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Abstract—In this paper, we present a low-complexity carrier
frequency offset (CFO) compensation algorithm based on the
minimum mean square error (MMSE) criterion for uplink
orthogonal frequency division multiple access systems. CFO
compensation with an MMSE filter generally requires an inverse
operation on an interference matrix whose size equals the number
of subcarriers. Thus, the computational complexity becomes
prohibitively high when the number of subcarriers is large.
To reduce the complexity, we employ the conjugate gradient
(CG) method which iteratively finds the MMSE solution without
the inverse operation. To demonstrate the efficacy of the CG
method for our problem, we analyze the interference matrix
and present several observations which provide insight on the
iteration number required for convergence. The analysis indicates
that for an interleaved carrier assignment scheme, the maximum
iteration number for computing an exact solution is at most the
same as the number of users. Moreover, for a general carrier
assignment scheme, we show that the CG method can find a
solution with far fewer iterations than the number of subcarriers.
In addition, we propose a preconditioning technique which speeds
up the convergence of the CG method at the expense of slightly
increased complexity for each iteration. As a result, we show
that the CFO can be compensated with substantially reduced
computational complexity by applying the CG method.
Index Terms—CFO, compensation, OFDMA, conjugate gradient.

I. I NTRODUCTION

O

RTHOGONAL frequency division multiplexing access (OFDMA) is a popular multi-carrier transmission
scheme that enables multiple users to transmit parallel data
streams at a high data rate [1] [2]. OFDMA achieves high
spectral efficiency in a multiuser environment by dividing the
total available band-width into narrow orthogonal subbands.
The divided subbands are allocated to mobile users (MUs)
according to carrier assignment schemes such as a subbandbased carrier assignment scheme (SCAS), an interleaved CAS
(ICAS) and a generalized CAS (GCAS) [3]. However, the
OFDMA is sensitive to carrier frequency offset (CFO) caused
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by a Doppler shift or mismatch between the frequencies of the
transmitter and the receiver oscillators [4]. The CFO destroys
orthogonality among the subcarriers and leads to inter-carrier
interference and multi access interference (MAI) in uplink
OFDMA systems, which cause unacceptable bit error rate
(BER) performance [5]. Thus, CFO compensation is important
for reliable detection of transmitted data.
CFO compensation by the minimum mean square error
(MMSE) filter is generally simple and efficient. However, this
method requires the inversion of a matrix whose size equals
the number of subcarriers. To circumvent the complexity
issue, the authors in [6] suggested a low-complexity MMSE
receiver (LMMSE) based on the approximate banded matrix.
In contrast, interference cancellation (IC) schemes such as
those in [7]–[9] mitigate the MAI by reconstructing and
removing the interfering signals in the frequency domain and
iteratively detect the transmitted data. However, theses IC
schemes exhibit a performance loss and slow convergence as
the CFOs increase. The authors in [10] recently proposed a
subcarrier-grouped MMSE based IC scheme (SCG-MMSE)
which performs hard symbol detection for each IC unit, and
it shows better performance and faster convergence even for
large CFOs.
In this paper, we employ the conjugate gradient (CG)
method to compute the MMSE filter output without an inverse
operation. The CG is an iterative method for linear equations
which have a positive definite matrix; it is particularly suitable
for a large sparse matrix [11]. In our work, we show that the
CG method can quickly find the solution to our problem by
using the fact that its convergence depends strongly on the
eigenvalue distribution of the matrix [12].
Our main contribution in this paper is to demonstrate the
efficacy of the CG-based MMSE filter. For the ICAS, we prove
that the covariance matrix of the MMSE filter is Hermitian
block-circulant and that the number of distinct eigenvalues is
at most the number of MUs. Moreover, for the GCAS, we
derive an upper bound of the maximum eigenvalue of the
covariance matrix by using Gerschgorin’s theorem. Through
these results and the properties of the CG method, we show
that this method can find the MMSE-filter’s output with far
fewer iterations than the number of subcarriers. In addition,
we propose a new preconditioning technique to speed up the
convergence of the CG method at the expense of a small
increase in complexity for each iteration; this technique is
based on the fact that off-diagonal entries of the covariance matrix have smaller magnitude. To further reduce the
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complexity, we introduce a way of implementing matrixby-vector multiplications via fast Fourier transform (FFT)
operations. As a result, CFO compensation can be obtained
with significantly reduced computational complexity, while
maintaining performance.
The paper is structured as follows: Section II introduces
the signal model. In Section III, we apply the CG method for
CFO compensation. Section IV presents several observations
related to the convergence characteristics of the CG method.
Section V discusses low-complexity implementations of the
preconditioned CG method and compares the complexity with
that of conventional schemes. In Section VI, simulation results
are provided and Section VII concludes the paper.
Throughout this paper, normal letters represent scalar quantities, and boldface lower- and upper-case letters indicate
vectors and matrices, respectively. We use (·)T , (·)† , ⊗, ·n
and E[·] to represent the transpose, complex conjugate transpose, Kronecker product, modulo n operation and expectation,
respectively. In addition,  ·  and det(·) represent the 2-norm
and the determinant, respectively. The subscripts [·]k and [·]i,j
stand for the k-th element of a vector and the (i, j)-th entry
of a matrix, respectively. Il denotes an identity matrix of size
l. The minimum and maximum eigenvalues of A are denoted
as λmin (A) and λmax (A), respectively.
II. S IGNAL M ODEL
In this paper, we consider uplink OFDMA systems with
N subcarriers and K MUs. The CFO of the k-th MU is
defined as k which is normalized by the subcarrier spacing.
In addition, the set Ck represents the subcarrier indices of
the k-th MU where Ck ∩ Cl = φ for k = l. To simplify
these presentation, we suppose that the cardinality of Ck
N
equals P = K
. Let us define the channel impulse response
vector hk as hk = [h0,k h1,k · · · hL−1,k ]T where hi,k has
an independent and identically distributed complex Gaussian
distribution and L stands for the channel length. We denote
F = [f 0 f 1 · · · f N −1 ] as the N × N discrete Fourier transform
−j2πi(N −1)
−j2πi
N
(DFT) matrix with f i = √1N [1 e N · · · e
]T ,
and we define FL = [f 0 f 1 · · · f L−1 ]. √
Then, the diagonal
channel matrix Hk is given as Hk = N diag{FL hk } =
diag{H0,k , H1,k , · · · , HN −1,k } where Hi,k is the channel
gain of the i-th subcarrier for the k-th MU. Moreover, the
transmitted signal of the k-th MU is obtained as xk =
/ Ck
[X0,k X1,k · · · XN −1,k ]T where Xm,k = 0 for m ∈
and E[|Xm,k |2 ] = 1 for m ∈ Ck .
The received signal vector r = [r0 r1 · · · rN −1 ]T after the
cyclic prefix removal is computed as
r=

K


Γ(k )F† Hk xk + w

(1)

k=1
j2πk

j2π(N −1)k

N
where Γ(k ) = diag{1, e N , · · · , e
} represents
a diagonal matrix whose diagonal entries stand for the phase
shift of the corresponding received signal sample and w =
[w0 w1 · · · wN −1 ]T indicates the complex additive white
Gaussian noise (AWGN) vector with zero mean and covari2
IN .
ance matrix σw

Let us define a diagonal matrix Ψk as [Ψk ]i,i = 1 for i ∈ Ck
and [Ψk ]i,i = 0 otherwise. For brevity, we denote the com
posite transmitted data for the MUs as x = K
k=1 Ψk xk =
[X̄0 X̄1 · · · X̄N −1 ] where X̄i = Xi,k for i ∈ Ck . Similar
to x, the
channel frequency-response is given as
composite
K
Ψ
H
= diag{H̄0 H̄1 · · · H̄N −1 } where
H =
k
k
k=1
H̄i = Hi,k for i ∈ Ck . Then, the DFT output of (1) is written
as [13]


K
r̄ =
C(k )Ψk Hx + w̄
k=1

=

Qu + w̄

(2)

where C(k ) = FΓ(k )F† is a circulant matrix, Q =

K
k=1 C(k )Ψk represents the interference matrix, and u and
w̄ denote u = Hx and w̄ = Fw, respectively. The interference matrix Q characterizes the normalized interference
generated by multiple CFOs in the frequency domain, and the
received signal vector r̄ is contaminated by the interference
among subcarriers.
The least squares (LS) or MMSE criterion can be applied
to suppress the interference among subcarriers on the basis of
the estimated CFO of each MU at the uplink receiver [13]. As
in [6]–[10], we assume that the CFOs1 of all MUs are known
at the base station. After the linear MMSE filter is applied,
the CFO compensated signal is given by [6]

−1
2
(3)
û = Q† Q + σw
IN
Q† r̄.
Because the interference among subcarriers is minimized
by the MMSE filter, we can detect x from û by using one-tap
equalizer [16]. However, the computation of the MMSE filter
requires an inverse operation of an N × N matrix as seen
in (3). Thus, its required memory storage and computational
complexity increase dramatically as N increases. To resolve
the complexity and storage issues, we will employ the CG
method as described in the following section.
III. I MPLEMENTATION OF THE CG METHOD
In this section, we adopt the CG method to obtain a solution
û for equation (3), which is rewritten as
Mû

=

b

(4)

2
where we have M = Q† Q + σw
IN and b = Q† r̄. The
procedure for solving (4) using the CG method is described in
Algorithm 1. The superscript i denotes the iteration number,
δ stands for the tolerance of the solution, and g(i) and d(i)
are referred to as the residual vector and the search direction,
respectively. Here, P denotes the preconditioning matrix used
to speed up the convergence of the CG method, which will be
described in Section V. P is assumed to be an identity matrix
in Sections III and IV.
Note that this algorithm requires storage of only g(i) , g(i+1)
and d(i) . Thus, the total storage requirement is reduced. In
contrast, the complexity reduction is not clear because M is
usually not a sparse matrix. In addition, the CG method may
1 In OFDMA systems, the CFOs can be estimated using the algorithms in
[14] and [15].

LEE et al.: MMSE-BASED CFO COMPENSATION FOR UPLINK OFDMA SYSTEMS WITH CONJUGATE GRADIENT

Algorithm 1 CG algorithm
1:
2:
3:
4:
5:
6:
7:
8:
9:

to each other. As a special case, if all the CFOs are the same,
M becomes an identity matrix. Moreover, the third equation
in (7) shows that the magnitude of the off-diagonal entries is
smaller than 1 and decreases as g(a) approaches g(b) . For a
general M, the maximum
is at least equal to or
N eigenvalue
N
greater than 1 because n=1 λn = n=1 [M]n,n = N .

g(0) ← b − Mu(0)
d(0) ← P−1 g(0)
while g(i)  > δg(0)  do
g(i) † P−1 g(i)
α(i) ← (i) †
d Md(i)
u(i+1) ← u(i) + α(i) d(i)
g(i+1) ← g(i) − α(i) Md(i)
g(i+1) † P−1 g(i+1)
β (i+1) ←
g(i) † P−1 g(i)
(i+1)
−1 (i+1)
d
←P g
+ β (i+1) d(i)
end while

B. Convergence analysis for ICAS

require N iterations to obtain an exact solution2. However,
in the following section, we will show that the number of
iterations needed to solve the CFO compensation problem in
(4) is much less than the number of subcarriers.
IV. C ONVERGENCE ANALYSIS
In this section, we analyze the convergence in two different
CAS cases. First, for the ICAS, we present the maximum number of iterations required in the CG method to obtain an exact
solution. Next, we derive an upper-bound of the eigenvalues
of M in the GCAS case to illustrate the convergence behavior
of the CG method.

(5)

where U is a unitary matrix and Λ = diag{λ1 · · · λN } is a
diagonal matrix whose diagonal entries denote the eigenvalues
of Q† Q. Then, the n-th eigenvalue of M is represented as
2
λn + σw
. To simplify the explanation, we neglect the noise
for now and consider M = Q† Q below.
From (2), the entry [Q]a,b is written as
[Q]a,b =

1
N

where Mi designates a subblock matrix of size K × K. Here,
M1 and M3 are Hermitian matrices.
It was shown in [18] that for a Hermitian block-circulant
matrix, all distinct eigenvalues of M are the same as those of
K×K
G1 , · · · , GP ∈ C
, which is defined as
P


e−j2π(t−1)(i−1)/P Mi for t = 1, 2, · · · , P.

(8)

i=1

We first describe some preliminary mathematical results
related to Q and M. Because Q† Q is a positive-definite
matrix, M can be decomposed into

N
−1


In the ICAS, subcarriers allocated to each user are equally
spaced in the entire frequency band [17]. By using this fact
and equation (7), it is easy to show that M is a Hermitian
block-circulant matrix whose subblock size equals K × K.
An example of a Hermitian block-circulant matrix M with
P = 4 is represented as
⎡
⎤
M1 M2 M3 M†2
⎢
⎥
†
⎢ M2 M1 M2 M3 ⎥
M=⎢
⎥
†
⎣ M3 M2 M1 M2 ⎦
†
M2 M3 M2 M1

Gt =

A. Description of Q and M

2
2
I = U(Λ + σw
I)U†
M = Q† Q + σw

2769

ej2π(g(b) +b)n/N e−j2πan/N

n=0

sin(π(g(b) + b − a))
(6)
= ejπ(g(b) +b−a)(1−1/N )
N sin(π(g(b) + b − a)/N )

As a result, we can find all eigenvalues of M from Gt ,
which is much smaller than M when P is large. Using this
observation, we now show the number of distinct eigenvalues
of M in the following lemma.
Lemma 1: For the ICAS, the number of distinct eigenvalues
of M is at most K.
Proof: By using the previously mentioned results and
equations (7) and (8), G1 can be represented as
G1 = D†2 G2 D2 = D†3 G3 D3 = · · · = D†P GP DP
where
Dt
=
with
[dt ]k
=
 −j2π(t−1)(
diag{dt }
k −1 +k−1)
exp
. Here, we easily confirm
N
that Dt is a unitary matrix with D†t Dt = Dt D†t = IK . Then,
it is shown that G1 satisfies




det G1 − λIK
= det D†t Gt Dt − λD†t Dt


 
 
= det D†t det Gt − λIK det Dt


= det Gt − λIK .

where g(b) is equal to k for b ∈ Ck . Note that each column of
Q is determined by the CFO of the corresponding user. Then,
the (a, b)-th entry of M is represented as
Since the characteristic function of G1 is the same as that of
⎧
1
for
b
=
a
Gt for t = 1, 2, · · · , P , the number of distinct eigenvalues of
⎨
0
for

=

,
b
=

a
M
is at most K not N .
g(a)
g(b)
(7)
[M]a,b=
⎩ jθa,b NN−1 sin θa,b
Since
the number of iterations required for the CG method
e
for

=


g(a)
g(b)
N sin(θa,b /N )
to obtain an exact solution is at most the number of diswhere θa,b = π(b − a + (g(b) − g(a) )).
tinct eigenvalues [11] [12], we see from Lemma 1 that for
The second equation in (7) shows that the columns of Q the ICAS with K MUs, an exact solution can be found
which belong to the same MU (g(a) = g(b) ) are orthogonal within K iterations. Meanwhile, the paper in [19] showed
that if a matrix is block-circulant, the inverse matrix is also
2 For a positive definite matrix with size N , the CG method is in principle
block-circulant and can be computed in a closed-form with
guaranteed to converge and can find an exact solution within N iterations
[11].
O(N K 3 ). Nevertheless, its complexity is higher than that of
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the CG method. However, this method may be useful when
an explicit expression of M−1 is required. Note that the CG
method provides only a solution of the inverse problem.

5
max( up(M ) )

4.5

max(M ) (simulation)

4

C. Convergence analysis for GCAS
In contrast to the ICAS, the GCAS allows each MU to
select subcarriers according to its quality of service (QoS) and
channel conditions [20]. Thus, it is impossible to characterize
the structure of M, and the characteristic function for M
cannot be expressed in a closed-form, unlike that in the ICAS.
Meanwhile, the authors in [21] showed that the clustering of
eigenvalues affects the convergence rate of the CG method.
Therefore, in what follows, we derive an upper-bound of the
maximum eigenvalue of M to show the convergence behavior
of the CG method in the GCAS.
Lemma 2: The maximum eigenvalue of M is upper
bounded as



N
1   sin θr,c 
(9)
λmax (M) ≤ max

  λup (M)
r
N c=1  sin θr,c 
N
where the equality holds only when all the CFOs are the same.
Proof: By using Gerschgorin’s theorem in [22], the
maximum eigenvalue of M satisfies the following inequality


[M]r,c .
(10)
|λmax (M) − 1| ≤ max
r

c=r

Since the maximum eigenvalue is equal to or greater than 1,
we can simplify equation (10) as
N







[M]r,c .
[M]r,c = max
λmax (M) ≤ 1 + max
r

r

c=r

c=1

From (7), we complete the proof.
It can be seen from (9) that λup (M) is a function of
the CFOs and the subcarrier indices of all MUs. To obtain
an upper-bound that is independent of the CFOs and the
subcarrier indices, we compute the maximum among the
upper-bounds as follows.
Corollary 1: The maximum of λup (M) in (9) can be approximated by
max

{1 , ··· ,K }
C1 , ··· ,CK

λup (M)  2 +

N
−1

t=2

1
.
π(t − 1/2)

(11)

Proof: See Appendix A.
Fig. 1 presents the maximum of λup (M) in (11) and the
2
= 0), which are obtained from
largest eigenvalues of M (σw
simulation with different numbers of subcarriers. We can see
that both λmax (M) and max {λup (M)} are much smaller
than N and increase slowly with N , which indicates that
all the eigenvalues are distributed in a very narrow range
[0, max {λup (M)}]. In particular, it can be seen from Gerschgorin’s theorem that most of the eigenvalues are clustered
near the center of 1, because all the diagonal entries of M
are equal to 1. Note that the CG method finds a solution
more quickly when eigenvalues are clustered [11] [21]. As a
result, for the GCAS, the CG method can compute the MMSE
solution in (3) with a few iterations even for large N , which
will be shown in Section VI.

Eigenvalue

3.5
3
2.5
2
1.5
1
0.5
0

Fig. 1.
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Upper bound of maximum eigenvalues.

V. I MPLEMENTATION OF P RECONDITIONED CG METHOD
Preconditioning is a technique for accelerating the convergence of the CG method by clustering the eigenvalues
of a matrix [11]. For symmetric positive definite matrices,
incomplete Cholesky factorization (ICF) has been a general
method of obtaining a preconditioner, and several ICF algorithms have been reported in [23]–[26]. For our case, let us
define L̂ as the incomplete Cholesky factor of M. Then, the
preconditioned matrix L̂−1 M(L̂−1 )† is expected to have more
clustered eigenvalues with the improved conditional number3,
which speeds up the convergence of the CG method [11]. If
P = L̂L̂† is used as a preconditioner in Algorithm 1, we call
this CG method as the preconditioned CG (PCG) method.
A. Low-complexity implementation of the preconditioning
Although preconditioning via the incomplete Cholesky factor is a well known technique, there are two issues to consider
for our problem. First, for the ICF algorithm, an explicit
expression of M is necessary, but it requires a matrix-bymatrix multiplication as Q† Q. Moreover, a sparse matrix is
preferable when the ICF algorithm computes L̂ from M.
However, M is fully dense in most cases. In this case, the
conventional ICF algorithm requires a computational complexity of at most O(N 3 ). To overcome these problems, in this
subsection, we describe a low-complexity implementation of
the preconditioning.
Since L̂ is already incomplete, an exact computation of
M is not required. For this reason, we first define Q̂ as
a sparse Q having a few non-zero elements. Based on the
fact that the interference power caused by one subcarrier to
another subcarrier decreases as the distance between the two
subcarriers increases, we can approximate Q as a banded
matrix [6]
[Q̂]a,b = 0, for a − bN > B and b − aN > B

(12)

3 The conditional number of a matrix A is defined as λ
max (A)/λmin (A).
For the CG method, the smaller the conditional number is, the more rapidly
it converges.
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Note that B can be set to a value much smaller than N when
N is large. Then, an incomplete matrix of M, denoted by M,
can be made from Q̂; in this case, the complexity is reduced
from O(N 3 ) to O(N (2B+1)2 ). Further, considering that each
off-diagonal entry of M in (7) has an expression similar to
that in (6), M can also be approximated by a banded matrix,
denoted by M̂, where zero entries are determined by the same
condition as in (12), and the band-width is denoted by S.
Algorithm 2 Modified ICF algorithm
1: for j = 1 : N 
2:
3:
4:
5:
6:
7:
8:
9:

[M̂]j,j ← [M̂]j,j
for i = min (j + 1, N ) : N
b ← [M̂]i,i − |[M̂]i,j |2
If b > 0
[M̂]i,i ← b
end
end
L̂ ← lower triangular part of M̂

K=8

10

10

Direct MMSE
BMMSE (N =3)
iter

SCG−MMSE (Mc=3, Nsc=32, G=N/Nsc)

9

10

The number of complex multiplications

where B denotes the band-width of Q̂. Thus, the number of
non-zero elements in Q̂ is at most (2B + 1)N . For example,
a banded matrix with N = 5 and B = 1 is given as
⎤
⎡
× × 0
0 ×
⎢ × × × 0
0 ⎥
⎢
⎥
⎢
Q̂ = ⎢ 0 × × × 0 ⎥
⎥.
⎣ 0
0 × × × ⎦
× 0
0 × ×

LMMSE (=30)
PCG (B=6, S=3, N

4 The

conventional ICF algorithms in [24]–[26] contain three loops.
no fill-in, the sparsity pattern of L̂ is set to that of the original matrix
M̂ [24]–[26].
5 With

=32)

iter

CG (Niter=32)
8

10

7

10

6

10

5

10

6

7

8

9
log N

10

11

12

2

Fig. 2.

Computational loads of CFO compensation algorithms.

TABLE I
C OMPLEX M ULTIPLICATIONS OF CFO C OMPENSATION A LGORITHMS
Direct MMSE
SCG-MMSE
LMMSE

O(N 3 )
O(Mc GN 2 )
O(5N τ 2 )

BMMSE
CG
PCG

O(Niter N 3 /K)
O(Niter (KN log2 N ))
O(Niter (KN log2 N ))

B. Low complexity implementation via FFT operations
For a low-complexity implementation, we rewrite Md(i) in
Algorithm 1 as
Md

To obtain L̂ from the banded matrix M̂, we suggest the
modified ICF algorithm described in Algorithm 2; this algorithm is developed on the basis of M̂ being a banded matrix.
It can be seen that Algorithm 2 contains only two loops4 , and
only diagonal elements of M̂ are updated, unlike the case
in conventional ICF algorithms, which considerably decreases
the complexity. In addition, the second loop in Algorithm 2
can be quickly terminated or omitted, because M̂ is a sparse
banded matrix. Note that for a dense matrix, conventional
ICF algorithms should compute all the entries of the matrix
and determine whether the computed entries are discarded or
updated, which makes the operation highly complex.
Now we consider the complexity when the operation
P−1 g(i) is performed in Algorithm 1. Note that P−1 g(i)
can be computed by two back substitutions, because P−1 =
−1
−1
(L̂ )† L̂ with a lower triangular matrix L̂. In this case, if L̂
has only a few non-zero elements, the complexity of the back
substitution is reduced. Hence, we allow no fill-in5 in order to
obtain a sparse L̂. Namely, after calculating L̂ in Algorithm
2, the entries of L̂ that correspond to the position of zeros
in the original matrix M̂ are discarded [24]–[26]. Then, L̂
also becomes a banded matrix with the same band-width S
as M̂. As a result, the number of complex multiplications
required
 to calculate L̂ and perform twoback substitutions
is N2 K log2 N + (2B + 1)2 + (B + 1) and 2(S + 1)N ,
respectively.
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=
=

(Q† Q + σw IN )d
K
K


Ψk FΓ† (k )
Γ(l )F† Ψl d + σw d (13)
k=1

l=1

where the superscript i is omitted from d(i) for brevity. From
(13), we see that multiplications between Q† Q and d can
be implemented with 2K FFT operations and 2K vector-byvector multiplications. Hence, the computational complexity
O(N 2 ) can be reduced to O(KN log2 N ).
For the ICAS, in particular, the complexity can be further
reduced by using the method in [17]. Defining the vector
whose elements correspond to nonzero elements of Ψl d as
d̃, we have


†
F† Ψl d = Γ(l − 1) IK ⊗ (F̃ d̃)
†

where F̃ is the inverse DFT matrix of size P and Γ(l −
j2π(l−1)
j2π(l−1)(N −1)
N
1) = diag{1, e N , · · · , e
}. As a result, we
can employ the inverse FFT operation of size P instead of N .
However, Ψk FΓ† (k ) still requires the N ×N FFT operations.
Fig. 2 illustrates the computational complexity of the CG
and PCG methods and other schemes according to the number of subcarriers. For a fair comparison, we consider the
computational complexity required for the GCAS. Here, we
assume K = 8 and P = N/K where Niter denotes the
number of iterations. For the SCG-MMSE, Mc , G and Nsc
represent the number of IC units, groups and subcarriers per
group, respectively. Further, for the LMMSE, τ indicates the
band-width of a matrix. In addition, we refer to the subblockbased MMSE scheme in [9] as BMMSE. The Direct MMSE
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includes an inverse operation for direct computation of the
corresponding filter. Fig. 2 shows that the CG and PCG
methods exhibit the lowest complexity, whereas the Direct
MMSE, BMMSE and SCG-MMSE methods have steep slopes
with respect to N . This can also be verified from Table I
where the former have a complexity of O(Niter KN log N ),
whereas the complexity of the latter increases to O(N 3 ).
Note that the actual size of N in practical OFDMA systems
such as WiMAX and 3GPP LTE ranges from 128 to 2048.
The LMMSE has slightly higher computational complexity
than the CG method, but simulation results show that it
yields saturated BER performance in regions of moderate
and high signal-to-noise ratio (SNR). As a result, the CFO
compensation in (3) can be implemented with substantially
reduced computational complexity by using the CG and PCG
methods.

Fig. 4.
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VI. S IMULATION R ESULTS
In this section, we present the BER performance and
iteration number of the CG and PCG methods and compare
them with those of conventional schemes in OFDMA uplink
systems with N = 512 subcarriers. We assume a 5-tap
Rayleigh fading exponentially decaying channel with 16QAM and 3, 000 simulation runs. {1 , · · · , K } are chosen
independently from a uniform distribution within the range
[−0.5, 0.5) which guarantees that Q is a full rank matrix [6].
For the GCAS, P subcarriers are randomly assigned to each
user. Unless stated otherwise, the tolerance δ and Niter of the
CG and the PCG methods are set to 10−4 and 32, respectively.
Note that the values of δ and Niter are determined such that the
PCG method achieves the performance of the Direct MMSE
at Eb /No = 30 dB. In addition, an all-zero vector is used as
the initial estimate u(0) .
Fig. 3 compares the BER performance of the CG method
with that of the Direct MMSE for the ICAS. To verify Lemma
1, Niter is set to K. We see that the BER performance of
the CG method is identical to that of the Direct MMSE.
Consequently, for the ICAS, Niter can be set to K without any
performance loss. In this case, the computational complexity

of the CG method is given by O(K 2 N log N ), whereas that of
the Direct MMSE 6 is O(N (N +K 3 )). Therefore, the required
complexity of the former is much lower than that of the latter.
Fig. 4 presents the average iteration number of the CG
method for the ICAS. We see that the average iteration number
for K = 32 is much smaller than 32, which indicates that a
solution that satisfies δ ≤ 10−4 is found within 32 iterations.
Hence, the average computational complexity of the CG is
much less than that presented in Fig. 2 which accounts for the
worst complexity. Moreover, it can be seen that the average
iteration number decreases at low SNR. This is because at low
2
in (5) prevents the conditional
SNR, the noise variance σw
number from being very large even if λmin (Q† Q) is very
small7 .
Fig. 5 compares the BER of the CG method and the conventional schemes for the ICAS with K = 4. The conventional
schemes yield degraded performance in the high SNR region
6 The complexities for obtaining M−1 and û = M−1 b are O(N K 3 ) and
N 2 , respectively.
†
2
7 From (5), the conditional number of M is defined as λmax (Q Q)+σw .
†
2
λmin (Q Q)+σw
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unlike the CG method. This can be explained by the fact that
the conventional schemes were developed on the basis of the
approximated signal model in order to reduce the complexity.
Fig. 6 shows the BER performance of the CG and the Direct
MMSE in the presence of the CFO estimation error denoted
by Δ. Thus, the interference matrix Q in (3) and Md(i) in
(13) are generated using CFOs of k + Δ. As in Fig. 3, the
CG method has almost the same performance as the Direct
MMSE in all SNR regions regardless of Δ. This is due to
the fact that a solution of the CG method becomes essentially
identical to that of the Direct MMSE after N iterations.
Next, we compare the BER and average iteration number
of the PCG with those of the CG in the GCAS to demonstrate
the improved convergence obtained by using our proposed
preconditioner. Fig. 7 illustrates the BER performance of the
CG and the PCG methods for the GCAS. Here,
the tolerance
σ2
2
changes depending on the SNR as δ = 10w . In addition, σw
−3
2
−3
is set to 10
when σw < 10 . To show the efficacy of
the modified ICF with the banded matrices M̂ and L̂, we
compare it with the conventional ICF described in [24]. For

Fig. 8.
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simplicity, we refer to the PCG methods aided by the modified
ICF and conventional ICF as MICF-PCG and CICF-PCG,
respectively. Moreover, for the CICF, L̂ is obtained from M
not M̂. The CG method exhibits almost the same performance
as the Direct MMSE in the low and moderate SNR regions
with iterations much smaller than 512. However, for a large
K, the CG method exhibits a slight BER performance loss at
high SNR because of the limitation on Niter . In contrast, the
MICF-PCG yields almost the same performance as the Direct
MMSE for the entire SNR range.
Fig. 8 shows the average iteration number of the CG and
PCG methods for different numbers of MUs. The design
parameter8 T in Fig. 8 indicates the maximum number of
allowable non-zero elements in each column of L̂ [24]. For
the CG method, the average iteration number increases as
K grows. In contrast, in MICF-PCG, the average iteration
number does not grow much with K, while the performance
is maintained. In particular, for K = 32, its average iteration
number is similar to that for K = 16. This indicates that we
do not need to set a large Niter to prevent a performance loss
at high SNR even with a large number of MUs. For K = 8,
the MICF-PCG has a slightly higher average iteration number
than the CICF-PCG with T = 96, although the computational
complexity of the CICF is much higher than that of the MICF.
Therefore, we can confirm that our proposed preconditioner
approximates M well enough to improve convergence with a
small increase in complexity.
On the other hand, the average iteration number is reduced
as the SNR decreases, while the performance of the Direct
MMSE is achieved. This can be explained by the fact that
the residual error9 of the CG is masked by the noise in low
and moderate SNR regions. Thus, we can further reduce the
iteration numbers by adaptively adjusting the tolerance level.
Note that the computational complexity of the CG presented
in Fig. 2 is computed for Niter = 32. In conclusion, the
8 Note that the iteration number of the CG method decreases as T becomes
large, but the increased complexity required to compute L̂ and perform the
back substitution increases.
9 The residual error vector is defined as r − Mu(i) , and it becomes a zero
vector after N iterations.
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CG method, in conjunction with the proposed preconditioner
and an adaptive tolerance, can produce almost the same BER
performance as the Direct MMSE with a significantly reduced
computational complexity even for large K.
VII. C ONCLUSION
In this paper, we proposed a solution based on the CG
method that minimizes the computational complexity required
to compensate the CFO. To assess the efficacy of the CG
method for addressing this problem, we analyzed the interference matrix and presented several observations that provide
insights on the convergence rate of the CG method. Our
analysis and simulation results show that the CG method
converges to a solution with far fewer iterations than the
number of subcarriers and can be implemented by FFT
operations. Further, the CG method aided by the proposed
preconditioner finds a solution with far fewer iterations than
the number of subcarriers even for large N and K, although
the complexity for each iteration increases slightly. As a
result, CFO compensation can be achieved with a significantly
reduced computational complexity.
A PPENDIX
A. Proof of Corollary 1
To obtain an upper-bound independent of the CFOs and the
subcarrier indices, we compute the maximum of the upperbounds as


N
1   sin θr,c 
max max
max λup (M) =


{1 , ··· ,K }
{1 , ··· ,K }
r
N c=1  sin θr,c 
C1 , ··· ,CK
C1 , ··· ,CK
N


N
1   sin π(c − r + (c − r )) 
≤
max max

 (14)
 sin π(c−r+(c −r )) 
{1 , ··· ,N } r N
c=1
N
where
max {1 ,

(14)

··· ,N }
C1 , ··· ,CN

comes

max {1 ,

from

··· ,K }
C1 , ··· ,CK

λup (M) and r

∈

λup (M)

≤

{1, 2, · · · , N }. For

K = N , we have Cc = {c} and g(c) = c . Without loss of
generality, r is set to 1. Then, we define Φ(νt ) as


1  sin π(t + νt )) 
Φ(νt ) = 

N  sin π(t+νt ) 
N
where t = c − 1 and νt = t+1 − 1 . Note that νt is distributed
within the range [−1, 1).
Therefore, (14) can be evaluated as




max λup (M) ≤ Φ(ν0 ) + max Φ(ν1 )
ν1

{1 , ··· ,K }
C1 , ··· ,CK

+
=2+

{ν2 , ··· ,νN −1 }

max

N
−1


{ν2 , ··· ,νN −1 }

≈2+

N
−1


max

max

{ν2 , ··· ,νN −1 }

t=2
N
−1 

t=2



Φ(νt )

t=2



Φ(νt )


 sin π(t + νt ) 


 π(t + νt ) 

(15)
(16)





where (15) results from the fact
 that maxν1 Φ(ν1 ) = 1


when ν1 = −1 (t = 1), and Φ(ν0 ) = 1. Also, we approxsin π(t+νt )
t)
imate Φ(νt ) = sin π(t+ν
π(t+νt ) in (16) as Φ̃(νt ) =
π(t+νt ) .
N sin

N

Here, |Φ̃(νt )| has the largest magnitude when νt satisfies
1
π tan(πνt ) − νt = t for νt ∈ [−1, 1), but its closed-form
solution is not available. However, the solution νt converges
asymptotically to − 12 as t increases, since νt = π1 arctan(πt)
for t → ∞. In addition, the maximum of |Φ̃(νt )| has a similar
magnitude10 of |Φ̃(νt = − 12 )| even for small t. As a result,
equation (16) can be simply upper bounded as
max

{1 , ··· ,K }
C1 , ··· ,CK

λup (M)  2 +

N
−1

t=2

1
.
π(t − 1/2)
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