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Abstract—In this paper, we propose a general framework to
quantify the average error probability of the minimum mean
squared error based precoding schemes in amplify-and-forward
relay networks where all nodes are equipped with multiple
antennas. Especially, we investigate spatial multiplexing schemes
which transmit multiple data streams simultaneously. Due to
difficulty in finding an exact expression of the average error rate,
we exploit the high signal-to-noise-ratio (SNR) based approach
which allows a simple and accurate characterization of the
performance. Then, we derive new closed form expressions for
bit error rate performance of both the optimal source-relay
joint precoding schemes and the optimal relay only precoding
schemes in terms of a coding gain as well as a diversity gain.
Taking a different pathloss in each hop into consideration, we
evaluate the performance in a generalized environment. Through
our analysis, we discuss several interesting observations and
provide a helpful guideline for designing MMSE-based relaying
systems. Monte-Carlo simulations show that our analytical work
accurately predicts numerical results.
Index Terms—Relay systems, MIMO, precoding, MMSE solution.
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I. I NTRODUCTION

ULTIPLE-INPUT multiple-output (MIMO) systems
have been a promising means to increase the link performance for wireless systems. Especially spatial multiplexing
MIMO schemes enable extremely high spectral efficiencies by
transmitting independent data streams simultaneously through
multiple transmit antennas [1] [2]. Recently, relaying techniques have also garnered a significant research interest since
the communication range and coverage can be extended by
supporting areas where there are strong shadowing effects
[3] [4]. These benefits make MIMO relaying techniques an
important component for next generation wireless networks.
In practical relay networks, one important relay protocol
is amplify-and-forward (AF) due to its simplicity which amPaper approved by N. Jindal, the Editor for MIMO Techniques of the
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plifies the signal transmitted from the source and forward it
to the destination [5]. In AF MIMO relaying systems, many
spatial multiplexing schemes have been developed according
to different approaches. One of most popular criteria is the
minimum mean squared error (MMSE) [6]–[11], because other
common system quality measures such as signal-to-noise ratio
(SNR) and bit error rate (BER) can be readily related to the
mean squared error.
Recently, the authors in [6] have investigated the MMSE
optimal relay only precoding scheme where no channel state
information (CSI) is allowed at the source node. Then, allowing the additional CSI at the source, the authors in [7]–
[10] have tried to solve the source-relay joint optimization
problem using iterative methods such as a gradient descent
algorithm1. More recently, a new design approach for the
MMSE-based relaying system has been reported in [11] where
the closed-form solution for the source-relay joint precoding
schemes was provided, which is optimal in the high SNR
regime. Nevertheless, none of these works studied important
performance measures such as an outage or an average error
rate.
In simple beamforming cases where at least one node
among the source, the relay and the destination is equipped
with a single antenna, an exact error probability can be evaluated as in [12]–[19]. For example, in [13]–[15], single antenna
relay channels have been studied in various fading environments. Extending these results to multiple antenna systems, the
authors in [16]–[19] have computed the performance metric
for AF relaying systems where multiple antennas are used
for beamforming at the source or the destination. In contrast,
the case where all nodes are equipped with multiple antennas
driving multiple data streams has not been considered, because
it is quite difficult to acquire an exact expression of the random
channel distribution for each stream. Moreover, even if such
a distribution was found, the solution might be intractable in
most cases, since the expectation operation should be carried
out numerically.
In this paper, by extending [16]–[19] to the case which supports multiple data streams with multiple antennas at all nodes,
we provide a new analytical framework on the average BER
performance of both the optimal source-relay joint precoding
(SR) schemes [7]–[11] and optimal relay only precoding
(R-) schemes [6] [11]. Regarding the power constraint at the
1 In this case, the global optimal solution is still unknown, because the
problem is generally non-convex.
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transmit sides, i.e., the source and the relay, our analysis
considers the maximum eigenvalue constraint [11] as well as
the conventional norm power constraint [6]–[11], since the
maximum eigenvalue constraint is also useful to control the
dynamic range of the power amplifier at each transmit antenna.
Note that as the MMSE optimization problem is equivalent
to the SNR maximization with a single stream transmission,
existing beamforming schemes over the AF MIMO relay
channel [13]–[20] can be characterized as special cases in our
analytical work.
To overcome the difficulty in deriving the channel distribution and to obtain an insightful closed-form expression for
the average BER, we focus on the high SNR performance
as in [21] and [22]. In addition, we extend our discussion to generalized channel environment considering different
pathloss in each hop to present a more practical observation
on how the location of the relay node affects the performance.
Our analytical results accurately predict the performance gain
determined by various key performance parameters, e.g., a CSI
requirement, a precoding strategy, antenna configurations and
the number of data streams, and provide a helpful guideline
for designing MMSE-based relaying systems. One interesting
observation made from our analysis is that when the relay
is placed closer to either the source or the destination, an
additional source or destination antenna can introduce a nontrivial performance improvement according to the relay location. Simulation results confirm that the proposed analytical
results provide an accurate estimation for the average BER of
spatial multiplexing relaying schemes under various practical
situations.
The rest of the paper is organized as follows: Section II
provides the signal model for AF MIMO relaying systems.
In Section III, closed form expressions are presented for the
high-SNR performance of SR schemes. Then the performance
of R- schemes is quantified in Section IV. Section V illustrates
numerical results supporting our analytical works. Finally, our
conclusions are drawn in Section VI.
Throughout this paper, normal letters represent scalar quantities, boldface lowercase letters indicate vectors and boldface
uppercase letters designate matrices. ℂ and ℝ+ denote the
set of complex numbers and the set of positive real numbers,
respectively. The superscript (⋅)† stands for conjugate transpose, ℰ(⋅) denotes the expectation operator and I𝑁 indicates
an 𝑁 × 𝑁 identity matrix. tr (A) and ∣A∣ represent the trace
and the determinant of a matrix A, respectively. 𝜆max (A)
indicates the maximum eigenvalue of a matrix A. Also we
write 𝑓 (𝑥) as 𝑜 (𝑔(𝑥)) if 𝑓 (𝑥)/𝑔(𝑥) → 0 as 𝑥 → 0.
II. S IGNAL M ODEL FOR T RANSCEIVER D ESIGNS IN AF
MIMO R ELAYING S YSTEMS
As shown in Figure 1, we consider a MIMO relaying system
where one relay node helps the communications between the
source and the destination. The distance between the relay
and the destination is assumed to be 𝜃 times longer than that
between the source and the relay. We also assume that the
source, relay and destination nodes use 𝑁𝑡 , 𝑁𝑟 and 𝑁𝑑 number
of antennas, respectively, and no direct path is considered
due to a large shadowing effect between the source and the
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System description for an AF MIMO relay network.

destination. As we take a spatial multiplexing into account
which transmits 𝑁𝑠 data streams simultaneously, we assume
𝑁𝑠 ≤ min{𝑁𝑡 , 𝑁𝑟 , 𝑁𝑑 }. Our discussion is restricted to the
uncorrelated narrowband channel model.
Data transmission occurs in two separate time slots. During
the first time slot, the 𝑁𝑠 dimensional transmit signal vector
x ∈ ℂ𝑁𝑠 ×1 with ℰ(xx† ) = 𝜎𝑥2 I𝑁𝑠 is precoded by the
precoding matrix F ∈ ℂ𝑁𝑡 ×𝑁𝑠 , and transmitted to the relay
node. Then the received signal r ∈ ℂ𝑁𝑟 ×1 at the relay is
given by r = Hx + n1 , where H ∈ ℂ𝑁𝑟 ×𝑁𝑡 denotes the
first hop channel matrix of the source-to-relay link, and n1
indicates the complex normal Gaussian noise at the relay. In
this case, denoting 𝑃𝑇 as the total source transmit power,
we can define the norm power
and the maximum
)
( constraint
eigenvalue constraint as ℰ ∥Fx∥2 = tr(𝜎𝑥2 FF𝐻 ) ≤ 𝑃𝑇
and 𝜆max (𝜎𝑥2 FF𝐻 ) ≤ 𝑃𝑇 /𝑁𝑠 , respectively. Note that the
eigenvalue constraint also satisfies the norm constraint while
imposing a limit on the peak power of the transmit signals.
In the second time slot, the relay signal r is precoded by
the relay transceiver Q ∈ ℂ𝑁𝑟 ×𝑁𝑟 and transmitted to the
destination. Then the received signal y ∈ ℂ𝑁𝑑 ×1 is multiplied
by the linear receiver W𝐷 ∈ ℂ𝑁𝑠 ×𝑁𝑑 , and we have the final
observation y𝐷 ∈ ℂ𝑁𝑠 ×1 as
y𝐷 = W𝐷 y = W𝐷 (GQHFx + GQn1 + n2 ),
where G ∈ ℂ𝑁𝑑 ×𝑁𝑟 indicates the second hop channel
matrix and n2 is the complex normal Gaussian noise at the
destination. The optimal MMSE transceivers F, Q and W𝐷
have been investigated in [6]–[10] and more generally in
[11]. In this paper, we follow the flow in [11] to simplify
the presentation. From the MMSE point of view, the relay
transceiver Q can be expanded as Q = BL𝑅 where L𝑅 and B
represent the relay receiver and precoder, respectively. Then,
in the high SNR regime, the relay constraints are also given
by ℰ(∥Qr∥2 ) ≃ tr(𝜎𝑥2 BB𝐻 ) ≤ 𝑃𝑅 and 𝜆max (𝜎𝑥2 BB𝐻 ) ≤
𝑃𝑅 /𝑁𝑠 where 𝑃𝑅 designates the total relay power.
The channel matrix in each hop can be further expressed as
√
√
H = 𝜂ℎ H̃ and G = 𝜂𝑔 G̃, where the entries of H̃ and G̃
are identically independent distributed (i.i.d.) complex normal
Gaussian random variables. Each factor 𝜂ℎ and 𝜂𝑔 contains
the pathloss
)−𝜁ℎ [23] [24] in(each
) hop, and can be written
( 2effect
2𝜃 −𝜁𝑔
and 𝜂𝑔 = 1+𝜃
for 𝜃 ∈ ℝ+ , where
as 𝜂ℎ = 1+𝜃
the scalars 𝜁ℎ and 𝜁𝑔 denote the pathloss exponents. Here, we
ignored the lognormal shadowing effect following the median
pathloss model [23]. Note that the conventional equal distance
channel model [6]–[11] is specified as a special case of 𝜃 = 1.
Throughout the paper, we assume 𝜁ℎ = 𝜁𝑔 = 𝜁 and 𝑃𝑇 =
𝑃𝑅 = 𝑃0 /2 for simplicity, but the result can be easily extended
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to more general cases. Here 𝑃0 is defined as a total transmit
power. Also, we define following eigenvalue decompositions
as H† H = Vℎ Λℎ V†ℎ and G† G = V𝑔 Λ𝑔 V†𝑔 , where Λℎ and
Λ𝑔 represent diagonal matrices with eigenvalues 𝜆ℎ,𝑘 and 𝜆𝑔,𝑘
in a descending order on the main diagonal, respectively. We
denote the matrix constructed by the first 𝑁𝑠 columns of a
unitary matrix Vℎ and V𝑔 as Vℎ and V𝑔 , respectively. In
the following, we describe the instantaneous SNR of the 𝑘-th
substream for 𝑘 = 1, 2, . . . , 𝑁𝑠 .
A. Instantaneous SNR of substreams
It has been shown in [11, Lemma 2] that from the MMSE
point of view and
) 𝐷 , the error covariance
( for given L𝑅 and W
matrix E ≜ ℰ (y𝐷 − x)(y𝐷 − x)† can be written at high
SNR as
E = Eℎ + E𝑔
(1)
)
( † †
−1
where Eℎ ≜
F H HF + 𝜎𝑥−2 I𝑁𝑠
and E𝑔 ≜
( † †
)
−1
−2
B G GB+𝜎𝑥 I𝑁𝑠
. Then, the joint MMSE optimization
problem (F̂, Q̂) = minF,Q tr(E) reduces to two individual
problems F̂ = arg minF tr(Eℎ ) and B̂ = arg minB tr(E𝑔 ).
Following this result, now we can easily express the instantaneous SNR of the 𝑘-th substream 𝛾𝑘 as [25] 𝛾𝑘 =
𝜎𝑥2 /𝐸𝑘 − 1 = 𝜎𝑥2 /(𝐸ℎ,𝑘 + 𝐸𝑔,𝑘 ) − 1, where 𝐸𝑘 , 𝐸ℎ,𝑘 and
𝐸𝑔,𝑘 designate the (𝑘, 𝑘)-th entry of the matrices E, Eℎ
2
𝜎𝑥
and E𝑔 , respectively. Also defining 𝛾ℎ,𝑘 ≜ 𝐸ℎ,𝑘
− 1 and
𝛾𝑔,𝑘 ≜
as

2
𝜎𝑥
𝐸𝑔,𝑘

− 1, 𝛾𝑘 can be further approximated at high SNR

𝛾𝑘 =

𝛾ℎ,𝑘 𝛾𝑔,𝑘
𝛾ℎ,𝑘 𝛾𝑔,𝑘 − 1
≈
.
𝛾ℎ,𝑘 + 𝛾𝑔,𝑘 + 2
𝛾ℎ,𝑘 + 𝛾𝑔,𝑘

(2)

Throughout the paper, the parameters defined in this section
will serve as key factors for quantifying the average error
performance.
III. A NALYTICAL P ERFORMANCE OF O PTIMAL
S OURCE -R ELAY J OINT P RECODING SCHEMES
In this section, we develop a general framework to characterize the performance of SR schemes. For a wide family of
Schur convex or concave cost functions, it is known that the
optimal solution for the source-relay joint precoding designs
which minimizes tr(E) follows the specific form as [11] [25]
1/2

F̂ = Vℎ Δℎ Nℎ and B̂ = V𝑔 Δ1/2
𝑔 N𝑔 ,

(3)

where Nℎ ∈ ℂ𝑁𝑠 ×𝑁𝑠 and N𝑔 ∈ ℂ𝑁𝑠 ×𝑁𝑠 are unitary rotation
matrices, and Δℎ ∈ ℂ𝑁𝑠 ×𝑁𝑠 and Δ𝑔 ∈ ℂ𝑁𝑠 ×𝑁𝑠 indicate
diagonal matrices with entries being 𝛿ℎ,𝑘 and 𝛿𝑔,𝑘 for 𝑘 =
1, 2, . . . , 𝑁𝑠 , respectively. Here 𝛿ℎ,𝑘 and 𝛿𝑔,𝑘 represent the
power allocated to each substream at the source and the relay,
respectively.
In the MMSE sense (or named sum-MSE minimization),
power allocation strategy differs according to the power constraint at the transmit sides. In the following, we analyze
the average error performance of SR schemes based on two
celebrated constraints, the maximum eigenvalue constraint and
the norm power constraint.

A. Source-Relay Joint Precoding with Maximum Eigenvalue
Constraint
First, we consider the source and relay joint precoding
scheme based on the maximum eigenvalue constraint (SRMV). In this case, the power allocation factors are simply
given by 𝛿ℎ,𝑘 = 1 and 𝛿𝑔,𝑘 = 1 for all 𝑘 [11] [26], which is
also regarded as a equal power allocation scheme. In addition,
we have Nℎ = N𝑔 = I𝑁𝑠 by the Schur concavity of the cost
function that minimizes the sum-MSE [25], which means that
F̂ = Vℎ and B̂ = V𝑔 . Then we obtain the instantaneous SNR
of the 𝑘-th substream in (2) as
𝛾𝑘 = 𝜎𝑥2

𝜆ℎ,𝑘 𝜆𝑔,𝑘
𝑃0
=
𝜇𝑘
𝜆ℎ,𝑘 + 𝜆𝑔,𝑘
2𝑁𝑠

(4)

where we define the harmonic mean of two channels’ eigenvalues as 𝜇𝑘 ≜ 𝜆ℎ,𝑘 𝜆𝑔,𝑘 /(𝜆ℎ,𝑘 + 𝜆𝑔,𝑘 ).
Once the instantaneous SNR is attained, we can calculate
the average BER of the 𝑘-th substream solving the integral
[27]
∫ ∞ (√
)
𝛼
𝐵𝐸𝑅mv,𝑘 =
𝑄
𝛽𝛾𝑘 𝑓𝜇𝑘 (𝜇𝑘 )𝑑𝜇𝑘 ,
(5)
log2 𝑀 0
where 𝑀 designates a modulation level, and 𝛼 and 𝛽 are
modulation
level dependent parameters given by 𝛼 = 4(1 −
√
1/ 𝑀 ) and 𝛽 = 3/(𝑀 − 1). However, to solve the integral,
we need to know the probability density function (PDF)
𝑓𝜇𝑘 (𝜇𝑘 ) of the channel dependent random parameter 𝜇𝑘 . In
fact, getting the exact PDF of the harmonic mean of arbitrary
two random variables is very difficult, and even if such a PDF
is available2 , the solution might be intractable in many cases,
because it is too complicated as in [13] and [14]. In this paper,
putting an emphasis on the high SNR region, we derive a
simple and useful expression of the harmonic mean PDF.
In the high SNR regime, it is well known fact [21] that the
average error performance mostly depends on the behavior of
the PDF 𝑓𝜇𝑘 (𝜇𝑘 ) of 𝜇𝑘 near zero (𝜇𝑘 → 0+ ), since otherwise
the 𝑄-function in (5) converges to zero. Also, it is known
that the first-order expansion of the marginal PDFs of the 𝑘th largest eigenvalues 𝜆ℎ,𝑘 and 𝜆𝑔,𝑘 of H† H and G† G are
given by
( 𝑑ℎ,𝑘 )
𝑑ℎ,𝑘
+ 𝑜 𝜆ℎ,𝑘
𝑓𝜆ℎ,𝑘 (𝜆ℎ,𝑘 ) = 𝑎′ℎ,𝑘 𝜆ℎ,𝑘
( 𝑑𝑔,𝑘 )
𝑑𝑔,𝑘
and 𝑓𝜆𝑔,𝑘 (𝜆𝑔,𝑘 ) = 𝑎′𝑔,𝑘 𝜆𝑔,𝑘
,
(6)
+ 𝑜 𝜆𝑔,𝑘
where 𝑑ℎ,𝑘 = (𝑁𝑡 − 𝑘 + 1)(𝑁𝑟 − 𝑘 + 1) − 1, 𝑑𝑔,𝑘 = (𝑁𝑟 −
−(𝑑
+1)
and 𝑎′𝑔,𝑘 =
𝑘 + 1)(𝑁𝑑 − 𝑘 + 1) − 1, 𝑎′ℎ,𝑘 = 𝑎ℎ,𝑘 𝜂ℎ ℎ,𝑘
−(𝑑𝑔,𝑘 +1)
. Here the parameters 𝑎ℎ,𝑘 and 𝑎𝑔,𝑘 are found
𝑎𝑔,𝑘 𝜂𝑔
in [22] and [28]. Based on these facts, now in the following
lemma, we derive a PDF of the harmonic mean of arbitrary
two independent ordered eigenvalues.
Lemma 1: For small argument 𝜇𝑘 , i.e., 𝜇𝑘 → 0+ , the PDF
of 𝜇𝑘 is given by
𝑓𝜇𝑘 (𝜇𝑘 )

= 𝑓𝜆ℎ,𝑘 (𝜇𝑘 ) + 𝑓𝜆𝑔,𝑘 (𝜇𝑘 )

)
(
𝑑
𝑑
min(𝑑
,𝑑 )
= 𝑎′ℎ,𝑘 𝜇𝑘ℎ,𝑘 + 𝑎′𝑔,𝑘 𝜇𝑘𝑔,𝑘 + 𝑜 𝜇𝑘 ℎ,𝑘 𝑔,𝑘 .

2 In fact, the exact PDF of the harmonic mean has been derived in [13]
and [14] for two i.i.d. exponential random variables and for two i.i.d. gamma
random variables, respectively, but for two arbitrary ordered eigenvalues, it is
still unknown.
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Proof: See Appendix A.
Now, using the result in Lemma 1, we can easily solve the
integral in (5) for the average BER of 𝑘-th substream. Then,
taking all substreams into account, the total average BER of
SR-MV can be parameterized in terms of a diversity gain and
a coding gain as follows.
Theorem 1: The total average BER performance of SR-MV
is obtained by
⎧
−𝒟ℎ

+ 𝑜(𝑃0−𝒟ℎ ) if 𝑁𝑡 < 𝑁𝑑 ;
⎨(𝒞ℎ ⋅ 𝑃0 )
𝐵𝐸𝑅mv = (𝒞𝑔 ⋅ 𝑃0 )−𝒟𝑔 + 𝑜(𝑃0−𝒟𝑔 ) if 𝑁𝑡 > 𝑁𝑑 ;

⎩
−𝒟
+ 𝑜(𝑃0−𝒟 )
if 𝑁𝑡 = 𝑁𝑑 ,
(𝒞 ⋅ 𝑃0 )
where the diversity gains are determined as 𝒟ℎ =
𝑑ℎ,𝑁𝑠 + 1 and 𝒟𝑔 = 𝑑𝑔,𝑁𝑠 + 1. 𝒟 represents the diversity gain for the case of 𝑁𝑡 = 𝑁𝑑 such that 𝒟 =
𝒟ℎ = 𝒟𝑔 . The coding gains 𝒞ℎ , 𝒞𝑔 and 𝒞 are de1/𝒟 −1
noted by 𝒞ℎ = 12 𝜂ℎ 𝑁𝑠 ℎ 𝐺𝑐 (0, 𝑎ℎ,𝑁𝑠 , 𝑑ℎ,𝑁𝑠 ), 𝒞𝑔 =
1/𝒟
−1
𝑔
1
𝐺𝑐 (0, 𝑎𝑔,𝑁𝑠 , 𝑑𝑔,𝑁𝑠 ) and 𝒞 = (𝒞ℎ−𝒟 + 𝒞𝑔−𝒟 )−1/𝒟 ,
2 𝜂𝑔 𝑁𝑠
respectively, where the function 𝐺𝑐 (⋅, ⋅, ⋅) is defined as
(
)−1/(𝑑+1)
𝛼
𝑎𝐼(𝑑, 𝛽𝜙)
√
𝐺𝑐 (𝜙, 𝑎, 𝑑) ≜ 𝛽
,
(7)
log2 𝑀 2𝜋(𝑑 + 1)
∫∞
2
and 𝐼(𝑑, 𝛽𝜙) ≜ √𝛽𝜙 𝑒−𝑥 /2 (𝑥2 − 𝛽𝜙)𝑑+1 𝑑𝑥.
Proof: See Appendix B.
B. Source-Relay Joint Precoding with Norm Power Constraint
based on MSE
In the high SNR regime, the power allocated to the 𝑘-th
substream in the optimal source and relay joint precoding
design with norm power constraint (SR-NC) [8] [11] can be
written as
)+
(
𝛿ℎ,𝑘 = 𝜏 (𝜎𝑥2 𝜆ℎ,𝑘 )−1/2 − (𝜎𝑥2 𝜆ℎ,𝑘 )−1
)+
(
and 𝛿𝑔,𝑘 = 𝜅(𝜎𝑥2 𝜆𝑔,𝑘 )−1/2 − (𝜎𝑥2 𝜆𝑔,𝑘 )−1 ,
(8)
∑ 𝑠
where 𝜏 and 𝜅 are chosen to meet the NC (i.e., 𝑁
𝑘=1 𝛿ℎ,𝑘 =
∑𝑁𝑠
+
𝑁𝑠 and 𝑘=1 𝛿𝑔,𝑘 = 𝑁𝑠 ), and 𝑥 ≜ max(0, 𝑥). In addition,
in the same manner as in the previous subsection, we have
Nℎ = N𝑔 = I𝑁𝑠 by the Schur concavity of the cost function.
Now, we analyze the total average BER performance of SRNC. By exploiting the solutions in (8), we can show that SRNC makes a non-trivial coding gain improvement over SRMV. However it does not exhibit any diversity advantage, since
waterfilling fashioned power allocations cannot change the
diversity gain in each substream [22]. Therefore, we know that
the total average BER of SR-NC also mainly depends on the
BER of the 𝑁𝑠 -th substream that has the worst diversity order.
In the following lemma, we first parameterize the average BER
of the 𝑁𝑠 -th substream.
Lemma 2: The average BER of the 𝑁𝑠 -th substream in SRNC is given in the high SNR regime as
−𝒟ℎ

𝐵𝐸𝑅nc,𝑁𝑠 = (𝑁𝑠 𝒞ℎ ⋅ 𝑃0 )

+ (𝑁𝑠 𝒞𝑔 ⋅ 𝑃0 )−𝒟𝑔

−min(𝒟ℎ ,𝒟𝑔 )

+𝑜(𝑃0

).

Proof: See Appendix C.
Then, averaging over 𝑁𝑠 data symbols, the total average BER
of SR-NC is obtained as follows.
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Theorem 2: The total average BER performance of SR-NC
is given by
⎧
−𝒟ℎ

+ 𝑜(𝑃0−𝒟ℎ ) if 𝑁𝑡 < 𝑁𝑑 ;
⎨(𝒞ℎ,nc ⋅ 𝑃0 )
−𝒟
−𝒟𝑔
𝐵𝐸𝑅nc = (𝒞𝑔,nc ⋅ 𝑃0 )
+ 𝑜(𝑃0 𝑔 ) if 𝑁𝑡 > 𝑁𝑑 ;

⎩
−𝒟
(𝒞nc ⋅ 𝑃0 )
+ 𝑜(𝑃0−𝒟 )
if 𝑁𝑡 = 𝑁𝑑 ,
where 𝒞ℎ,nc = 𝑁𝑠 𝒞ℎ and 𝒞𝑔,nc = 𝑁𝑠 𝒞𝑔 , and 𝒞nc represents
the coding gain for the case of 𝑁𝑡 = 𝑁𝑑 given by 𝒞nc =
−𝒟
−𝒟 −1/𝒟
(𝒞ℎ,nc
+ 𝒞𝑔,nc
)
.
Proof: The proof simply follows from Lemma 2 and
Theorem 1. Details are trivial and omitted.
C. Source-Relay Joint Precoding with Norm Power Constraint
based on BER
Now, we complete the performance analysis of the source
and relay joint optimal precoding designs by focusing on the
minimum-BER based criterion which minimizes the maximum
MSE (SR-BNC) [8] [11]. In this case, the power allocation
parameters 𝛿ℎ,𝑘 and 𝛿𝑔,𝑘 follow the same solution as in (8).
Also, denoting Z ∈ ℂ𝑁𝑠 ×𝑁𝑠 as the discrete Fourier transform
matrix, we have Nℎ = N𝑔 = Z by the Schur convexity of the
cost function [25], which ensures that all diagonal elements
of the E in (1) have the same value. Now in the next theorem,
we will derive the average BER of SR-BNC.
Theorem 3: The total average BER performance of SRBNC is obtained as
⎧
−𝒟ℎ

+ 𝑜(𝑃0−𝒟ℎ ) if 𝑁𝑡 < 𝑁𝑑 ;
⎨(𝒞ℎ,bnc ⋅ 𝑃0 )
𝐵𝐸𝑅bnc = (𝒞𝑔,bnc ⋅ 𝑃0 )−𝒟𝑔 + 𝑜(𝑃0−𝒟𝑔 ) if 𝑁𝑡 > 𝑁𝑑 ;

⎩
−𝒟
(𝒞bnc ⋅ 𝑃0 )
+ 𝑜(𝑃0−𝒟 )
if 𝑁𝑡 = 𝑁𝑑 ,
where the coding gains 𝒞ℎ,bnc and 𝒞𝑔,bnc can be approximated as 𝒞ℎ,bnc = 𝑁2𝑠 𝜂ℎ 𝐺𝑐 (𝛽(𝑁𝑠 − 1), 𝑎ℎ,𝑁𝑠 , 𝑑ℎ,𝑁𝑠 ) and
𝒞𝑔,bnc = 𝑁2𝑠 𝜂𝑔 𝐺𝑐 (𝛽(𝑁𝑠 − 1), 𝑎𝑔,𝑁𝑠 , 𝑑𝑔,𝑁𝑠 ), respectively, and
𝒞bnc represents the coding gain for the case of 𝑁𝑡 = 𝑁𝑑
−𝒟
−𝒟 −1/𝒟
computed as 𝒞bnc = (𝒞ℎ,bnc
+ 𝒞𝑔,bnc
)
.
Proof: See Appendix D.
D. Discussion
Now, we see from the analysis that the diversity
order of
(
−
𝑁
+
1)
min(𝑁
SR schemes
is
determined
by
(𝑁
𝑟
𝑠
𝑡 , 𝑁𝑑 ) −
)
𝑁𝑠 + 1 which shows the tradeoff between the diversity and
the number of spatial streams in two hop relay networks.
Our results include existing works for beamforming schemes
as special cases. For example, for the system with multiple
antennas at the source and the destination, and a single antenna
at the relay (𝑁𝑟 = 𝑁𝑠 = 1), the diversity order is given by
min(𝑁𝑡 , 𝑁𝑑 ) [18]. Also we see that the optimal beamforming
strategy [20] (𝑁𝑠 = 1) exploits a full diversity order of the
flat fading MIMO relay channel as 𝑁𝑟 ⋅ min(𝑁𝑡 , 𝑁𝑑 ). Also,
it is clear from the analysis that for relaying systems with
𝑁𝑟 > max(𝑁𝑡 , 𝑁𝑑 ), a higher diversity order can be achieved
over the MMSE-based 𝑁𝑡 × 𝑁𝑑 closed-loop MIMO system3
[25] [26].
3 The diversity order of this conventional MIMO system has been derived
as (𝑁𝑡 − 𝑁𝑠 + 1)(𝑁𝑑 − 𝑁𝑠 + 1) [22] [29]
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From Theorem 1 to 3, it is shown that for 𝑁𝑡 = 𝑁𝑑 , the
coding gains 𝒞, 𝒞nc and 𝒞bnc can be represented as a quasiconcave function of 𝜃 with inequality constraint 𝜃 ≥ 0 [30].
Since the feasible set (𝜃 ∈ ℝ+ ) contains only one optimal
point, we can always find the global optimal point as a closed
form. By setting the gradient of each coding gain to zero, we
see that the middle point (𝜃 = 1) achieves the optimum for
all SR schemes. However, this result also implies that if the
relay is located far from the middle point, we would suffer
from a considerable performance loss as will be shown later.
Our analysis demonstrates that in this case, we can make a
much larger coding gain improvement by using an additional
antenna either at the source or the destination as explained in
the following.
Recently, the authors in [17] have shown that for 𝑁𝑡 =
𝑁𝑟 = 𝑁𝑑 = 1, additional source antennas produce a 3 dB
coding gain advantage irrespective of the number of increased
antennas. From our analysis, we can generalize this to the
system with multiple data streams. For example, suppose that
𝑁𝑡 is increased from the case of 𝑁𝑡 = 𝑁𝑑 = 𝑁 while
𝑁𝑠 and 𝑁𝑟 are fixed. As the increment of 𝑁𝑡 cannot create
any diversity advantage, the diversity order stays with 𝒟 =
(𝑁𝑟 − 𝑁𝑠 + 1)(𝑁 − 𝑁𝑠 + 1). Thus, from Theorem 1, we can
compute the coding gain advantage caused
an additional
)
( by −𝜁𝒟
dB. On)
log
1
+
𝜃
source antenna as 10 log(𝒞𝑔 /𝒞) = 10
𝒟
(
the contrary, if 𝑁𝑑 is increased, we will get a 10
log
1
+ 𝜃𝜁𝒟
𝒟
dB gain.
For 𝜃 = 1, simply a 3/𝒟 dB gain is obtained, which is
inversely proportional to the diversity order. The maximum
gain is only 3 dB at 𝒟 = 1. This result implies that for
𝜃 = 1, increasing either 𝑁𝑡 or 𝑁𝑑 may not be useful,
especially in the system with a high diversity order (𝒟 > 1).
In contrast, if we consider the different pathloss between
two hops, a considerable performance improvement can be
expected by adding an additional antenna at the source or
the destination. As a specific example, if we assume 𝜃 = 2
(i.e., relay is closer to the source), 𝒟 = 1, and 𝜁 = 4, then
𝜁𝒟
) = 12.3 dB gain can be obtained over
a 10
𝒟 log(1 + 𝜃
the case of 𝑁𝑡 = 𝑁𝑑 by using an additional antenna at the
destination. On the contrary, if 𝜃 = 1/2 (i.e., relay is closer
to the destination), exactly the same gain can be drawn by
increasing the source antenna. Note that these results stated so
far hold for all SR schemes. Our results are also applicable to
practical relaying strategies such as the relay selection method
with geometric information of 𝜃 in a multi-relay network.
Theorem 2 and 3 illustrate that the NC-based schemes (i.e.,
SR-NC and SR-BNC) do not make any diversity advantage
compared to the SR-MV, but can provide a non-negligible
coding gain improvement. Actually, SR-NC attains a 10 log 𝑁𝑠
dB gain over SR-MV, regardless of the diversity order. As 𝑁𝑠
grows, the achievable gain will be higher. The most important
feature to notice here is that when 𝑁𝑡 > 𝑁𝑑 , the norm
constraint based power allocation at the source as in (8) which
requires higher complexity than the eigenvalue constraint may
not be efficient, because the overall performance is dominated
by the relay-destination link.
From the definition in (7), 𝐺𝑐 (𝜙, 𝑎, 𝑑) is a monotonic
increasing function of 𝜙. Also SR-BNC has 𝜙 = 𝑁𝑠 − 1
while 𝜙 = 0 in SR-NC. Hence, the BER-based optimized

scheme introduces a further coding gain over MSE-based
ones. For instance, for 𝜃 = 1 and QPSK transmission with
𝑁𝑡 = 𝑁𝑟 = 𝑁𝑑 = 𝑁𝑠 = 4, the coding gains are computed
as 𝒞 = 14 𝐺𝑐 (0, 4, 0) = 0.125, 𝒞nc = 𝐺𝑐 (0, 4, 0) = 0.5 and
𝒞bnc = 𝐺𝑐 (3, 4, 0) = 3.52. In other words, SR-NC and SRBNC exhibit 6dB and 14.5dB gains over SR-MV, respectively.
All these observations made in this section will be confirmed
by simulation results in Section V.
IV. A NALYTICAL P ERFORMANCE OF O PTIMAL R ELAY
ONLY P RECODING SCHEMES
The SR schemes studied so far provide the optimal performance in the relay network, but full CSI is required at the
source. Moreover, SR schemes may impose a large processing
complexity on the system. For these practical reasons, relay
only precoding schemes have widely been investigated [6] [11]
and the analysis for them is important as well.
Now in the following, we analyze the high SNR performance of R- schemes with two different criteria: maximum
eigenvalue constraint (R-MV) [11] and norm power constraint
(R-NC) [6]. Due to no CSI at the source node and the Schur
concavity of the cost function, the optimal solutions in (3)
1/2
are given by F̂ = I𝑁𝑡 and B̂ = V𝑔 Δ𝑔 . Therefore, in this
section, we basically assume 𝑁𝑡 = 𝑁𝑠 ≤ min(𝑁𝑟 , 𝑁𝑑 ).
First, let us consider the R-MV. With the eigenvalue constraint, the optimal relay precoder is expressed as B̂ = V𝑔 ,
since 𝛿𝑔,𝑘 = 1 for all 𝑘. Then the average performance of
R-MV can be presented as in the following theorem.
Theorem 4: The total average BER of R-MV is given by
{(
)−𝒟¯
¯
𝒞¯ℎ ⋅ 𝑃0
+ 𝑜(𝑃0−𝒟 ) if 𝑁𝑡 < 𝑁𝑑 ;
𝑅
𝐵𝐸𝑅mv = (
)−𝒟¯
¯
𝒞¯ ⋅ 𝑃0
+ 𝑜(𝑃0−𝒟 ) if 𝑁𝑡 = 𝑁𝑑 ,
¯ = 𝑁𝑟 − 𝑁𝑡 + 1,
where we denote the diversity gain as 𝒟
and the coding gains as 𝒞¯ℎ = 12 𝜂ℎ 𝑁𝑡−1 𝐺𝑐 (0, 𝑎
¯ℎ , 𝑑¯ℎ ) and 𝒞¯ =
¯
¯ −1/𝒟
¯
−𝒟
−𝒟
¯
¯
(𝒞ℎ + 𝒞𝑔 )
. Here 𝑑ℎ and 𝑎
¯ℎ denotes 𝑑¯ℎ = 𝑁𝑟 − 𝑁𝑡
−1
¯
and 𝑎
¯ℎ = (𝑑ℎ !) .
Proof: See Appendix E.
Next, we investigate the R-NC. In this scheme, the optimal
1/2
relay precoder is written by B̂ = V𝑔 Δ𝑔 where 𝛿𝑔,𝑘 has
the same value with (8). R-NC shows the best performance
when no CSI is allowed at the source node. In the following
theorem, we quantify the average performance of R-NC.
Theorem 5: The total average BER of R-NC is obtained as
{(
)−𝒟¯
¯
𝒞¯ℎ ⋅ 𝑃0
+ 𝑜(𝑃0−𝒟 ) if 𝑁𝑡 < 𝑁𝑑 ;
𝑅
𝐵𝐸𝑅nc = (
)−𝒟¯
¯
𝒞¯nc ⋅ 𝑃0
+ 𝑜(𝑃0−𝒟 ) if 𝑁𝑡 = 𝑁𝑑 ,
¯
¯ −1/𝒟
¯
−𝒟
where we denote 𝒞¯nc = (𝒞¯ℎ−𝒟 + 𝒞𝑔,nc
)
.
Proof: See Appendix F.
It is remarkable to note that for the case of 𝑁𝑡 < 𝑁𝑑 , both
schemes exhibit the identical performance.

A. Discussion
Now we learn from the analysis that the diversity order of
¯ = 𝑁𝑟 −𝑁𝑡 +1 which is independent
R- schemes is given by 𝒟
of 𝑁𝑑 . This result implies that if we design a relaying system

SONG et al.: PERFORMANCE ANALYSIS OF MMSE-BASED AMPLIFY AND FORWARD SPATIAL MULTIPLEXING MIMO RELAYING SYSTEMS

3457

TABLE I
K EY P ERFORMANCE PARAMETERS WITH 𝑁𝑡 = 𝑁𝑑 = 𝑁

10
log(1 + 𝜃 𝜁𝒟 )
𝒟
10
log(1
+ 𝜃 −𝜁𝒟 )
𝒟

with 𝑁𝑟 > 𝑁𝑑 , a higher diversity can be achieved over the
MMSE-based 𝑁𝑡 × 𝑁𝑑 open-loop MIMO link4 .
Like SR schemes, in case of 𝑁𝑡 = 𝑁𝑑 , the coding gains 𝒞¯
and 𝒞¯nc can be characterized as a quasi-concave function of 𝜃,
and thus the global optimal point which maximizes the coding
1
1
¯
gain is easily obtained as 𝜃ˆ = 𝐴 1−𝜁𝒟¯ and 𝜃ˆ = (𝐴/𝑁𝑡𝒟 ) 1−𝜁𝒟¯
for R-MV and R-NC, respectively. Here 𝐴 is defined by
𝐴 ≜ 𝑎𝑔,𝑁𝑡 /(𝑁𝑡 𝑎
¯ℎ ) and after some(tedious
can be
) calculations,
( )
𝑛!
¯ −1 ⋅ 𝑁𝑟 where 𝑛 ≜
generally expressed as 𝐴 = 𝒟
𝑁𝑡
𝑟!(𝑛−𝑟)! .
𝑟
¯ = 1, i.e., 𝑁𝑡 = 𝑁𝑟 , we get
Surprisingly, in R-NC with 𝒟
1
𝜁−1
> 1, since 𝐴 = 1. In other words, the coding gain
𝜃ˆ = 𝑁𝑡
of R-NC is maximized when the relay node stands closer to
the source than the destination.
From Theorem 4 and 5, it is also shown that an increment of
𝑁𝑑 creates a non-trivial coding gain advantage over the case
of 𝑁𝑡 = 𝑁𝑑 according to 𝜃.
( For )instance, we
( can𝜁 𝒟¯compute
)
the gain of R-MV as 10 log 𝒞¯ℎ /𝒞¯ = 10
log
1 + 𝜃 𝐴 dB,
¯
𝒟
which means a substantial performance improvement when
ˆ Unlike SR
the relay is much closer to the source, i.e., 𝜃 > 𝜃.
ˆ since
schemes, however, the gain would be small at 𝜃 < 𝜃,
𝑁𝑡 cannot be greater than 𝑁𝑑 .
Also, we see from the analysis that R-NC makes a higher
¯ = 1 and 𝑁𝑡 = 𝑁𝑑 , the
coding gain than R-MV. Setting 𝒟
(
)
performance gap is simply computed by a 10 log 𝒞¯nc /𝒞¯ =
)
(
𝜁
dB. As remarked previously, however, R10 log 𝑁1+𝜃
−1
𝜁
+𝜃
𝑡
NC does not offer any performance advantage over R-MV
when 𝑁𝑡 < 𝑁𝑑 . Therefore, in this case, it can be said that
R-MV is more efficient than R-NC considering the precoding
complexity.
For the purpose of the comparison of all schemes presented
in this paper, the optimum 𝜃 for 𝑁𝑡 = 𝑁𝑑 and the coding
gain advantage (𝐺adv ) over 𝑁𝑡 = 𝑁𝑑 occurred by putting an
additional antenna at the source (𝑁𝑡 ↑) or at the destination
(𝑁𝑑 ↑) are described in Table I. In addition, in Figure 2, we
plot the coding gains of R-NC (𝒞¯nc ) and SR-NC (𝒞nc ) in dB
scale as a functions of 𝜃. As expected, all curves from R-NC
with 𝑁𝑡 = 𝑁𝑑 exhibit the maximum point at 𝜃 > 1 while
the optimum 𝜃 for SR-NC equals 1. Interestingly, for the case
of 𝑁𝑡 = 𝑁𝑑 , R-NC gives the identical performance with SRNC as the relay gets close to the source, i.e., 𝜃 > 1. This is
because both 𝒞¯nc and 𝒞nc converge to the same value of 𝒞g,nc
as 𝜃 increases. In this case, R-NC could be more suitable than
SR-NC which requires a larger feedback overhead than R-NC.
Our previous discussion about the coding gain advantage over
𝑁𝑡 = 𝑁𝑑 is also illustrated in this figure. Note that although
not presented here, in case of SR-NC, the same result can be
4 The diversity order of this conventional MIMO system has been derived
as 𝑁𝑑 − 𝑁𝑡 + 1 [31] [32]

R- schemes

R-MV

10
¯
𝒟

R-NC
¯ = 𝑁𝑟 − 𝑁 + 1
𝒟
1
1
¯
𝜃ˆ = 𝐴 1−𝜁 𝒟¯
𝜃ˆ = (𝐴/𝑁𝑡𝒟 ) 1−𝜁 𝒟¯
(
)
(
¯
¯
¯)
10
𝜁 𝒟 𝐴/𝑁 𝒟
log 1 + 𝜃 𝜁 𝒟 𝐴
¯ log 1 + 𝜃
𝑡
𝒟
None
None
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Fig. 2. Coding gain comparison between SR-NC and R-NC as a function
of 𝜃 in 16 QAM with 𝑁𝑡 = 𝑁𝑠 = 4 and 𝜁 = 4.

drawn for 𝜃 < 1 with an additional source antenna. All claims
presented in this section will also be confirmed by computer
simulations in the following section.
V. N UMERICAL R ESULTS
In this section, the simulation results are presented to
demonstrate the accuracy of the analysis presented in this
paper. The numerical results for SR-NC and SR-BNC are
plotted employing the algorithm proposed in [8]. We have
also adopted the results in [11] for SR-MV and R-MV, and
[6] for R-NC. For all simulations, we assumed a flat fading
suburban propagation (𝜁 = 4) channel model.
From Figure 3 to 5, we provide the numerical results for the
average BER performance of SR schemes with various system
configurations. Since our analysis is fundamentally based on
the high SNR assumption, i.e., 𝑃0 → ∞, the accuracy may
not be ensured at the low SNR range. Nevertheless, it is clear
from these figures that the derived diversity and coding gain
expressions precisely reflect the high SNR performance of the
average BER curves. Figure 3 describes the BER comparison
between all SR schemes with 𝑁𝑡 = 𝑁𝑟 = 𝑁𝑑 = 𝑁𝑠 = 4 and
𝜃 = 1. As illustrated in Section III-D, we confirm that SR-NC
and SR-BNC actually achieve the 6 dB and 14.5 dB coding
gain advantage over SR-MV.
In Figure 4, we present numerical simulations for SR-MV
with 𝑁𝑡 = 𝑁𝑠 = 4 and 𝜃 = 1. As expected from Theorem 1,
it is clear that for the curves of 𝑁𝑟 = 4 (𝒟 = 1) and 𝑁𝑟 = 5
(𝒟 = 2), the increment of 𝑁𝑑 introduces no diversity gain
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Fig. 3. BER comparison as a function of the total transmit power 𝑃0 in 4
QAM with 𝑁𝑡 = 𝑁𝑟 = 𝑁𝑑 = 𝑁𝑠 = 4.
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Fig. 4. BER comparison as a function of the total transmit power 𝑃0 in 4
QAM with 𝑁𝑡 = 𝑁𝑠 = 4.

but a 3/𝒟 = 3 dB and 1.5 dB coding gain advantage over
the case of 𝑁𝑡 = 𝑁𝑑 , respectively, regardless of the increased
number of antennas.
Figure 5 illustrates the numerical performance of SR-MV
considering the effect of relay location. For 𝑁𝑡 = 𝑁𝑟 = 𝑁𝑠 =
2 and 𝑁𝑑 ≥ 2, all curves yield the diversity order of 1. As
predicted in Section III-D, we observe that for 𝑁𝑡 = 𝑁𝑑 , the
coding gain is maximized at 𝜃 = 1 and gradually decreases
as the relay moves away from the middle point. This figure
also illustrates that in this case we can make a much larger
coding gain improvement by increasing either 𝑁𝑡 or 𝑁𝑑 . For
instance, we see from the curves with 𝜃 = 2 and 5 that the
use of 𝑁𝑑 > 𝑁𝑡 allows a 10 log(1 + 𝜃4 ) = 12.3 dB and 28
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Fig. 5. BER comparison as a function of the total transmit power 𝑃0 in 16
QAM with 𝑁𝑡 = 𝑁𝑟 = 𝑁𝑠 = 2.

dB gain, respectively. Note that although not presented in this
figure, the same result can be drawn for 𝜃 = 1/2 and 1/5 by
increasing 𝑁𝑡 from the case of 𝑁𝑡 = 𝑁𝑑 .
One interesting thing we observe in this plot is that as
𝑁𝑑 becomes larger, the BER curves with 𝜃 = 5 much
faster converge to their analytical performance. This can be
explained as follows. Let us consider an asymptotic case of
𝜃 → ∞, which leads to 𝒞ℎ → ∞ and 𝒞𝑔 → 0+ in Theorem
1. In this case, if 𝑁𝑡 < 𝑁𝑑 , theoretically we can achieve
the infinite coding gain 𝒞ℎ . However, as seen from (14) in
Appendix B, in order to realize that, we need the infinitely
large power 𝑃0 so that the higher order term corresponding
to the second hop channel can be ignored. In other words, if
𝑃0 is finite, conversely the second hop would dominate the
performance. Consequently, this observation leads to the fact
that a large coding gain at 𝜃 ≫ 1 gives rise to a higher slope
𝒟𝑔 in the medium SNR range.
In Figures 6 and 7, we present the BER performance of
R- schemes with 𝑁𝑡 = 𝑁𝑠 . From these figures, we confirm
that our analytical results also accurately predict the high SNR
performance of R- schemes. Figure 6 depicts the performance
of R-MV with different 𝜃. From all curves with 𝑁𝑑 = 2 and
3, we see that 𝑁𝑑 has no impact on the diversity order, but
seriously affects the coding gain especially at 𝜃 > 1. For
example, (the curves
) with 𝜃 = 2 actually achieves the gain
of 10 log 1 + 𝜃𝜁 = 12 dB by an additional antenna at the
destination.
Finally, Figure 7 illustrates the performance comparison
between R-MV and R-NC with 𝑁𝑟 = 𝑁𝑑 = 4 and 𝜃 = 1.
Although both R-NC and R-MV yield (the same )diversity order,
𝜁
= 2 dB gain
we see that R-NC achieves a 10 log 𝑁1+𝜃
−1
𝜁
𝑡 +𝜃
over R-MV. Also, we verify our previous discussion that when
𝑁𝑡 < 𝑁𝑑 , R-MV may be more efficient than R-NC in terms
of the precoding complexity, because both cases exhibit the
identical performance.
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confirmed that our analytical works accurately predict the
numerical performance.

Average BER of R−MV with various θ
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Fig. 6. BER comparison as a function of the total transmit power 𝑃0 in 16
QAM with 𝑁𝑡 = 𝑁𝑟 = 2.
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(9)

where 𝐽(𝜇𝑘 ) ≜ 𝑓𝜆ℎ,𝑘 (𝜇𝑘 )𝐹𝜆𝑔,𝑘 (𝜇𝑘 ) + 𝑓𝜆𝑔,𝑘 (𝜇𝑘 )𝐹𝜆ℎ,𝑘 (𝜇𝑘 ).
Applying the distributions in (6), the first and second terms
of the right-hand side of the equation (9) is computed as
𝑑
𝑑
min(𝑑
,𝑑 )
𝑎ℎ,𝑘 𝜇𝑘ℎ,𝑘 + 𝑎𝑔,𝑘 𝜇𝑘𝑔,𝑘 + 𝑜(𝜇𝑘 ℎ,𝑘 𝑔,𝑘 ).
Also, applying (6), the term of 𝐽(𝜇𝑘 ) can be rephrased as in
(10) at the top of the next page. Here 𝐹𝜆ℎ,𝑘 (𝜇𝑘 ) and 𝐹𝜆𝑔,𝑘 (𝜇𝑘 )
are monotonically increasing functions of 𝜇𝑘 from the origin,
and 𝑑ℎ,𝑘 −min(𝑑ℎ,𝑘 , 𝑑𝑔,𝑘 ) ≥ 0 and 𝑑𝑔,𝑘 −min(𝑑ℎ,𝑘 , 𝑑𝑔,𝑘 ) ≥ 0.
From these facts, it is clear that the equation inside the brace
in (10) goes to zero as 𝜇𝑘 → 0+ , which shows the term 𝐽(𝜇𝑘 )
min(𝑑
,𝑑 )
is 𝑜(𝜇𝑘 ℎ,𝑘 𝑔,𝑘 ), and the proof is completed.
B. Proof of Theorem 1

−3

10

−4

10

−5

20

Let v = (𝜆ℎ,𝑘 , 𝜆𝑔,𝑘 ) ∈ ℝ2+ . Then we define 𝜌𝜇𝑘 as an
event that the positive random variable 𝜇𝑘 is near zero, i.e.,
𝜌𝜇𝑘 = {v∣𝜇𝑘 ≤ 0+ , 𝜇𝑘 ∈ ℝ+ }. Since 𝜇𝑘 is a harmonic
mean of 𝜆ℎ,𝑘 and 𝜆𝑔,𝑘 as in (4), 𝜌𝜇𝑘 can be alternatively
expressed as 𝜌𝜇𝑘 = 𝜌𝜆ℎ,𝑘 ∪ 𝜌𝜆𝑔,𝑘 . Note that there is no
other case where 𝜇𝑘 approaches zero. Now, we can assign
the probability as Pr(𝜌𝜇𝑘 ) = Pr(𝜇𝑘 ≤ 0+ ) = Pr(𝜆ℎ,𝑘 ≤
0+ ) + Pr(𝜆𝑔,𝑘 ≤ 0+ ) − Pr(𝜆ℎ,𝑘 ≤ 0+ , 𝜆𝑔,𝑘 ≤ 0+ ). Based on
these probabilities, the near zero behavior of the cumulative
distribution function (CDF) 𝐹𝜇𝑘 (𝜇𝑘 ) of 𝜇𝑘 can be obtained
as 𝐹𝜇𝑘 (𝜇𝑘 ) = 𝐹𝜆ℎ,𝑘 (𝜇𝑘 ) + 𝐹𝜆𝑔,𝑘 (𝜇𝑘 ) − 𝐹𝜆ℎ,𝑘 (𝜇𝑘 )𝐹𝜆𝑔,𝑘 (𝜇𝑘 ).
Then, by taking the derivative, we have the PDF of 𝜇𝑘 as
𝑓𝜇𝑘 (𝜇𝑘 ) = 𝑓𝜆ℎ,𝑘 (𝜇𝑘 ) + 𝑓𝜆𝑔,𝑘 (𝜇𝑘 ) − 𝐽(𝜇𝑘 ),
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Fig. 7. BER comparison as a function of the total transmit power 𝑃0 in 64
QAM with 𝑁𝑟 = 𝑁𝑑 = 4.

VI. C ONCLUSION
In this paper, we investigated the analytical performance
of the average BER in MMSE-based spatial multiplexing
MIMO relaying systems. As it is difficult to derive the exact
distribution of the channel gain which is given by a harmonic
mean of two eigenvalues, we have found an approximated PDF
under the high SNR assumption. Then, we have characterized
the average BER performance of both the relay only precoding
schemes and the source and the relay joint precoding schemes
in terms of the coding gain as well as the diversity gain.
From the analysis, several interesting observations have been
discussed, regarding the relay location and the precoding
strategies. Finally, through numerical simulations, we have

With the help of studies in [21] and [22], we know that in
the conventional one hop link, when the instantaneous SNR 𝛾
is given by 𝛾 = 𝛾¯ 𝜇+ 𝜙 and the PDF of the channel-dependent
parameter 𝜇 is first-order expanded as 𝑓𝜇 (𝜇) = 𝑎𝜇𝑑 + 𝑜(𝜇𝑑 )
where 𝜙 and 𝛾¯ designate constants, the average BER in the
high SNR region can be parameterized as
∫ ∞ (√ )
𝛼
𝐵𝐸𝑅 =
𝑄
𝛽𝛾 𝑓𝜇 (𝜇)𝑑𝜇
log2 𝑀 0
)
(
= (𝐺𝑐 (𝜙, 𝑎, 𝑑) ⋅ 𝛾¯ )−(𝑑+1) + 𝑜 𝛾¯ −(𝑑+1) , (11)
where 𝐺𝑐 (𝜙, 𝑎, 𝑑) corresponds to a coding gain defined in (7),
and 𝑑 + 1 is a diversity gain.
Using the above property, we first calculate the average BER
of the 𝑘-th substream of SR-MV. Plugging the PDF derived
in Lemma 1 into the equation (5), we have
∫ ∞ √
)
(
𝛼
𝐵𝐸𝑅mv,𝑘 =
𝑄 𝛽𝛾𝑘 𝑓𝛾𝑘 (𝛾𝑘 )𝑑𝛾𝑘
(12)
log2 𝑀 0
√
)
∫ ∞ (
𝛽𝑃0
𝛼
𝑄
𝜇𝑘 𝑓𝜇𝑘 (𝜇𝑘 )𝑑𝜇𝑘
=
log2 𝑀 0
2𝑁𝑠
{∫
√
)
∞ (
𝛽𝑃0
𝛼
=
𝑄
𝜇𝑘 𝑓𝜆ℎ,𝑘 (𝜇𝑘 )𝑑𝜇𝑘
log2 𝑀
2𝑁𝑠
0
}
)
∫ ∞ (√
𝛽𝑃0
+
𝑄
𝜇𝑘 𝑓𝜆𝑔,𝑘 (𝜇𝑘 )𝑑𝜇𝑘 . (13)
2𝑁𝑠
0
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{
𝐽(𝜇𝑘 ) =

min(𝑑
,𝑑 )
𝜇𝑘 ℎ,𝑘 𝑔,𝑘

(

𝑑

𝑎′ℎ,𝑘 𝜇𝑘ℎ,𝑘
+

(

−min(𝑑ℎ,𝑘 ,𝑑𝑔,𝑘 )

𝑑

+ 𝑜(𝜇𝑘ℎ,𝑘

𝑑 −min(𝑑ℎ,𝑘 ,𝑑𝑔,𝑘 )
𝑎′𝑔,𝑘 𝜇𝑘𝑔,𝑘

Since each term in the above equation represents the BER
form of the conventional one hop MIMO link, the average
BER of the 𝑘-th substream can be easily quantified as
(
)−(𝑑ℎ,𝑘 +1) (
)−(𝑑𝑔,𝑘 +1)
𝐵𝐸𝑅mv,𝑘 = 𝒞ℎ,𝑘 ⋅ 𝑃0
+ 𝒞𝑔,𝑘 ⋅ 𝑃0
( −(min(𝑑ℎ,𝑘 ,𝑑𝑔,𝑘 )+1) )
+𝑜 𝑃0
,
(14)
where the coding gain parameters 𝒞ℎ,𝑘 and 𝒞𝑔,𝑘 are obtained as
1
1
𝒞ℎ,𝑘 = 2𝑁
𝐺𝑐 (0, 𝑎′ℎ,𝑘 , 𝑑ℎ,𝑘 ) and 𝒞𝑔,𝑘 = 2𝑁
𝐺𝑐 (0, 𝑎′𝑔,𝑘 , 𝑑𝑔,𝑘 ).
𝑠
𝑠
From this result, we now see that the total average BER
is primarily dominated by the average BER associated with
the 𝑁𝑠 -th substream, since we have 𝑑ℎ,1 > 𝑑ℎ,2 > ⋅ ⋅ ⋅ >
𝑑ℎ,𝑁𝑠 and 𝑑𝑔,1 > 𝑑𝑔,2 > ⋅ ⋅ ⋅ > 𝑑𝑔,𝑁𝑠 . Accordingly, the
performance
of SR-MV can be calculated as 𝐵𝐸𝑅mv =
1 ∑𝑁𝑠
1
𝐵𝐸𝑅
mv,𝑘 ≈ 𝑁𝑠 𝐵𝐸𝑅mv,𝑁𝑠 . Similarly, further in the
𝑘=1
𝑁𝑠
𝑁𝑠 -th substream, 𝐵𝐸𝑅mv,𝑁𝑠 is determined by the term having
(
)−(𝑑ℎ,𝑁𝑠 +1)
a smaller order between two terms 𝒞ℎ,𝑁𝑠 ⋅ 𝑃0
and
)−(𝑑𝑔,𝑁𝑠 +1)
(
, and finally we prove the theorem.
𝒞𝑔,𝑁𝑠 ⋅ 𝑃0
C. Proof of Lemma 2
As shown in Section III-A, the average error performance of
the 𝑘-th substream at high SNR is dominated by the channel
gain 𝜇𝑘 near the origin. However, if we take all substreams
into account, we do not need to consider the case where 𝜇𝑘
goes to zero for 𝑘 < 𝑁𝑠 , since its occurrence probability is
extremely low compared to the case of 𝜇𝑁𝑠 → 0+ as shown
in Lemma 1. Therefore, without loss of generality, we can
assume that 𝜇𝑘 ≫ 𝜇𝑁𝑠 for 𝑘 < 𝑁𝑠 when 𝜇𝑁𝑠 is deeply
faded.
Now, let us assume 𝛿ℎ,𝑁𝑠 > 0 and 𝛿𝑔,𝑁𝑠 > 0. Then we
observe that in the high SNR regime, the power allocation
1/2
1/2
strategy in (8) is applied such that 𝜆ℎ,𝑘 𝛿ℎ,𝑘 and 𝜆𝑔,𝑘 𝛿𝑔,𝑘
have the same value for all 𝑘. Also, in this case, we can
assume that 𝜆ℎ,𝑘 ≫ 𝜆ℎ,𝑁𝑠 and 𝜆𝑔,𝑘 ≫ 𝜆𝑔,𝑁𝑠 for 𝑘 < 𝑁𝑠 ,
since the average BER primarily depends on the case where
𝜆ℎ,𝑁𝑠 and 𝜆𝑔,𝑁𝑠 experience a deep fading. This result implies
that nearly all power resource is allocated on the 𝑁𝑠 -th
substream as 𝛿ℎ,𝑁𝑠 ≈ 𝑁𝑠 and 𝛿𝑔,𝑁𝑠 ≈ 𝑁𝑠 , which leads to
𝛾ℎ,𝑁𝑠 ≈ 𝑃20 𝜆ℎ,𝑁𝑠 and 𝛾𝑔,𝑁𝑠 ≈ 𝑃20 𝜆𝑔,𝑁𝑠 , respectively. Then
it follows 𝛾𝑁𝑠 ≈ 𝑃20 𝜇𝑁𝑠 and plugging this into (12), we
−𝒟
obtain 𝐵𝐸𝑅𝑙𝑏 = (𝑁𝑠 𝒞ℎ,𝑁𝑠 ⋅ 𝑃0 ) ℎ + (𝑁𝑠 𝒞𝑔,𝑁𝑠 ⋅ 𝑃0 )−𝒟𝑔 +
−min(𝒟ℎ ,𝒟𝑔 )
𝑜(𝑃0
).
Accordingly, the average BER of the 𝑁𝑠 -th substream of
SR-NC can be expressed and lowerbounded as
𝐵𝐸𝑅nc,𝑁𝑠
= 𝐵𝐸𝑅𝑙𝑏 ⋅ Pr(𝛿ℎ,𝑁𝑠 > 0, 𝛿𝑔,𝑁𝑠 > 0)
𝛼𝑁𝑠
+
(1 − Pr(𝛿ℎ,𝑁𝑠 > 0, 𝛿𝑔,𝑁𝑠 > 0))
2 log2 𝑀𝑁𝑠
≥ 𝐵𝐸𝑅𝑙𝑏 ,

(15)

−min(𝑑ℎ,𝑘 ,𝑑𝑔,𝑘 )

+

)
) 𝐹𝜆𝑔,𝑘 (𝜇𝑘 )
)

𝑑 −min(𝑑ℎ,𝑘 ,𝑑𝑔,𝑘 )
𝑜(𝜇𝑘𝑔,𝑘
)

}
𝐹𝜆ℎ,𝑘 (𝜇𝑘 ) .

(10)

where the equality holds when Pr(𝛿ℎ,𝑁𝑠 > 0, 𝛿𝑔,𝑁𝑠 > 0) = 1.
Also, we can show the following inequality at high SNR as
1 − Pr(𝛿ℎ,𝑁𝑠 > 0, 𝛿𝑔,𝑁𝑠 > 0)
= Pr(𝛿ℎ,𝑁𝑠 = 0) + Pr(𝛿𝑔,𝑁𝑠 = 0)
− Pr(𝛿ℎ,𝑁𝑠 = 0)Pr(𝛿𝑔,𝑁𝑠 = 0)
)
(
≤ Pr 𝜆ℎ,𝑁𝑠 𝜆ℎ,𝑁𝑠 −1 ≤ 4(𝑁𝑠 − 1)2 𝑃0−2
(
)
+ Pr 𝜆𝑔,𝑁𝑠 𝜆𝑔,𝑁𝑠 −1 ≤ 4(𝑁𝑠 − 1)2 𝑃0−2
(𝑎)

−2𝒟𝑔

≤ 𝑐1 𝑃0−2𝒟ℎ + 𝑐2 𝑃0

− min(2𝒟ℎ ,2𝒟𝑔 )

+ 𝑜(𝑃0

),

where 𝑐1 and 𝑐2 designate fixed constants. The proof of the
inequality (a) simply follows the approach in [22, Appendix
V], which we omit here for the brevity. Substituting this
result back in the expression in (15) and canceling higher
order terms, we obtain the average BER upper-bound as
𝐵𝐸𝑅nc,𝑁𝑠 ≤ 𝐵𝐸𝑅𝑙𝑏 . This result finally yields 𝐵𝐸𝑅nc,𝑁𝑠 =
𝐵𝐸𝑅𝑙𝑏 , and the proof is completed.
D. Proof of Theorem 3
First, the average BER of the
√ 𝑘-th substream of SRBNC can be written as 𝛼𝑘 ℰ[𝑄( 𝛽𝛾𝑘 )]/ log2 𝑀𝑘 where the
instantaneous SNR 𝛾𝑘 is given by
(
)−1
𝑁𝑠
1 ∑
𝛾𝑘 = 𝜎𝑥2
𝐸𝑘
−1
𝑁𝑠
𝑘=1
(
𝑁𝑠 (
))−1
1 ∑
1
1
=
+
− 1.
𝑁𝑠
𝜎𝑥2 𝜆ℎ,𝑘 𝛿ℎ,𝑘 + 1 𝜎𝑥2 𝜆𝑔,𝑘 𝛿𝑔,𝑘 + 1
𝑘=1

Here, we have forced all substreams to experience the same
MSE. Also we can see that in the high SNR regime, the
average BER depends only on the case where 𝜆ℎ,𝑁𝑠 and 𝜆𝑔,𝑁𝑠
are under the deep fading, since the Q-function inside the
expectation converges to zero otherwise. In this case, we have
𝛿ℎ,𝑁𝑠 ≈ 𝑁𝑠 and 𝛿𝑔,𝑁𝑠 ≈ 𝑁𝑠 as shown in Lemma 2, and then
it follows
(
)−1
1
1
+
−1
𝛾𝑘 = 𝑁 𝑠
𝜎𝑥2 𝑁𝑠 𝜆ℎ,𝑁𝑠 + 1 𝜎𝑥2 𝑁𝑠 𝜆𝑔,𝑁𝑠 + 1
𝑁𝑠2 𝜎𝑥4 𝜆ℎ,𝑁𝑠 𝜆𝑔,𝑁𝑠 + 𝜎𝑥2 (𝑁𝑠 − 1)(𝜆ℎ,𝑁𝑠 + 𝜆𝑔,𝑁𝑠 ) − 1
=
𝜎𝑥2 𝜆ℎ,𝑁𝑠 + 𝜎𝑥2 𝜆𝑔,𝑁𝑠 + 2
𝑁𝑠 𝑃0
≈
𝜇𝑁𝑠 + (𝑁𝑠 − 1).
2
Plugging 𝛾𝑘 into the equation (12) and using the result
in (11), now the average BER of the 𝑘-th substream can
be expressed as 𝐵𝐸𝑅bnc,𝑘 = (𝒞ℎ,bnc ⋅ 𝑃0 )−𝒟ℎ + (𝒞𝑔,bnc ⋅
−min(𝒟ℎ 𝒟𝑔 )
) where 𝒞ℎ,bnc = 𝑁2𝑠 𝐺𝑐 (𝛽(𝑁𝑠 −
𝑃0 )−𝒟𝑔 + 𝑜(𝑃0
′
1), 𝑎ℎ,𝑁𝑠 , 𝑑ℎ,𝑁𝑠 ) and 𝒞𝑔,bnc = 𝑁2𝑠 𝐺𝑐 (𝛽(𝑁𝑠 −1), 𝑎′𝑔,𝑁𝑠 , 𝑑𝑔,𝑁𝑠 ).
We see that 𝐵𝐸𝑅bnc,𝑘 is independent of 𝑘, and thus the total
average BER of SR-BNC is given by 𝐵𝐸𝑅bnc = 𝐵𝐸𝑅bnc,𝑘 .
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E. Proof of Theorem 4
For R-MV, the SNR parameters 𝛾ℎ,𝑘 and 𝛾𝑔,𝑘 are given
2
𝜎𝑥
by 𝛾ℎ,𝑘 =
− 1 ≈ 𝜎𝑥2 𝜈𝑘 , and 𝛾𝑔,𝑘 =
†
−2
(H H+𝜎𝑥
I𝑁𝑡 )−1
𝑘,𝑘
)−1
(
𝜎𝑥2 𝜆𝑔,𝑘 , where 𝜈𝑘 is defined as 𝜈𝑘 ≜ 1/ HH† 𝑘,𝑘 . Then
we obtain the instantaneous SNR of the 𝑘-th substream as
¯𝑘 , where the channel dependent parameter 𝜇
¯𝑘
𝛾𝑘 = 𝜎𝑥2 𝜇
is given by 𝜈𝑘 𝜆𝑔,𝑘 /(𝜈𝑘 + 𝜆𝑔,𝑘 ). The PDF of 𝜈𝑘 can be
𝜂 −1 exp(−𝜈 /𝜂 )

written as [32] 𝑓𝜈𝑘 (𝜈𝑘 ) = ℎΓ(𝑁𝑟 −𝑁𝑡𝑘+1)ℎ (𝜈𝑘 /𝜂ℎ )𝑁𝑟 −𝑁𝑡 for
all 𝑘 where
∫ ∞ Γ(⋅) −𝑡denotes the Gamma function defined as
Γ(𝑥) = 0 (𝑡𝑥−1)
𝑒 𝑑𝑡, and first-order expanded as 𝑓𝜈𝑘 (𝜈𝑘 ) =
¯
¯
¯
¯′ℎ = 𝜂 −(𝑑ℎ +1) /Γ(𝑑¯ℎ + 1) and
𝑎
¯′ℎ 𝜈𝑘𝑑ℎ + 𝑜 𝜈𝑘𝑑ℎ , where 𝑎
𝑑¯ℎ = 𝑁𝑟 − 𝑁𝑡 . Accordingly, following Lemma 1, the PDF
of the channel parameter 𝜇
¯𝑘 near the origin can be computed
( min(𝑑¯ℎ ,𝑑𝑔,𝑘 ) )
𝑑
′ 𝑑¯ℎ
′
𝜇𝑘 ) = 𝑎
¯ℎ 𝜇
¯𝑘 + 𝑎𝑔,𝑘 𝜇
¯𝑘𝑔,𝑘 + 𝑜 𝜇
¯𝑘
as 𝑓𝜇¯𝑘 (¯
, and the
average BER of the 𝑘-th substream of R-MV is obtained as
)−(𝑑¯ℎ +1)
(
𝑅
−𝒟
𝐵𝐸𝑅mv,𝑘 = 𝒞¯ℎ ⋅ 𝑃0
+ (𝒞𝑔,𝑘 ⋅ 𝑃0 ) 𝑔,𝑘
( − min(𝑑¯ℎ +1,𝒟𝑔,𝑘 ) )
,
+𝑜 𝑃0
1
𝐺𝑐 (0, 𝑎
¯′ℎ , 𝑑¯ℎ ) and 𝒞𝑔,𝑘 is defined in Appendix
where 𝒞¯ℎ = 2𝑁
𝑡
B. Note that the second term does not need to be considered
except for 𝑘 = 𝑁𝑡 , since 𝒟𝑔,𝑘 > 𝑑¯ℎ + 1. Thus we arrive at
)−(𝑑¯ℎ +1)
(
( −(𝑑¯ +1) )
𝑅
for 𝑘 < 𝑁𝑡 .
𝐵𝐸𝑅mv,𝑘 = 𝒞¯ℎ ⋅ 𝑃0
+ 𝑜 𝑃0 ℎ
Using this result, finally we can calculate the total average
∑ 𝑠
𝑅
𝑅
BER of R-MV as 𝐵𝐸𝑅mv = 𝑁1𝑠 𝑁
𝑘=1 𝐵𝐸𝑅mv,𝑘 .

F. Proof of Theorem 5
The SNR parameter 𝛾ℎ,𝑘 is equal to 𝜎𝑥2 𝜈𝑘 defined in
Appendix E, and from the result in Lemma 2, 𝛾𝑔,𝑘 can be
written as 𝑃20 𝜆𝑔,𝑘 . Then we have the instantaneous SNR of the
𝑃0
𝜇
ˆ𝑘 where 𝜇
ˆ𝑘 = 𝜈𝑘 𝑁𝑡 𝜆𝑔,𝑘 /(𝜈𝑘 +
𝑘-th substream as 𝛾𝑘 = 2𝑁
𝑡
𝑁𝑡 𝜆𝑔,𝑘 ). By Lemma 1, the PDF of 𝜇
ˆ 𝑘 is obtained as
( min(𝑑¯ℎ ,𝑑𝑔,𝑘 ) )
¯
−(𝑑 +1)
𝑑
𝑓𝜇ˆ𝑘 (ˆ
𝜇𝑘 ) = 𝑎
¯′ℎ 𝜇
ˆ𝑑𝑘ℎ + 𝑁𝑡 𝑔,𝑘 𝑎′𝑔,𝑘 𝜇
ˆ𝑘𝑔,𝑘 + 𝑜 𝜇
ˆ𝑘
,
and the average BER of the 𝑘-th substream of R-NC is written
by
(
)−(𝑑¯ℎ +1)
𝑅
−𝒟
𝐵𝐸𝑅nc,𝑘 = 𝒞¯ℎ ⋅ 𝑃0
+ (𝑁𝑡 𝒞𝑔,𝑘 ⋅ 𝑃0 ) 𝑔,𝑘
( − min(𝒟,𝒟
¯ 𝑔,𝑘 ) )
.
+𝑜 𝑃0
𝑅
As shown in Appendix E, we have 𝐵𝐸𝑅nc,𝑘 = (𝒞¯ℎ ⋅
¯
¯
−(𝑑 +1)
𝑃0 )−(𝑑ℎ +1) + 𝑜(𝑃0 ℎ ) for 𝑘 < 𝑁𝑡 . Hence, we finally get
𝑅
the total average BER of R-NC using the metric, 𝐵𝐸𝑅nc =
∑
𝑅
𝑁𝑠
1
𝑘=1 𝐵𝐸𝑅nc,𝑘 .
𝑁𝑠
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