocols with multiple relays, the sum-rate capacity
of AF channels is achieved by using an iterative power
minimization algorithm assuming the complete knowledge of
all CSIs, and the matched filter design with a distributed
local CSI requirement is proposed [21]. However, the joint
optimization algorithm with the full CSI requirement in [21]
is still confined in SISO terminals as in [13], and thus any
spatial multiplexing gain cannot be obtained.
In this paper, a new design method is proposed to identify
the source and relay filters which jointly optimize the sumrate or the sum-MSE in multiple relay MIMO spatial multiplexing systems for both one-way and two-way protocols. We
first formulate the sum-rate maximization and the sum-MSE
minimization problem for a two-way relay channel. Since the
formulated problems are not generally convex or concave, it
cannot be solved analytically. Hence, the proposed schemes
iteratively compute the source and relay filter matrices by
applying a gradient descent algorithm [22]. In our scheme,
we derive a gradient expression of the weighted sum-MSE,
and then determine the weighted sum-rate gradients from a
relation between the differentials of the sum-MSE and the
sum-rate.
Since the one-way relay channel model can be represented as a special case of the formulated two-way channel
model, the proposed algorithm can be applied to the oneway multiple relay system. Moreover, exploiting the bit-errorrate (BER) minimization technique introduced in [23], the
proposed minimum sum-MSE solutions can be transformed
to minimize the BER in MIMO multiple relay systems. The
proposed algorithms arrive at local-optimum solutions and
are shown to asymptotically approach the global optimum
value as the number of source antennas increases. Simulation
results demonstrate that the proposed methods obtain the
performance very close to the global optimum solution for
multiple relay systems even with the moderate number of
antennas. Additionally, we show that the proposed schemes
with a single iteration outperform conventional schemes in
terms of both capacity and error probability for various system
configurations.
This paper is organized as follows: Section II describes the
system model for two-way MIMO multiple relay channels
and formulates the sum-MSE and the sum-rate problems. In
Section III, we propose iterative schemes to optimize the sumMSE or sum-rate performance. The optimality of the proposed
scheme is investigated in Section IV. Section V presents
the numerical results. Finally, the paper is terminated with
conclusions in Section VI.
𝑇
†
∗
Throughout this paper, the superscripts (⋅) , (⋅) and (⋅)
stand for transpose, conjugate transpose, and element-wise
conjugate, respectively. ℰ(⋅) and ℜ(⋅) denote the expectation
and the real component, respectively. I𝑁 indicates an 𝑁 × 𝑁
identity matrix. Tr(A), ∣A∣ and vec(A) represent the trace,
the determinant and the stacked columns of a matrix A,
respectively, and the Frobenius norm of A is defined as
∥A∥2𝐹 = Tr(AA† ).
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Fig. 1. Channel model of multiple-antenna multiple relay systems in the
two-way protocol.

terminal nodes 𝒯𝐴 and 𝒯𝐵 are equipped with 𝑀𝐴 and 𝑀𝐵
antennas, and the relay nodes ℛ1 , ⋅ ⋅ ⋅ , ℛ𝐾 have 𝑁1 , ⋅ ⋅ ⋅ , 𝑁𝐾
antennas, respectively. First we describe the two-way relay
channel model as in Fig. 1. Then the one-way relay protocol
is considered as a special case of two-way relay systems. In
this paper, it is assumed that a direct link between two terminal
nodes is ignored due to a large path loss. Also, we assume
that both terminals 𝒯𝐴 and 𝒯𝐵 acquire the complete channel
knowledge of all MIMO links, and the optimized relay filters
are forwarded from either of two terminals to the corresponding relay nodes rather than computed simultaneously at all
relay nodes with the full CSI [13][21]1.
In the two-way relay systems, data transmission takes place
in two separate channel phases as shown in Fig. 1. In the first
channel phase, two terminal nodes 𝒯𝐴 and 𝒯𝐵 precode the
signal vectors s𝐴 ∈ ℂ𝑀𝐴 and s𝐵 ∈ ℂ𝑀𝐵 by the source filters
T𝐴 ∈ ℂ𝑀𝐴 ×𝑀𝐴 and T𝐵 ∈ ℂ𝑀𝐵 ×𝑀𝐵 , where s𝐴 and s𝐵
are assumed to have ℰ(s𝐴 s†𝐴 ) = I𝑀𝐴 and ℰ(s𝐵 s†𝐵 ) = I𝑀𝐵 ,
respectively. Then two terminal nodes simultaneously transmit
the precoded signals s̃𝐴 = 𝜌𝐴 T𝐴 s𝐴 and s̃𝐵 = 𝜌𝐵 T𝐵 s𝐵 to
𝐾 relay nodes ℛ1 , ℛ2 , ⋅ ⋅ ⋅ , ℛ𝐾 where the power normalizing
coefficients 𝜌𝐴 and 𝜌𝐵 which adjust the transmission power
at 𝒯𝐴 and 𝒯𝐵 to 𝑃𝐴 and 𝑃𝐵 are given as
√
√
𝑃𝐴
𝑃𝐵
and 𝜌𝐵 =
.
(1)
𝜌𝐴 =
†
Tr(T𝐴 T𝐴 )
Tr(T𝐵 T†𝐵 )
At the 𝑘-th relay node, the received signal vector r𝑘 of
1 To estimate CSI in two-way multiple relay systems, some training designs
in [24], [25] and [26] can be applied. Also, CSI at the transmit phase can be
obtained by utilizing channel reciprocity through sounding signals in the timedivision duplex (TDD) mode or feedback techniques in the frequency-division
duplex (FDD). Although two-way relay systems require more overheads for
CSI than one-way protocols, the analysis and design for acquiring the CSI
is outside the scope of this paper and will be an interesting topic for future
work.
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length 𝑁𝑘 for 𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝐾 is obtained as

and

= H𝑘 s̃𝐴 + G𝑘 s̃𝐵 + n𝑘
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ŷ𝐵 = 𝜌𝐴

= 𝜌𝐴 H𝑘 T𝐴 s𝐴 + 𝜌𝐵 G𝑘 T𝐵 s𝐵 + n𝑘

𝐾
∑

𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 T𝐴 s𝐴 +

𝑘=1

𝐾
∑

𝛾𝑘 Ḡ𝑘 F𝑘 n𝑘 + z𝐵 . (6)

𝑘=1

where H𝑘 ∈ ℂ𝑁𝑘 ×𝑀𝐴 and G𝑘 ∈ ℂ𝑁𝑘 ×𝑀𝐵 are the channel
matrices for links 𝒯𝐴 → ℛ𝑘 and 𝒯𝐵 → ℛ𝑘 , respectively, and
n𝑘 denotes the additive complex Gaussian noise vector with
zero mean and ℰ(n𝑘 n†𝑘 ) = 𝜎n2 I𝑁𝑘 .
In the second channel phase, the received signal r𝑘 is
multiplied by the 𝑁𝑘 × 𝑁𝑘 relay filter matrix F𝑘 at the 𝑘th relay node. Then, the transmit signal vector x𝑘 ∈ ℂ𝑁𝑘 at
the relay node is computed by

It should be noted that in the one-way protocol, the channel
model for the communication of 𝒯𝐴 → 𝒯𝐵 is equivalent to
(6) with 𝑃𝐵 = 0 (i.e., 𝜌𝐵 = 0). Hence, a one-way system can
be considered as a special case of two-way systems with the
self-interference canceling process.
Now, we will describe the problem formulations. Our first
main goal is to jointly minimize the sum-MSE of the bidirectional links (5) and (6) at the source, relay and destination
nodes. Here, we consider the linear decoders D𝐴 and D𝐵
x𝑘 = 𝛾𝑘 F𝑘 r𝑘
are applied at the terminal nodes 𝒯𝐴 and 𝒯𝐵 in the second
= 𝛾𝑘 𝜌𝐴 F𝑘 H𝑘 T𝐴 s𝐴 + 𝛾𝑘 𝜌𝐵 F𝑘 G𝑘 T𝐵 s𝐵 + 𝛾𝑘 F𝑘 n𝑘 .
channel phase, respectively. Given specific source and relay
filters T𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 , the optimal linear decoder D𝑙 at
Here, 𝛾𝑘 denotes the power normalizing coefficient expressed
𝒯𝑙 for 𝑙 = 𝐴 and 𝐵 can be independently expressed by the
as
minimum MSE (MMSE) receiver as [18]


(
)−1
𝑃𝑘
 { (
†
†
−1
2
) }
𝛾𝑘 =⎷
D̂
𝜌
=
𝜌
Σ
Σ
Σ
+
Ω
(7)
𝑙
𝑙
𝑙
† †
†
†
†
𝑙
𝑙
𝑙
𝑙
2
2
Tr F𝑘 𝜌𝐴 H𝑘T𝐴T𝐴H𝑘 +𝜌𝐵G𝑘T𝐵T𝐵G𝑘 +𝜎n2 I𝑁𝑘 F𝑘
(2) where the subscript 𝑙 indicates 𝑙 = 𝐵 if 𝑙 = 𝐴 and 𝑙 = 𝐴 if
𝑙 = 𝐵, and Σ𝑙 and Ω𝑙 for 𝑙 = 𝐴 and 𝐵 are defined as
where 𝑃𝑘 indicates the transmission power of the 𝑘-th relay
𝐾
𝐾
∑
∑
node.
𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 T𝐴 , Σ𝐵 ≜
𝛾𝑘 H̄𝑘 F𝑘 G𝑘 T𝐵 ,
Σ𝐴 ≜
Now, the processed signals x1 , x2 , ⋅ ⋅ ⋅ , x𝐾 are transmitted
𝑘=1
𝑘=1
from the relay nodes to two terminal nodes 𝒯𝐴 and 𝒯𝐵 . We
and
denote the MIMO channel matrices for links ℛ𝑘 → 𝒯𝐴 and
(
)−1
𝐾
ℛ𝑘 → 𝒯𝐵 at the second channel phase as H̄𝑘 ∈ ℂ𝑀𝐴 ×𝑁𝑘
∑
†
†
2
2
2
𝛾𝑘 Ḡ𝑘 F𝑘 F𝑘 Ḡ𝑘 + 𝜎z I𝑀𝐵
,
Ω𝐴 ≜ 𝜎n
and Ḡ𝑘 ∈ ℂ𝑀𝐵 ×𝑁𝑘 , respectively. Then, the received signals
𝑀𝐴
𝑀𝐵
𝑘=1
at two terminal nodes y𝐴 ∈ ℂ
and y𝐵 ∈ ℂ
can be
(
)−1
𝐾
written as
∑
† †
2
2
2
Ω𝐵 ≜ 𝜎n
𝛾𝑘 H̄𝑘 F𝑘 F𝑘 H̄𝑘 + 𝜎z I𝑀𝐴
.
𝐾
𝐾
∑
∑
𝑘=1
𝛾𝑘 H̄𝑘 F𝑘 H𝑘 T𝐴 s𝐴 + 𝜌𝐵
𝛾𝑘 H̄𝑘 F𝑘 G𝑘 T𝐵 s𝐵
y𝐴 = 𝜌𝐴
𝑘=1
𝑘=1
Employing this MMSE linear receiver in (7) at the destina𝐾
∑
tion, the MSE matrix Π𝑙 for the signal s𝑙 for 𝑙 = 𝐴 and 𝐵 is
+
𝛾𝑘 H̄𝑘 F𝑘 n𝑘 + z𝐴
(3) written as
{(
𝑘=1
)(
)† }
D̂𝑙 ŷ𝑙 − s𝑙 D̂𝑙 ŷ𝑙 − s𝑙
Π𝑙 = ℰ
and
)−1
(
𝐾
𝐾
∑
∑
= I𝑀𝑙 + 𝜌2𝑙 Σ†𝑙 Ω𝑙 Σ𝑙
.
(8)
y𝐵 = 𝜌𝐴
𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 T𝐴 s𝐴 + 𝜌𝐵
𝛾𝑘 Ḡ𝑘 F𝑘 G𝑘 T𝐵 s𝐵
𝑘=1

+

𝐾
∑

𝑘=1

𝛾𝑘 Ḡ𝑘 F𝑘 n𝑘 + z𝐵

(4)

𝑘=1

where z𝐴 ∈ ℂ𝑀𝐴 and z𝐵 ∈ ℂ𝑀𝐵 are complex
white Gaussian noise vectors∑with zero mean and variance 𝜎z2 . In (3) and (4), 𝜌𝐴 𝐾
𝑘=1 𝛾𝑘 H̄𝑘 F𝑘 H𝑘 T𝐴 s𝐴 and
∑𝐾
𝜌𝐵 𝑘=1 𝛾𝑘 Ḡ𝑘 F𝑘 G𝑘 T𝐵 s𝐵 represent the back-propagating
self-interferences. Since terminal nodes know their own symbols transmitted at the previous channel phase as well as the
corresponding effective channels, these self-interference terms
can be canceled when received at both terminals.
After removing the self-interferences, the received signals
ŷ𝐴 and ŷ𝐵 are then given as
ŷ𝐴 = 𝜌𝐵

𝐾
∑
𝑘=1

𝛾𝑘 H̄𝑘 F𝑘 G𝑘 T𝐵 s𝐵 +

𝐾
∑
𝑘=1

𝛾𝑘 H̄𝑘 F𝑘 n𝑘 + z𝐴 (5)

It should be noted that 𝜌𝐴 and 𝜌𝐵 are given as a function of
the source filters T𝐴 and T𝐵 in (1), and 𝛾1 , 𝛾2 , ⋅ ⋅ ⋅ , 𝛾𝐾 in
(2) are determined by the source and the relay filter matrices
T𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 .
Then, the joint minimization problem of the weighted sumMSE can be formulated as
mse
mse
mse
{Tmse
𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 } = arg min

T𝐴 ,T𝐵 ,F1 ,⋅⋅⋅ ,F𝐾

Ξsum

(9)

where Ξsum is defined by
Ξsum ≜ Tr (W𝐴 Π𝐴 ) + Tr (W𝐵 Π𝐵 ) ,

(10)

and W𝐴 ∈ ℂ𝑀𝐴 ×𝑀𝐴 and W𝐵 ∈ ℂ𝑀𝐵 ×𝑀𝐵 denote constant
weight matrices associated with the links 𝒯𝐴 → 𝒯𝐵 and 𝒯𝐵 →
𝒯𝐴 , respectively. Here, the weight matrices are introduced to
express the connection between the gradients of the sum-MSE
and the sum-rate which will be derived in the next section.
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[
{
}𝑇
𝑑Ξsum = − 𝜌2𝐴 𝛾𝑘 vec Ḡ†𝑘 Ω𝐴 Σ𝐴 Π𝐴 W𝐴 Π𝐴 (T†𝐴 H†𝑘 − 𝜎n2 𝛾𝑘 Σ†𝐴 Ω𝐴 Ḡ𝑘 F𝑘 )
{
}𝑇
+𝜌2𝐵 𝛾𝑘 vec H̄†𝑘 Ω𝐵 Σ𝐵 Π𝐵 W𝐵 Π𝐵 (T†𝐵 G†𝑘 − 𝜎n2 𝛾𝑘 Σ†𝐵 Ω𝐵 H̄𝑘 F𝑘 )
{
}
𝛾3 (
+ 𝑘 ℜ 𝜌2𝐴 Tr Π𝐴 W𝐴 Π𝐴 Σ†𝐴 Ω𝐴 Ḡ𝑘 F𝑘 (𝜎n2 𝛾𝑘 F†𝑘 Ḡ†𝑘 Ω𝐴 Σ𝐴 − H𝑘 T𝐴 )
𝑃𝑘
{
})
+ 𝜌2𝐵 Tr Π𝐵 W𝐵 Π𝐵 Σ†𝐵 Ω𝐵 H̄𝑘 F𝑘 (𝜎n2 𝛾𝑘 F†𝑘 H̄†𝑘 Ω𝐵 Σ𝐵 − G𝑘 T𝐵 )
}𝑇 ]
{
𝑑vec(F∗𝑘 )
× vec F𝑘 (𝜌2𝐴 H𝑘 T𝐴 T†𝐴 H†𝑘 + 𝜌2𝐵 G𝑘 T𝐵 T†𝐵 G†𝑘 + 𝜎n2 I𝑁𝑘 )

Note that when using identity weight matrices, the sum-MSE
minimization problem is obtained.
The second criterion which we try to optimize is the
weighted sum-rate of the bidirectional links in (5) and (6).
Assuming complex Gaussian signaling, the weighted sum-rate
maximizing problem can be expressed by [15]
rate
rate
rate
{Trate
𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 } = arg max

𝑅sum (12)

T𝐴 ,T𝐵 ,F1 ,⋅⋅⋅ ,F𝐾

where we define 𝑅sum as

 𝑤𝐵


𝑤𝐴


𝑅sum ≜
log2 Π−1
log2 Π−1
𝐴 +
𝐵 ,
2
2

(13)

and 𝑤𝐴 and 𝑤𝐵 are nonnegative weight constants. Here the
pre-log factor 1/2 is introduced for the half-duplex mode.
In [19], specific cases of our formulated problems (9) and
(12) are investigated for optimizing one-way single relay
systems (𝐾 = 1 and 𝑃𝐵 = 0), where the SVD is used
to decompose the effective channel into parallel subchannels
and the power distribution on the subchannels is allocated
alternately in the source and the relay node [19]. However,
for a multiple relay channel, this SVD-based technique cannot
be applied since cooperation among separated relay nodes is
impossible. Furthermore, in the two-way relay protocol, the
SVD cannot decompose both bidirectional channels in (5) and
(6) simultaneously into diagonal channels. In the following
section, we propose a method which can generate solutions
for this problem for general one- and two-way MIMO systems
with multiple relay nodes.
III. P ROPOSED O PTIMIZATION S CHEMES FOR O NE - AND
T WO -WAY M ULTIPLE R ELAYS
In this section, we propose a linear processing design for
solving the problems formulated in Section II for one-way and
two-way multiple relay MIMO systems. First, the design of
the source and relay filters for minimizing the sum-MSE or
maximizing the sum-rate is investigated for two-way MIMO
multiple relay links in (9) and (12). Then one-way protocols
are described as a special case of two-way systems.
Both optimization problems in (9) and (12) are difficult to
solve analytically since the cost functions Ξsum and 𝑅sum are
not generally a convex or concave function with respect to
T𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 . Hence, we apply a gradient descent
algorithm to solve the unconstrained optimization problems
(9) and (12). After deriving the gradient expressions of the
cost functions in (10) and (13), the proposed optimization

(11)

algorithm is presented which iteratively searches for the optimized filters. Also, the optimization of the BER is constructed
based on the proposed algorithm.

A. Gradient Expressions of Sum-MSE and Sum-Rate
We first derive gradient expressions of the sum-MSE Ξsum
in (10) with given weights of W𝐴 and W𝐵 . Then, by
determining the weight matrices W𝐴 and W𝐵 from the
relation between the MSE and the mutual information, the
gradients of the weighted sum-rate 𝑅sum are obtained.
Since the weighted sum-MSE Ξsum in (10) is a real-valued
sum
function, the gradient is written as ∇X Ξsum = 2 ∂Ξ
∂X∗ [27].
To obtain the derivative of the weighted sum-MSE function
∂Ξsum
, we first compute the differential of the function. Using
∂F∗
𝑘
some rules for the differential 𝑑Tr(Y) = Tr(𝑑Y) and 𝑑Y−1 =
−Y−1 𝑑YY−1 [28], the partial differential of the weighted
sum-MSE with respect to F∗𝑘 is given by
)
}
{
(
𝑑Ξsum = −Tr W𝐴 Π𝐴 𝑑 𝜌2𝐴 Σ†𝐴 Ω𝐴 Σ𝐴 Π𝐴
)
}
(
{
−Tr W𝐵 Π𝐵 𝑑 𝜌2𝐵 Σ†𝐵 Ω𝐵 Σ𝐵 Π𝐵 . (14)
𝑘B
Note that 𝑑F𝑘 = 0 because ∂AF
= 0 for
∂F∗
𝑘
arbitrary matrices A and B. Thus it follows
=
𝑑𝛾𝑘 T†𝐴 H†𝑘 F†𝑘 Ḡ†𝑘 + 𝛾𝑘 T†𝐴 H†𝑘 𝑑F†𝑘 Ḡ†𝑘 ,
𝑑Σ†𝐴
−1
2
𝑑(Ω𝐴 )
=
𝜎n 𝑑𝛾𝑘2 Ḡ𝑘 F𝑘 F†𝑘 Ḡ†𝑘 + 𝜎n2 𝛾𝑘2 Ḡ𝑘 F𝑘 𝑑F†𝑘 Ḡ†𝑘
and 𝑑Σ𝐴
=
𝑑𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 T𝐴 where 𝑑𝛾𝑘
=
𝛾3
− 2𝑃𝑘𝑘 Tr{F𝑘 (𝜌2𝐴 H𝑘 T𝐴 T†𝐴 H†𝑘
+ 𝜌2𝐵 G𝑘 T𝐵 T†𝐵 G†𝑘
+
†
2
2
𝜎n I𝑁𝑘 )𝑑F𝑘 } and 𝑑𝛾𝑘 = 2𝛾𝑘 𝑑𝛾𝑘 . Here 𝛾𝑘 is a function
of F∗𝑘 through (2).
After some matrix manipulations using the above results,
the partial differential in (14) is derived as (11) at the top
of this page. This result can be verified by the properties
Tr(X𝑇 Y) = vec(X)𝑇 vec(Y), Tr(X𝑇 Y) = Tr(XY𝑇 ) and
Tr(2Z + Y + Y† ) = 2ℜ{Tr(Z + Y)} for a Hermitian matrix
Z. Here, the coefficients of 𝑑vec(F∗𝑘 ) in (11) directly lead to
the derivative ∂Ξsum /∂F∗𝑘 .
Thus, with respect to the 𝑘-th relay filter F𝑘 , the gradient
of the weighted sum-MSE ∇F𝑘 Ξsum is given as

)}
𝛾2 { (
∇F𝑘 Ξsum = −2C𝑘 + 2 𝑘 ℜ Tr C𝑘 F†𝑘
F𝑘
𝑃𝑘
)
(
× 𝜌2𝐴 H𝑘 T𝐴 T†𝐴 H†𝑘 + 𝜌2𝐵 G𝑘 T𝐵 T†𝐵 G†𝑘 + 𝜎n2 I𝑁𝑘 (15)
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where C𝑘 denotes
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and

∇T𝑙 𝑅sum =
𝑤𝑙 𝜌2𝑙 †
𝑤𝑙 𝜌4𝑙
Σ̃𝑙 Ω𝑙 Σ𝑙 Π𝑙 −
Tr(Σ†𝑙 Ω𝑙 Σ𝑙 Π𝑙 )T𝑙
ln
2
𝑃
ln
2
†
†
†
†
2
2
𝑙
+𝜌𝐵 𝛾𝑘 H̄𝑘 Ω𝐵 Σ𝐵 Π𝐵 W𝐵 Π𝐵 (T𝐵 G𝑘 − 𝜎n 𝛾𝑘 Σ𝐵 Ω𝐵 H̄𝑘 F𝑘 ).
𝐾
𝜌2𝑙 ∑ 𝛾𝑘2
ℜ{Tr(C̃𝑘 F†𝑘 )}{𝑃𝑙 Γ𝑙,𝑘 − 𝜌2𝑙 Tr(T†𝑙 Γ𝑙,𝑘 T𝑙 )I𝑀𝑙 }T𝑙
Now, considering the partial differential with − 𝑃
𝑃
𝑙
𝑘
𝑘=1
=
respect to T∗𝐴 in (14), we obtain 𝑑𝜌2𝐴
∑
(19)
𝜌4𝐴
𝐾
†
† † †
− 𝑃𝐴 Tr(T𝐴 𝑑T†𝐴 ), 𝑑Σ†𝐴 =
𝑘=1 𝑑𝛾𝑘 T𝐴 H𝑘 F𝑘 Ḡ𝑘 +
∑
𝐾
𝛾𝑘 𝑑T†𝐴 H†𝑘 F†𝑘 Ḡ†𝑘 , 𝑑(Ω−1
𝜎n2 𝑘=1 𝑑𝛾𝑘2 Ḡ𝑘 F𝑘 F†𝑘 Ḡ†𝑘 where C̃𝑘 is defined as
𝐴 )∑=
𝐾
𝛾𝑘 [
and
𝑑Σ𝐴
=
where
𝑘=1 𝑑𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 T𝐴
C̃
𝑤𝐴 𝜌2𝐴 Ḡ†𝑘 Ω𝐴 Σ𝐴 Π𝐴 (T†𝐴 H†𝑘 −𝜎n2 𝛾𝑘 Σ†𝐴 Ω𝐴 Ḡ𝑘 F𝑘 )
=
2 3
𝑘
𝜌𝐴 𝛾𝑘
†
† †
2
ln
2
𝑑𝛾𝑘
=
Tr[{𝜌
Tr(F
H
T
T
H
F
)I
−
]
𝑘
𝑘
𝐴
𝑀
𝐴
𝐴
𝐴 𝐴 𝑘
2𝑃𝐴 𝑃𝑘
†
†
†
†
2
2
† †
†
2
H̄
H̄
𝜌
Ω
Σ
Π
(T
G
−
𝜎
𝛾
Σ
Ω
F
)
.
+𝑤
𝐵
𝐵
𝐵
𝐵
𝑘
𝐵
𝑘
𝑘
𝑃𝐴 H𝑘 F𝑘 F𝑘 H𝑘 }T𝐴 𝑑T𝐴 ] and 𝑑𝛾𝑘 = 2𝛾𝑘 𝑑𝛾𝑘 . Then,
𝐵 𝑘
n
𝐵 𝑘
𝐵
the partial differential of the weighted sum-MSE with respect
Consequently, the gradient of the weighted sum-MSE with
to T∗𝐴 is derived as (16) at the top of the next page. From the
the proper weight matrices is equivalent to the gradient of the
coefficients of 𝑑vec(T∗𝐴 ) in (16), the gradient with respect
sum-rate. Note that this relation between the sum-MSE and
to T𝐴 is computed. Also, we can find the gradient for T𝐵
the mutual information in MIMO relay networks agrees with
using the symmetry between T𝐴 and T𝐵 .
the discussion made in [29].
Hence, the gradient of the weighted sum-MSE Ξsum for the
transmit filter T𝑙 for 𝑙 = 𝐴 and 𝐵 is expressed by
B. Proposed Iterative Algorithm
∇T𝑙 Ξsum =
The proposed optimization method exploits a fact that a
4
2𝜌
real-valued
cost function 𝐶(X) with a decision variable matrix
−2𝜌2𝑙 Σ̃†𝑙 Ω𝑙 Σ𝑙 Π𝑙 W𝑙 Π𝑙 + 𝑙 Tr(Σ†𝑙 Ω𝑙 Σ𝑙 Π𝑙 W𝑙 Π𝑙 )T𝑙
𝑃𝑙
X decreases fastest when an arbitrary point X𝑜 moves in
𝐾
a direction of −∇X 𝐶(X𝑜 ) where ∇X 𝐶(X𝑜 ) indicates the
2𝜌2 ∑ 𝛾𝑘2
+ 𝑙
ℜ{Tr(C𝑘 F†𝑘 )}{𝑃𝑙 Γ𝑙,𝑘 −𝜌2𝑙 Tr(T†𝑙 Γ𝑙,𝑘 T𝑙 )I𝑀𝑙 }T𝑙 gradient of 𝐶(X) at the point X𝑜 [22]. With the derived
𝑃𝑙
𝑃𝑘
𝑘=1
gradient expressions of the cost functions in (10) and (13),
(17) the proposed algorithm iteratively searches for the optimized
filters. By considering the cost function 𝐶 as either 𝐶 = Ξsum
where Σ̃𝑙 and Γ𝑙,𝑘 for 𝑙 = 𝐴 and 𝐵 are denoted by
or 𝐶 = −𝑅sum , we can solve the problem (9) or (12) using
𝐾
𝐾
the same iterative algorithm which is summarized below.2
∑
∑
Σ̃𝐴 =
𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 and Σ̃𝐵 =
𝛾𝑘 H̄𝑘 F𝑘 G𝑘 ,
C𝑘 =
𝜌2𝐴 𝛾𝑘 Ḡ†𝑘 Ω𝐴 Σ𝐴 Π𝐴 W𝐴 Π𝐴 (T†𝐴 H†𝑘 − 𝜎n2 𝛾𝑘 Σ†𝐴 Ω𝐴 Ḡ𝑘 F𝑘 )

𝑘=1

𝑘=1

and
Γ𝐴,𝑘 = H†𝑘 F†𝑘 F𝑘 H𝑘 and Γ𝐵,𝑘 = G†𝑘 F†𝑘 F𝑘 G𝑘 .
Now, we derive the gradients of the weighted sum-rate.
From the differential rule 𝑑 ln ∣Y∣ = Tr(Y−1 𝑑Y) [28], the
partial differential of the weighted sum-rate in (13) for F∗𝑘 or
T∗𝑙 is written by
𝑤𝐴
Tr{Π𝐴 𝑑(𝜌2𝐴 Σ†𝐴 Ω𝐴 Σ𝐴 )}
2 ln 2
𝑤𝐵
+
Tr{Π𝐵 𝑑(𝜌2𝐵 Σ†𝐵 Ω𝐵 Σ𝐵 )}.
2 ln 2
Comparing this result with (14), we can find that the differential of the weighted sum-rate 𝑑𝑅sum is equivalent to the
differential of the weighted sum-MSE 𝑑Ξsum if the weight
matrices are chosen as W𝐴 = − 2𝑤ln𝐴2 Π−1
𝐴 and W𝐵 =
for
a
given
set
of
the
source
and relay filters
− 2𝑤ln𝐵2 Π−1
𝐵
T𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 .
and W𝐵 =
Thus, substituting W𝐴 = − 2𝑤ln𝐴2 Π−1
𝐴
− 2𝑤ln𝐵2 Π−1
in
(15)
and
(17),
we
get
the
gradients
of the sum𝐵
rate 𝑅sum with respect to F𝑘 and T𝑙 as
)}
𝛾2 { (
F𝑘
∇F𝑘 𝑅sum = C̃𝑘 − 𝑘 ℜ Tr C̃𝑘 F†𝑘
𝑃𝑘
)
(
× 𝜌2𝐴 H𝑘 T𝐴 T†𝐴 H†𝑘 + 𝜌2𝐵 G𝑘 T𝐵 T†𝐵 G†𝑘 + 𝜎n2 I𝑁𝑘 (18)
𝑑𝑅sum =

1) Initialize T𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾
2) for 𝑘 = 1, ⋅ ⋅ ⋅ , 𝐾
Calculate the gradient ∇𝑘 ≜ ∇F𝑘 𝐶 from (15) or (18)
Update F𝑘 ← F𝑘 − 𝛿𝑘 ∇𝑘
end
3) for 𝑙 = 𝐴, 𝐵
Calculate the gradient ∇𝑙 ≜ ∇T𝑙 𝐶 from (17) or (19)
Update T𝑙 ← T𝑙 − 𝛿𝑙 ∇𝑙
end
∑𝐾
∑𝐵
4) If 𝑘=1 ∥∇𝑘 ∥2𝐹 + 𝑙=𝐴 ∥∇𝑙 ∥2𝐹 < 𝜖, stop the iteration
Otherwise go back to step 2)
In this algorithm, 𝜖 is the tolerance factor for terminating the
iteration.
Several line search methods are introduced in [22] to
efficiently determine the step sizes 𝛿𝑘 and 𝛿𝑙 . We employ a
method called Armijo’s rule which provides provable convergence [22] by setting 𝛿𝑘 = 𝜈 𝑚 and 𝛿𝑘 = 𝜈 𝑙 where
𝑚 and 𝑙 are the smallest integers such that 𝐶(F𝑘 ) −
𝐶(F𝑘 − 𝜈 𝑚 ∇𝑘 ) ≥ 𝜀 𝜈 𝑚 ∥∇𝑘 ∥2𝐹 and 𝐶(T𝑙 ) − 𝐶(T𝑙 −
2 In the proposed algorithm, the step 3) for optimizing the source filters can
be replaced by the point-to-point MIMO SVD-based beamforming technique
in [23] in order to reduce the processing complexity. However, such a source
beamforming method still requires an iterative process for jointly optimizing
the source and the relay filters since the SVD cannot diagonalize the MIMO
channels at the relay nodes.
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𝑑Ξsum = −

[

(
𝜌2𝐴 vec

+

𝜌2𝐴

𝑃𝐴

𝐾
∑

𝑘=1
𝐾
∑ 𝛾3
𝑘
𝑘=1

𝑃𝑘

)𝑇
𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 Ω𝐴 Σ𝐴 Π𝐴 W𝐴 Π𝐴

{
})
+ 𝜌2𝐵 Tr Π𝐵 W𝐵 Π𝐵 Σ†𝐵 Ω𝐵 H̄𝑘 F𝑘 (𝜎n2 𝛾𝑘 F†𝑘 H̄†𝑘 Ω𝐵 Σ𝐵 − G𝑘 T𝐵 )
}𝑇 ]
{
𝑑vec(T∗𝐴 )
× vec 𝑃𝐴 H†𝑘 F†𝑘 F𝑘 H𝑘 T𝐴 − 𝜌2𝐴 Tr(T†𝐴 H†𝑘 F†𝑘 F𝑘 H𝑘 T𝐴 )T𝐴

C. Applications
The proposed JMMSE scheme using (15) and (17) minimizes the sum of the diagonal elements of the MSE matrix
when employing the MMSE linear equalizer at the destination
nodes. The sum-MSE minimizing criteria is important for
optimizing the error performance. It was shown in [23] that
applying a discrete Fourier transform (DFT) matrix or a
Hardmard matrix at the transmitter makes the elements of the
diagonal MSE matrix have the same value while the sum-MSE
is maintained. Applying the proposed JMMSE scheme, the
two-way relay channels are transformed to two separate pointto-point MIMO links satisfying the MMSE condition. Hence,
mse
mse
mse
from the filters Tmse
𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 in the proposed
JMMSE, the BER minimizing source transmit filter design
is given as
=

Tmse
𝐴 UΘ

(20)

where U is an 𝑀𝐴 × 𝑀𝐴 unitary matrix and Θ indicates the
𝑀𝐴 × 𝑀𝐴 normalized DFT matrix. Here, to make the MSE
matrix Π𝐴 in (8) diagonal, U is obtained from the eigenvalue
decomposition of ℋ = UΛU† where ℋ is defined as
(𝐾
)†
∑
mse
mse
ℋ≜
𝛾𝑘 Ḡ𝑘 F𝑘 H𝑘 T𝐴
𝑘=1

(

× 𝜎n2
(
×

𝐾
∑
𝑘=1

𝐾
∑

)
𝜌4𝐴 ( †
Tr Σ𝐴 Ω𝐴 Σ𝐴 Π𝐴 W𝐴 Π𝐴 vec(T𝐴 )𝑇
𝑃𝐴

{
(
}
ℜ 𝜌2𝐴 Tr Π𝐴 W𝐴 Π𝐴 Σ†𝐴 Ω𝐴 Ḡ𝑘 F𝑘 (𝜎n2 𝛾𝑘 F†𝑘 Ḡ†𝑘 Ω𝐴 Σ𝐴 − H𝑘 T𝐴 )

𝜈 𝑛 ∇𝑙 ) ≥ 𝜀 𝜈 𝑛 ∥∇𝑙 ∥2𝐹 , respectively. Here, 𝜈 and 𝜀 are fixed
constants between zero and one. With the step size from the
Armijo’s rule, the proposed algorithm obtains a non-increasing
cost function value with respect to the number of iterations
[22]. Therefore, it can be shown that the proposed iterative
algorithms achieve at least a local optimum solution.
Consequently, using the derived sum-MSE gradients in (15)
and (17) with W𝐴 = I𝑀𝐴 and W𝐵 = I𝑀𝐵 , the proposed
iterative algorithm provides a joint MMSE (JMMSE) solution.
Also, from the derived sum-rate gradient expressions (18) and
(19) with 𝑤𝐴 = 𝑤𝐵 = 1, the proposed iterative algorithm
maximizes the sum-rate, which is called the joint maximumrate (JMR) scheme.

Tber
𝐴

−

)−1
mse † †
𝛾𝑘2 Ḡ𝑘 Fmse
Ḡ𝑘 + 𝜎z2 I𝑀𝐵
𝑘 F𝑘

mse
𝛾𝑘 Ḡ𝑘 Fmse
𝑘 H𝑘 T𝐴

)
.

𝑘=1

Using the same method, we can also compute Tber
𝐵 . Note
that since UΘ is unitary, it does not affect the sum-MSE

(16)

Ξsum in (10), and makes the diagonal elements of the MSE
matrix identical as in [23]. Consequently, the corresponding
ber
mse
mse
source and relay filters Tber
𝐴 , T𝐵 , F1 , ⋅ ⋅ ⋅ , F𝐾 minimize
the average BER of each link for the MMSE linear detection,
which is referred to as the joint minimum-BER (JMBER)
scheme. Here, the weight matrices can be determined as
W𝐴 = 𝑤𝐴 I𝑀𝐴 and W𝐵 = 𝑤𝐵 I𝑀𝐵 by adjusting nonnegative weights 𝑤𝐴 and 𝑤𝐵 to support the different quality
of service (QoS) requirements in both bidirectional links.
Also, the JMR scheme using (18) and (19) can obtain the
rate region with the fixed transmit power by adjusting the nonnegative weights 𝑤𝐴 and 𝑤𝐵 , and then the achievable rate
region is illustrated as the convex hull of rate region points
with any 𝑃𝐴 and 𝑃𝐵 satisfying the given power constraint
as in [13]. In a practical system with a limited buffer size
for the packet queues or a QoS demand of each link, the
weight factors 𝑤𝐴 and 𝑤𝐵 may be computed by considering
proportional fairness.
As for one-way protocol systems the transmission power of
𝒯𝐵 is set to zero (i.e., 𝑃𝐵 = 0), in order to find the optimum
source relay filters of the one-way protocol, we can simply set
𝜌𝐵 = 0 when calculating the gradients of the cost functions
in the proposed iterative algorithm, and skip the step updating
T𝐵 . Then, the proposed iterative algorithm can generate the
optimized filters for the one-way protocol. Moreover, fixing
T𝐴 = I𝑀𝐴 and T𝐵 = I𝑀𝐵 at step 3) of our proposed
algorithm, we can optimize only the relay node filters for the
case where the transmit CSI at both terminals is not available.
It is important to note that the proposed optimization
algorithm is applicable for general one- and two-way multiple
relay systems while the SVD-based technique in [19] can
be used only in one-way single relay systems. In the case
of the one-way single relay system, it will be shown in the
simulation section that both the optimization methods have the
same performance with the equal CSI requirement.
IV. A SYMPTOTIC O PTIMALITY
In this section, we investigate the optimality of the proposed
algorithm for an asymptotic case. In general, to approach the
global optimum solution in a non-convex problem, we should
extensively repeat local optimization with randomly chosen
different initial points and select the best one among the
computed local solutions. Since the formulated cost functions
in (9) and (12) are not generally convex or concave, the
proposed algorithm may require an optimization process with
multiple initial points. However, in the following theorem,
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we show that the sum-rate problem becomes convex in the
asymptotic antenna regime.
Theorem 1: In multiple relay MIMO AF systems without
CSI at the source terminals for both one-way and twoway protocols, a local-optimum solution achieves the global
maximum in terms of the weighted sum-rate if the number of
the source antennas goes to infinity.
Proof: First we consider two-way protocols. If the CSI is
not available at the source terminal nodes, the source precoders
are given as T𝐴 = I𝑀𝐴 and T𝐵 = I𝑀𝐵 . The elements of
H and G are independent and identically distributed (i.i.d.)
Gaussian random variables. Thus various conditions for strong
convergence are readily satisfied and we note that [30]
{ I
1
1
for 𝑘 = 𝑖
𝑁𝑘
H𝑘 H†𝑖 = lim
G𝑘 G†𝑖 =
𝑀𝐴 →∞ 𝑀𝐴
𝑀𝐵 →∞ 𝑀𝐵
0𝑁𝑘 𝑁𝑖 for 𝑘 ∕= 𝑖
lim

where 0𝑁𝑘 𝑁𝑖 denotes an 𝑁𝑘 × 𝑁𝑖 zero matrix. Applying the
above asymptotic behavior to the cost function (13) with the
relay power constraint, the weighted sum-rate problem in (12)
as 𝑀𝐴 → ∞ and 𝑀𝐵 → ∞ becomes equivalent to
𝑤𝐴
𝑤𝐵
log2 ∣Π̃𝐴 ∣ +
log2 ∣Π̃𝐵 ∣ (21)
2
2
𝑃𝑘
subject to Tr{Q𝑘 } =
for 𝑘 = 1, ⋅ ⋅ ⋅ , 𝐾 (22)
𝑃𝐴+ 𝑃𝐵+ 𝜎𝑛2
max 𝑅sum = max

Q1 ,⋅⋅⋅ ,Q𝐾

Q1 ,⋅⋅⋅ ,Q𝐾

where Q𝑘 is defined as Q𝑘 = F𝑘 F†𝑘 , and then Π̃𝐴 and Π̃𝐵
are given by
Π̃𝐴 = I𝑀𝐵+ 𝑃𝐴

𝐾
∑

(
Ḡ𝑘 Q𝑘 Ḡ†𝑘

𝑘=1

Π̃𝐵 = I𝑀𝐴+ 𝑃𝐵

𝐾
∑
𝑘=1

𝜎𝑛2

)−1
Ḡ𝑘 Q𝑘 Ḡ†𝑘 +

𝜎𝑧2 I𝑀𝐵

H̄𝑘 Q𝑘 H̄†𝑘 +

𝜎𝑧2 I𝑀𝐴

𝑘=1

(
H̄𝑘 Q𝑘 H̄†𝑘

𝐾
∑

𝜎𝑛2

𝐾
∑

,

)−1

𝑘=1

.
(23)

Here ∣I + AB∣ = ∣I + BA∣ is used in (23).
Let us consider {Q1 , ⋅ ⋅ ⋅ , Q𝐾 } as the convex combination of two different feasible sets {X1 , ⋅ ⋅ ⋅ , X𝐾 } and
{Z1 , ⋅ ⋅ ⋅ , Z𝐾 }, represented by Q𝑘 = X𝑘 +𝑡Y𝑘 for 0 ≤ 𝑡 ≤ 1
where Y𝑘 = Z𝑘 −X𝑘 . Here Y𝑘 (𝑘 = 1, ⋅ ⋅ ⋅ , 𝐾) are Hermitian
matrices, and Q𝑘 , X𝑘 and Z𝑘 are positive semi-definite (PSD)
matrices. Then the cost function 𝑅sum in (21) is a concave
function of {Q1 , ⋅ ⋅ ⋅ , Q𝐾 } if and only if 𝑑2 𝑅sum /𝑑𝑡2 ≤ 0 for
any feasible {X1 , ⋅ ⋅ ⋅ , X𝐾 } and {Y1 , ⋅ ⋅ ⋅ , Y𝐾 } [22]. Now,
Π̃𝑙 for 𝑙 = 𝐴 and 𝐵 in (23) can be rewritten as
(
)−1
Π̃𝑙 = I𝑀𝑙 + 𝑃𝑙 Q̃𝑙 𝜎𝑛2 Q̃𝑙 + 𝜎𝑧2 I𝑀𝑙
(24)
where Q̃
∑𝑙𝐾 = X̃𝑙 †+ 𝑡Ỹ𝑙 for
∑𝐾𝑙 = 𝐴 † and 𝐵,
X̃𝐴 =
X
,
Ỹ
=
Ḡ
Ḡ
𝑘 𝑘 𝑘
𝐴
𝑘=1
𝑘=1 Ḡ𝑘 Y𝑘 Ḡ𝑘 , X̃𝐵 =
∑
∑𝐾
𝐾
†
†
H̄
H̄
H̄
X
and
Ỹ
=
𝑘 𝑘 𝑘
𝐵
𝑘 Y𝑘 H̄𝑘 .
𝑘=1
𝑘=1
𝑑
ln ∣Y∣ = Tr(Y−1 𝑑Y
Using the differential rules 𝑑𝑡
𝑑𝑡 ),
𝑑
𝑑Y
𝑑
−1
−1
= −Y−1 𝑑Y
[28], the
𝑑𝑡 Tr(Y) = Tr( 𝑑𝑡 ) and 𝑑𝑡 Y
𝑑𝑡 Y
second order derivative of the weighted sum-rate in (21)
𝑑2 𝑅sum /𝑑𝑡2 becomes
(
)
2
𝑑2 𝑅sum ∑ 𝑤𝑙
−1𝑑Π̃𝑙
−1 𝑑Π̃𝑙
−1 𝑑 Π̃𝑙
=
Tr
−
Π̃
Π̃
+
Π̃
𝑙
𝑙
𝑙
𝑑𝑡2
2 ln 2
𝑑𝑡
𝑑𝑡
𝑑𝑡2
𝑙=𝐴,𝐵

(25)
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where 𝑑Π̃𝑙 /𝑑𝑡 and 𝑑2 Π̃𝑙 /𝑑𝑡2 are calculated as
(
)−1 (
)−1
𝑑Π̃𝑙
= 𝜎𝑧2 𝑃𝑙 𝜎𝑛2 Q̃𝑙 + 𝜎𝑧2 I𝑀𝑙 Ỹ𝑙 𝜎𝑛2 Q̃𝑙 + 𝜎𝑧2 I𝑀𝑙 , (26)
𝑑𝑡
(
)−1
𝑑2 Π̃𝑙
2 2
2
2
Q̃
𝜎
=
−2𝜎
𝜎
𝑃
+
𝜎
I
𝑙
𝑙
𝑀
𝑙
𝑛
𝑧
𝑛
𝑧
𝑑𝑡2
(
)−1
(
)−1
Ỹ𝑙 𝜎𝑛2 Q̃𝑙 + 𝜎𝑧2 I𝑀𝑙 . (27)
×Ỹ𝑙 𝜎𝑛2 Q̃𝑙 + 𝜎𝑧2 I𝑀𝑙
Here a matrix inversion lemma I − A(I + A)−1 = (I + A)−1
is applied.
Since Q̃𝑙 is PSD and Ỹ𝑙 is Hermitian, 𝑑Π̃𝑙 /𝑑𝑡 and
𝑑2 Π̃𝑙 /𝑑𝑡2 in (26) and (27) are shown to be Hermitian and
negative semi-definite, respectively. Also, Π̃−1
is a PSD
𝑙
matrix from (24). We can show that from these facts, the
matrix inside the trace operation in (25) is negative semidefinite, and thus we get 𝑑2 𝑅sum /𝑑𝑡2 ≤ 0. Consequently,
since the cost function 𝑅sum in (21) is a concave function of
{Q1 , ⋅ ⋅ ⋅ , Q𝐾 } and the equality constraints in (22) are affine
functions, the formulated problem is a convex optimization
problem which has a unique maximum. Therefore a localoptimal solution with respect to {F1 , ⋅ ⋅ ⋅ , F𝐾 } achieves the
globally maximum of the weighted sum-rate. For a one-way
protocol of 𝒯𝐴 → 𝒯𝐵 , the proof is identical for 𝑃𝐵 = 0,
𝑤𝐴 = 1 and 𝑤𝐵 = 0.
This theorem implies that the proposed JMR scheme which
obtains the local-optimum relay filters with a single initial
point provides the global maximum sum-rate when the number
of the source antennas increases. It is important to observe that
the local-optimum filters are not unique, but have the same
maximum. For example, if we optimize a set of relay filters
rate
𝑗𝜃 rate
𝑗𝜃 rate
{Frate
1 , ⋅ ⋅ ⋅ , F𝐾 }, it is obvious that {𝑒 F1 , ⋅ ⋅ ⋅ , 𝑒 F𝐾 }
for any real scalar 𝜃 also has the same optimum. Although
we consider an asymptotic case here, we find from extensive
simulations that our schemes generate solutions very close
to global optimal solutions even with a moderate number of
antennas, which will be demonstrated in the following section.
V. S IMULATION R ESULTS
In this section, we present numerical results for the proposed schemes in terms of the sum-rate and the BER. In our
simulation, it is assumed 𝑃𝐴 = 𝑃𝐵 = 𝑃/2, 𝑃𝑘 = 𝑃/𝐾
for all 𝑘 and 𝜎n2 = 𝜎z2 = 1, and the SNR is defined as
𝑃/𝜎n2 . Also, we assume the TDD mode so that elements of
the channel matrices H𝑘 and G𝑘 at the first phase have an
i.i.d. complex Gaussian distribution with zero mean and unit
variance, and the channel matrices H̄𝑘 and Ḡ𝑘 at the second
phase are H̄ = H𝑇 and Ḡ = G𝑇 due to channel reciprocity
[10]. We use a notation of 𝑀𝐴 × {𝑁1 , ⋅ ⋅ ⋅ , 𝑁𝐾 } × 𝑀𝐵 for
representing antenna configurations in this section. For the
proposed iterative algorithm, the tolerance factor 𝜖 is set to
10−4 , and the constants 𝜈 and 𝜀 are fixed as 0.5 and 0.2,
respectively. Throughout simulations, the proposed algorithm
employs identity matrices as an initial point.
In Fig. 2, we exhibit the results of the proposed JMR
algorithm in terms of iterations for both one-way and twoway systems in 4 × {4, 4} ×∑
4 relaying networks.
∑𝐵 First in
𝐾
Fig. 2 (a), the y-axis indicates 𝑘=1 ∥∇𝑘 ∥2𝐹 + 𝑙=𝐴 ∥∇𝑙 ∥2𝐹 .
Thus, this figure confirms that the proposed algorithm satisfies
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Fig. 2. Convergence property of the proposed algorithm for maximizing the
sum-rate in multiple relay systems.
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Fig. 3. CDFs of the sum-rate gains with various number of source antennas
𝑀𝐴 at SNR = 20dB.

zero gradient condition with a few iterations. Also, in Fig. 2
(b), the proposed algorithm exhibits a very good convergence
property.3
Fig. 3 is plotted to illustrate the asymptotic optimality
in Theorem 1, where one-way 𝑀𝐴 × {2, 2} × 2 systems
without the CSI at the source node are considered. In this
figure, we plot the cumulative distribution function (CDF) of
the sum-rate gain of the global optimum solution over the
proposed method. Here the global optimal solution is obtained
by using 1000 different initial points, while the proposed
scheme employs a single identity initial point. We can see
that as the number of source antennas 𝑀𝐴 increases, the sumrate gain becomes close to zero. This result shows that with
large source antennas, our proposed solutions do not require
multiple initial points, as expected in Theorem 1. Furthermore,
it is interesting to see that even for a moderate antenna size
3 The proposed JMMSE scheme shows a similar convergence property with
the JMR scheme.

Fig. 4.

SVD−based JMR [19]
in one−way 4×8×4
10

15
Sum−rate [bps/Hz]

20

25

CDFs of sum-rates of multiple relay systems at SNR= 20dB.

such as 2 × {2, 2} × 2, most results with extensive initial
points exhibit negligible gains of less than 0.01bps/Hz. These
results confirm that the proposed algorithm obtains solutions
very close to the globally optimal value in a practical antenna
regime.
In Fig. 4, the CDFs of the instantaneous sum-rates of
4 × {4, 4} × 4 systems are depicted. In order to demonstrate
the performance of our scheme, we compare the conventional
naive AF scheme with F𝑘 = I𝑁𝑘 and the matched filter
method using F𝑘 = Ḡ†𝑘 H†𝑘 and Ḡ†𝑘 H†𝑘 + H̄†𝑘 G†𝑘 for the
one-way and two-way protocols, respectively [21]. The plots
show that the proposed JMR scheme performs best in both
one-way and two-way multiple relay systems. For a sanity
check, we also plot the CDF of the rate of the SVD-based
optimization with the rate maximizing criterion in [19] for
one-way channels with 4 × 8 × 4 systems. In this case, we
can see that the proposed JMR algorithm yields the sum-rate
identical to the SVD-based JMR scheme. Furthermore, it is
obvious that since full cooperation among antennas in the relay
is possible, the rate performance of the 4×8×4 system can be
considered as an upper bound for the 4×{4, 4}×4 systems. We
can see from this figure that the performance of the proposed
JMR scheme is only 0.2bps/Hz away from the upper bound.
Also, the proposed scheme with one iteration outperforms the
conventional techniques. It should be noted that the scheme
with one iteration can be considered as a non-iterative scheme,
and can be preferred in a practical system.
Fig. 5 exhibits an ergodic sum-rate curve as a function of
SNR for the 4 × {4, 4} × 4 system. For one-way multiple
relay channels, the proposed scheme is compared with the
conventional MMSE filter [31], the QR-based design [7], the
matched filter scheme [21] and the naive AF. The proposed
JMR scheme obtains SNR gains of more than 3dB at 10bps/Hz
over the conventional methods for both one-way and two-way
systems.
Next, we present the sum-rate graphs with respect to the
number of relay nodes 𝐾 at the SNR of 20dB in Fig. 6.
The sum-rate gain of the proposed JMR algorithm over the
naive AF scheme becomes much larger as the number of
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Fig. 8.

relay nodes increases. Also, even with a single iteration, the
proposed scheme still outperforms the naive AF scheme and
the matched filter method.
Fig. 7 compares the BER curve of the proposed JMBER
scheme with the conventional relay schemes in 4 × {4, 4} × 4
systems for one-way and two-way protocols, where the MMSE
linear receiver in (7) is employed. Here, to support the same
spectral efficiency of 8bps/Hz, we use 16QAM and 4QAM
constellations for the one-way and the two-way protocols,
respectively. The proposed JMBER algorithms with only one
iteration outperforms the conventional multiple relay techniques by more than 14dB and 25dB at a BER of 10−4 for
one-way and two-way protocols, respectively. For comparison,
we also plot the BER curve of the SVD-based optimization
with the BER minimizing criteria [19] in one-way 4 × 8 × 4
systems. It is interesting to see that the proposed JMBER
scheme in one-way 4×{4, 4}×4 systems performs within only
a few tenth of a dB compared to the single relay optimization
method, although cooperation between two relay nodes is

impossible.
Finally, in Fig. 8, the BERs are plotted for 4 × {2, 2} × 4
systems. We can see that in this configuration, the conventional matched filter and MMSE filter design are significantly
degraded even compared with the naive AF scheme since
the number of the data streams (𝑀𝐴 = 𝑀𝐵 = 4) is larger
than the antenna dimension of each relay node (𝑁𝑘 = 2).
Note that the relay QR filter design cannot be applied in this
antenna configuration. The proposed JMMSE (relays only)
scheme which optimizes the relay filters only without the
source optimization shows a SNR gain of about 10dB at a
BER of 10−4 over the conventional naive AF for both oneway and two-way protocols. Also, it is shown that in the twoway protocol, the JMBER scheme (source and relays) obtains
a gain of more than 7dB over the JMMSE (relays only) by
jointly optimizing the source and relay filters and applying
the BER minimization technique. These results confirm the
efficacy of the proposed JMBER scheme in multiple relay
systems.

BER performance for multiple relay systems at 8bps/Hz.
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VI. C ONCLUSION
In this paper, we have proposed a method to optimize linear
processing designs for several criterions in one- and two-way
multiple relay systems. Using the proposed iterative algorithm,
we obtain the JMR and the JMMSE schemes which maximizes
the sum-rate or minimizes the sum-MSE at the source and
relay nodes. Furthermore, when employing a linear MMSE
receiver at the destinations, the proposed JMMSE scheme
is transformed to the JMBER which provides the minimum
BER performance. It is shown that the proposed algorithms
converge to a local optimum solution, which approaches a
global optimal solution as the number of source antennas
increases. Simulation results demonstrate that the proposed
algorithms provide solutions very close to the optimal value
even in a moderate antenna configuration for both one-way
and two-way multiple relay systems. Moreover, our schemes
with one iteration are shown to be quite effective in terms of
both the sum-rate and the BER.
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