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Abstract—In this paper, we analyze the average sum rate of
downlink multi-antenna systems with zero-forcing beamforming
(ZFBF). In practical implementations, each antenna is equipped
with its own power amplifier and is limited individually by
linearity of the amplifier. Thus, this paper adopts a more realistic
per-antenna power constraint instead of conventional sum-power
constraint on transmit antennas. To this end, we first show that
a distribution of the received signal-to-noise ratio (SNR) of the
ZFBF scheme with per-antenna power constraint and equal-rate
metric can be approximated as a minimum of chi-square random
variables. Based on this result, we present an accurate formula of
the average sum rate in a closed form. Furthermore, employing
extreme value theory, an expression of the asymptotic average
sum rate with large numbers of transmit antennas and users
is derived from the limiting distribution of the received SNR.
Simulation results verify the validity of our analysis even with
not so large numbers of transmit antennas and users.
Index Terms—Broadcast channel, zero-forcing precoding, perantenna power constraints.

I. I NTRODUCTION

M

ULTIUSER multiple input multiple output (MUMIMO) technologies are expected to play a key role
in wireless communication systems. For the past few years,
significant research efforts have been devoted to the investigation of the capacity region in MU-MIMO Gaussian broadcast
channels (BC) [1]–[5], which serves as the information theoretic foundation for various MU-MIMO downlink schemes. It
has been proved that dirty-paper coding (DPC) is a capacity
achieving precoding strategy for the Gaussian MIMO BC [5].
However, due to nonlinearity, the DPC percoder is difficult to
implement in practical systems. Thus, a lot of research has
recently been focused on simpler linear precoding techniques,
as suboptimal linear precoders can achieve a large portion of
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the rate region with moderate complexity. Among several practical precoding methods, a zero-forcing beamforming (ZFBF)
scheme is one of appealing precoding techniques because of
its simplicity [6] [7].
Typically, sum-power constraint on transmit antennas has
been assumed in most papers addressing transmission techniques for the MIMO BC. However, in realistic implementations, each antenna normally has its own amplifier and is
thus limited individually as considered in [8]. In other words,
the transmitter may not be able to allocate power arbitrarily
among the transmit antennas. Another scenario which requires
the per-antenna constraint is a distributed antenna system [9]
[10] where geologically separated transmitters are connected
via fiber links and are capable of cooperative transmission.
In this case, the transmitters do not share power with each
other. Thus, consideration of individual power constraint is
important for understanding the performance in such systems
[11].
Under per-antenna power constraint (PAPC), a few papers
studied precoding designs or power allocation to optimize a
certain objective function [8] [12] [13]. More specifically, the
problem of finding the capacity region of a downlink system
with PAPC was solved by using generalized uplink-downlink
duality in [8]. This paper also addressed joint linear precoding
and power allocation to minimize the total transmit power
while satisfying a set of signal-to-interference-plus-noise ratio
requirements.
Also, the ZFBF under PAPC was examined in [12] and
[13]. It was shown in [12] that the optimal precoding matrix
for fairness and throughput criteria can be found by utilizing
the concept of generalized inverse instead of pseudo-inverse
and standard convex optimization methods. In [13], for the
special case of two users, an optimal power allocation problem
for maximizing the weighted sum rate was solved by characterizing the intersections of the hyperplane constraints. As a
simple non-iterative method under PAPC, we can consider a
ZFBF addressed in [14]. Herein, to satisfy per-antenna power
constraint, the ZFBF vectors are scaled by the maximum of
all antennas’ power. However, even in this case, analysis is
nontrivial and has not been reported in the literature, which
motivates us to explore an analytic expression of the system
with the ZFBF.
In this paper, we consider ZFBF under PAPC, which uses
the pseudo-inverse for the precoding matrix with a scale factor
as in [14]. We refer to this precoder as ZFBF with scale
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down (ZFBF-SD). Our objective is to analyze the average
sum rate of multiuser downlink systems adopting the ZFBFSD over Rayleigh fadings. To this end, we first investigate a
distribution of the received SNR for users, which depends on
the minimum diagonal element of the pseudo-inverse Wishart
matrix defined in [15]. However, the problem of determining
the joint distribution of diagonal elements of this matrix is very
hard and challenging. Thus, by employing approximation, we
characterize an approximate distribution of the received SNR
as the minimum distribution of chi-square random variables,
the number of which equals that of transmit antennas. Based
on this result, the average sum rate formula is derived in
a closed form. From numerical simulations, we verify the
accuracy of our analysis.
The next contribution in this paper is the derivation of an
asymptotic sum rate expression for large-system analysis in
wireless communication systems [16]–[19]. One attractive feature of large system approaches is that the resulting asymptotic
expressions often turn out to be good estimates for finitedimensional system performance. Moreover, such approaches
may be more efficient for investigating the system performance, since we can obtain simple analytical expressions
and determine key parameters for the performance. Among
several tools for asymptotic analysis, extreme order statistics
is one of important methods. For instance, the asymptotic
analysis based on the extreme order statistics has been used
for obtaining the log scaling law of MU diversity [20] [21]
and throughput [22]. We also provide the asymptotic sum rate
analysis for systems with large numbers of transmit antennas
and users based on extreme value theory [23]. It will be shown
that our asymptotic derivation has a simpler form compared
to the finite dimensional case and is also quite accurate even
for small numbers of transmit antennas and users.
This paper is organized as follows: In Section II, we
describe a system model for the multiuser BC and formulate
the received SNR subject to PAPC. Section III derives the
average sum rate of MU-MISO systems with ZFBF-SD. The
asymptotic sum rate analysis based on extreme value theory
is presented in Section IV. We provide simulation results in
Section V. Finally, Section VI concludes this paper.
Throughout the paper, we employ uppercase boldface letters
for matrices and lowercase boldface for vectors. The superscripts (·)T , (·)H , (·)∗ and  ·  stand for transpose, conjugate
transpose, element-wise conjugate and 2-norm, respectively.
Also, tr(A) denotes trace of a matrix A, and IN indicates an
N × N identity matrix. The expectation of a random variable
is given by E(·).
II. S YSTEM M ODEL
We consider multiuser MISO downlink systems where a
base station with M antennas communicates to K single
antenna users as shown in Fig 1. Then, the received signal
for user k is given by
y k = hH
k x + nk
M×1

where hk ∈ C
denotes the channel vector from the base
M×1
station to the k-th user, x ∈ C
represents the transmitted
signal vector from the base station, and nk stands for the

M antennas

229

user 1

s1

#
sK

Fig. 1.

Base
Station
Precoding
P

h1

#

#
hK

user K
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additive white Gaussian noise (AWGN) with zero mean and
unit variance. In the following matrix notation, we have
y = Hx + n
where y = [y1 , . . . , yK ]T , H = [h1 , . . . , hK ]H , and n =
[n1 , . . . , nK ]T . Here, the elements of H are independent and
identically distributed (i.i.d.) with CN (0, 1). We assume that
K ≤ M and H is full row rank and known perfectly at the
base station.
The transmitted vector is a linear transformation of the
information symbols
x = Ps
where the information vector s of length K satisfies
E{ssH } = IK . To achieve zero interference among users, the
beamforming matrix P is chosen such that all off-diagonal
elements of HP are zero. Therefore, the ZFBF precoding
matrix can be determined as pseudo-inverse of H

−1 √
√
= γ P̄
P = γHH HHH
√
where γ is a scale factor for satisfying power constraint and

−1
P̄ is defined as HH HHH
.
Applying the ZFBF precoder decouples a MISO BC into
K independent scalar channels as
√
yk = γsk + nk for k = 1, . . . , K.
(1)
Therefore, the average sum rate can be expressed as

E[R] = K E[log2 (1 + γ)].
In the case of sum-power constraint, precoders are designed
with the constraint




E x2 = γtr P̄P̄H ≤ ρ
where ρ represents total power constraint. Then, the maximum
achievable SNR can be written as
ρ
.
γ= 
tr P̄P̄H
In contrast, assuming that ρ/M is the available power per
antenna, the input covariance matrix subject to PAPC should
satisfy the following equation

 


ρ
E xxH ii = γ P̄P̄H ii ≤ , ∀i
M
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where [X]ij denotes the (i, j)-th element of a matrix X.
Employing the ZFBF-SD where the ZFBF vectors are scaled
by the maximum of all antennas’ power, it then follows that

 
ρ
.
γ max P̄P̄H ii =
i
M
Hence, the received SNR γ is given as
ρ

γ =
−1
−1
M maxi HH (HHH ) (HHH ) H
ii
ρ

=
.
(2)
−2
M maxi HH (HHH ) H
ii

It can be seen from (2) that in order to obtain the distribution
of γ, we need to find the joint distribution of diagonal
−2
H. However, since this matrix has
elements of HH HHH
a complex pseudo inverse Wishart distribution [15], there is
no closed form of the joint probability density function of its
diagonal elements. Thus, in the following section, we derive an
approximate distribution of γ instead of an exact distribution
for the sum rate analysis.
III. P ERFORMANCE A NALYSIS WITH F INITE M AND K
In this section, we provide a formula of the average sum
rate of multiuser downlink systems which employ ZFBF-SD
under PAPC. From (1), it is clear that all users have the same
SNR value for fixed channel instants. Then, the received SNR
γ for all users is represented as
γ = min ξi
i

for i = 1, . . . , M

(3)

where ξi is defined by
ξi =

ρ
M

[HH (HHH )−2 H]

ii

.

(4)

Notice that the minimum operation in (3) is related to the
number of transmit antennas M , not the number of users
K. It can be easily seen from (3) and (4) that obtaining a
distribution of γ requires the joint distribution of ξi ’s which
is correlated with each other. However, as mentioned earlier,
it is very difficult to compute its distribution due to the lack of
the joint distribution of diagonal elements of a pseudo inverse
Wishart matrix. For this reason, we establish an approximate
distribution instead of an exact one in the following.
To overcome the difficulty of finding the joint distribution
of ξi ’s, we assume that ξi ’s are independent. Under this
assumption, the marginal distribution of ξi is only required in
order to determine the distribution of γ. Although correlation
in ξi ’s is neglected, it will be shown in the simulation section
that the derived results based on this assumption are quite
accurate. The following lemma characterizes an approximate
distribution of ξi .
Lemma 1: The distribution of ξi can be approximately
expressed as a chi-square distribution with the scale parameter
ρ 2
ξi ∼
χ (2(M − K + 1))
αM


where α is defined as E v̄i 2 . Here, v̄i denotes the
subvector containing the first K components of the i-th row
M×M
is composed of right singular
vector of V where V ∈ C
vectors of H.

Proof: See Appendix A. 

From now on, we evaluate E v̄i 2 . Note that each row
of V is an isotropically distributed (i.d.) complex unit vector.
In the subsequent lemma, we derive the mean of the sum of
the magnitude square of any L elements of an i.d. complex
unit vector.
Lemma 2: Defining w and w(L) as an i.d. M -dimensional
complex unit vector and any L elements of w (L ≤ M ),
respectively, the mean of w(L) 2 is computed as
L
E w(L) 2 = .
M
Proof: See Appendix
B.


K
From Lemma (2), E v̄i 2 is obtained as M
. Finally,
combining this result and Lemma 1, ξi follows a chi-square
distribution with scale factor
ρ
(5)
ξi ∼ χ2 (2(M − K + 1))
K
whose probability density function (PDF) and cumulative
density function (CDF) of ξi are given respectively by
fξi (x) =

ᾱN xN−1
exp(−ᾱx) and
Γ(N )

Fξi (x) =

γ(N, ᾱx)
Γ(N )

(6)

where ᾱ = K
ρ , N = M − K + 1 and γ(s, x) indicates the
x
incomplete gamma function 0 ts−1 e−t dt.
In what follows, based on (5), we try to compute γ =
mini ξi using the result of the order statistics [23]. Let
X1 , X2 , · · · , XL be i.i.d. random samples from a continuous random variable with the PDF fX (x) and the CDF
FX (x). Let us denote Xl:L as the l-th largest value among
X1 , · · · , XL (X1:L ≤ X2:L ≤ · · · ≤ XL:L ). Then Xl:L for
1 ≤ l ≤ L is called the l-th order statistic and its PDF can be
expressed by
L![FX (xl )]l−1 [1 − FX (xl )]L−l fX (xl )
.
(7)
(l − 1)!(L − l)!
For an integer N , the CDF of ξi in (6) can be rewritten in
terms of a finite series expansion as [24]
fXl:L (xl ) =

Fξi (x) =

γ(N, ᾱx)
= 1 − exp(−ᾱx)
Γ(N )

N −1
k=0

(ᾱx)k
.
k!

Inserting the above expression for the CDF and the PDF in
(6) into (7), a distribution of γ can be represented as
fγ (x)


M −1
N

M ᾱN xN−1
(ᾱx)k
exp(−ᾱx)
exp(−ᾱx)
Γ(N )
k!
k=0
N−1
M −1
 (ᾱx)k
M ᾱN xN−1
exp(−ᾱM x)
.
Γ(N )
k!

=
=

k=0

Then, using the identity [25]
M−1 (N −1)(M−1)
N −1
(ᾱx)k
=
bk (ᾱx)k
k!
k=0

k=0

where
b0 = 1,
bk =

b1 = M − 1,

b(N−1)(M −1) =

1
,
((N − 1)!)M −1

J0
1  jM − k
bk−j with J0 = min(k, N − 1)
k j=1
j!

for 2 ≤ k ≤ (M − 1)(N − 1) − 1,
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we can finally express fγ (x) as
fγ (x) =

M
exp(−ᾱM x)
Γ(N )

(N−1)(M −1)



bk ᾱk+N xk+N−1 .

Lemma 3 (Sufficient condition for Weibull distribution [23]):
Define ζp as F −1 (p). If ζ1 < ∞ and
(8)

lim

k=0

x→ζ1

Next, based on the above results (8), we derive the average
sum rate in a closed form. The average sum rate E[R] is
computed as
 ∞
E[R] = E [K log2 (1 + γ)] = K
log2 (1 + x)fγ (x)dx.
0

Applying the integral identity [26]
 ∞
log(1 + t) exp(−μt)tn−1 dt =
0

n

(n − 1)! exp(μ)
i=1

we can obtain

E[R] as

E[R] =

KM
Γ(N )

Γ(i − n, μ)
,
μi

for n = 1, 2, · · · ,

(N −1)(M−1)

bk ᾱN +k (N + k − 1)!
k=0
N +k

× exp(M ᾱ)
j=1

Γ(j − N − k, M ᾱ)
(M ᾱ)j

(9)

where Γ(s, x) stands for the complementary incomplete
∞
gamma function defined as Γ(s, x) = x ts−1 e−t dt.
So far, we have characterized the received SNR as a
minimum of M chi-square random variables with parameter
N , and derived a closed-form expression of the average sum
rate. The accuracy of our derived analysis will be confirmed in
the simulation section. Still, the derived sum rate expression
(9) is complicated. In the following section, we will provide
a simplified result through asymptotic analysis.
IV. A SYMPTOTIC S UM R ATE A NALYSIS
In this section, we now consider the large system regime
where the number of antennas at the base station grows large
(M → ∞) while M − K is kept constant. Based on extreme
value theory [23], we will provide an asymptotic sum rate
of MU-MISO systems with ZFBF-SD. Before starting, we
will briefly introduce some major results of the extreme value
theory which deals with asymptotic distributions of extreme
values such as maxima or minima.
A. Extreme Value Theory
Let Zn be the maximum of n i.i.d. random variables Xi ’s
with the distribution function F (x). If there exist constants
bn ∈ R, an > 0, and some nondegenerate distribution functions G such that a distribution of the standardized maxima
(Zn − bn )/an converges to G, then G belongs to one of the
following three standard extreme value distributions (10) on
the next page. Similarly, the asymptotic distribution of the
standardized minimum of Xi ’s must be one of just three types
which are given as
G∗i (x) = 1 − Gi (−x)

for i = 1, 2, 3.
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(11)

In order to identify the asymptotic distribution and the mean
of the received SNR γ, we provide the following two lemmas.

(ζ1 − x)f (x)
= β > 0,
1 − F (x)

then there exist constants an > 0 and bn such that (Zn −
bn )/an uniformly converges in distribution to a normalized
Weibull random variable as n → ∞. The normalizing constant
an and bn can be selected by


1
an = ζ1 − F −1 1 −
and
bn = 0.
n
Lemma 4 ( [22]): If (Zn −bn )/an converges in distribution
to a random variable Z that has a nondegenerate distribution
function, and if E{[(Zn )− ]p } < ∞ for any positive real
number p where (x)− = max(−x, 0), then

p
Zn − bn
lim E
= E{Z p }.
n→∞
an
Lemma 3 indicates a sufficient condition for F (x) to belong
to attraction to the maximal Weibull distribution G2 (x; β), and
explains how the normalizing constant an can be determined.
From Lemma 4, the relation between convergence in distribution and moment convergence is established. They will be
used to identify the limiting distribution of ξi and the mean
of the received SNR.
B. Limiting Distribution of SNR and Asymptotic Sum Rate
In this subsection, we will prove that the limiting distribution of γ belongs to the domain of attraction of the minimal
Weibull distribution G∗2 (x; β). In the following lemma, by
showing that a distribution of −ξi satisfies the sufficient condition shown in Lemma 3, we derive the limiting distribution
of γ.
Lemma 5: As M → ∞, γ/aM converges in distribution
to a normalized Weibull random variable whose distribution
function is G∗2 (x; β) where β = N . The normalization
parameter aM can be selected as
 
1
aM = Fξ−1
.
i
M
Proof: See Appendix C.
Note that the shape parameter β equals the degree of freedom
N of a chi-square distribution.
From now on, we will derive the asymptotic sum rate
by utilizing the limiting distribution of γ. Using Jensen’s
inequality, E[R] can be evaluated by


E[R] ≈ K log2 1 + E[γ] .
By setting p = 1 in Lemma 4 and applying the result from
Lemma 5, E[γ] is given as
 
1
−1
E[γ] ≈ aM E[Υ] = Fξi
E[Υ]
(12)
M
where Υ represents a random variable with the normalized
Weibull distribution G∗2 (x; N ).
Using the result [27]


1
E[Υ] = Γ 1 +
,
N
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(Fréchet) G1 (x; β) =


for x ≤ 0, β > 0
for x > 0

0
exp(−x−β )

exp(−(−x)β ) for x ≤ 0, β > 0
1
for x > 0
= exp(−e−x )
for − ∞ < x < ∞.

(10)

(Weibull) G2 (x; β) =
(Gumbel) G3 (x)

E[γ] is computed as



1
M

 

1
Γ 1+
.
N

(13)

Here, we can easily check from (6) that
 


1
1
ρ
−1
Γ(N
)γ
N,
Fξ−1
=
i
M
K
M

(14)

where γ (·, ·) denotes the inverse of the incomplete gamma
function γ(s, x).
After inserting (14) into (13), E[R] can be finally written
as

1+

we can easily observe from (15) that S∞ equals K and L∞
is
K

 
1
Γ(N )γ −1 N, M
Γ 1+

1
N

.

These quantitative performance measures are useful for
characterization of the system performance and comparison
between two different systems. For illustration purposes, we
compare our derived results with the average sum rate of ZFBF
under sum power constraint (ZFBF-SPC). In the sum power
case, the asymptotic sum rate is given as [29]


M −K
SP
ρ .
(16)
C (ρ) = K log2 1 +
K
SP
This implies that S∞
equals K and LSP
∞ is computed as
K
log2 M−K . Thus, given M and K, the system with ZFBF-SD
needs an additional transmit power ΔP by

ΔP = 10 log10

Γ(N )γ −1

M −K

 
1
N, M
Γ 1+

1
N



dB

(17)

compared to that of ZFBF-SPC for the same spectral efficiency. This will be verified in the following section.

20
K=2
15

K=1

10

5

 


1
ρ
1
Γ(N )γ −1 N,
Γ 1+
. (15)
K
M
N

Although there is no closed form for the inverse incomplete
gamma function, it is usually provided in common softwares
such as Matlab and mathematica.
It should be emphasized that (15) has a simpler form
compared with (9) and is expressed in the form of C(ρ) =
K log2 (1 + c · ρ) where c is a constant. Denoting the multiplexing gain S∞ and the high SNR power offset L∞ as [28]


C(ρ)
C(ρ)
and L∞ = lim log2 (ρ) −
S∞ = lim
,
ρ→∞ log2 (ρ)
ρ→∞
S∞

L∞ = log2

K=3
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V. N UMERICAL R ESULTS
In this section, we compare our sum rate analysis for MISO
downlink systems with the ZFBF-SD with numerical simulations to confirm the validity of our analysis. For simulations,
we employ spatially uncorrelated Rayleigh fading channels
which are generated randomly and independently for each
transmission. Figures 2 and 3 exhibit the average sum rate of
ZFBF-SD with different numbers of users for M = 4 and 6
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with respect to SNR in dB, respectively. The results of finite
and asymptotic analysis in these plots are evaluated by (9)
and (15), respectively. From these figures, we emphasize that
our analysis in (9) matches well with the empirical curves for
various K. It can also be seen that our asymptotic result (15)
matches quite well with actual sum rate performance even
with a small number of M and K. On the other hand, for the
cases of K = 3 in Figure 2 and K = 4 and 5 in Figure 3,
our finite analysis is slightly less accurate than the asymptotic
analysis. This implies that compared to the finite analysis, the
asymptotic analysis is less sensitive to the loss which results
from the assumption that ξi ’s in (4) are independent.
In Figure 4, we compare the asymptotic individual rate with
the empirical results for ρ = 20 dB with respect to the number
of users. This plot shows the behavior of the individual rate
with different K and the fixed gap between M and K. We
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Asymptotic average sum rate for various M and K.

can see that the individual rate performance is degraded as
K becomes larger with fixed M − K or as M − K becomes
smaller for a given K. Also, it can easily be checked that our
asymptotic result converges to the actual rate when M and K
grow with fixed M − K.
Figure 5 shows the performance gap between ZFBF-SD and
ZFBF-SPC. The analysis plots for the ZFBF-SPC are based on
(16). Notice that there are 2.9 dB and 2.8 dB gaps between the
actual ZFBF-SD and ZFBF-SPC curves for M = 12, K = 8
and M = 9, K = 6, respectively. Correspondingly, our
theoretical results computed from (17) are 2.78 dB and 2.61
dB, which are quite close to the actual value. Therefore, we
can confirm that the actual gap is well estimated by our derived
result. Also, this gap can be interpreted as a performance loss
due to the simple structure of the ZFBF-SD and PAPC which
is more restrictive than SPC. This loss may be reduced by
using more complicated precoder under PAPC.
Finally, we present the comparison of the asymptotic sum
rate and numerical results. Figure 6 illustrates the average sum
rate for various M and K. Once again we can verify from this
plot that our asymptotic analysis is very tight and accurately
approximates the performance of the ZFBF-SD even for small
K.

VI. C ONCLUSIONS
In this paper, we have investigated the average sum rate
of the MISO-BC with ZFBF-SD under PAPC. We have first
derived an approximate distribution of the received SNR.
Based on this result, the formula of the average sum rate has
been derived in a closed form. Furthermore, we have presented
the asymptotic average sum rate analysis for asymptotically
large number of transmit antennas and users, which not only
has concise expressions but also provides accurate results.
From numerical simulations, we have confirmed that our
analysis is valid for even small M and K.
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Now consider the change of variables from {rj }L
j=1 to
u, φ1 , . . . , φL−1 given by

A PPENDIX
A. Proof of Lemma 1
By singular value decomposition, H ∈
decomposed as
H = UΣV

CK×M can be

r1

= u cos φ1 cos φ2 · · · cos φL−3 cos φL−2 cos φL−1

(18)

r2
r3

= u cos φ1 cos φ2 · · · cos φL−3 cos φL−2 sin φL−1
= u cos φ1 cos φ2 · · · cos φL−3 sin φL−2
..
.

H
K×K

where a unitary matrix U ∈ C
contains left singular
K×M
consists of ordered singular
vectors, a matrix Σ ∈ C
M×M
is composed of
values of H and a unitary matrix V ∈ C 
right singular vectors. Applying (18) into HH (HHH )−2 H ii
in (4), we obtain
 H



H (HHH )−2 H ii = VSVH ii
M×M

where S = ΣH (ΣΣH )−2 Σ ∈ C
. Note that S is
a diagonal matrix whose diagonal elements consist of K
eigenvalues of (HHH )−1 and M − K zeros.
K×K
Denoting Λ ∈ C
as a diagonal matrix whose diagonal elements are the eigenvalues of (HHH )−1 , ξi can be
expressed as
ρ
ρ
ρ
=

ξi =
M φi
M vi SviH
M v̄i Λv̄iH
where vi stands for the i-th row of V, v̄i denotes the subvector
containing the first K components of vi and φi is defined as
v̄i Λv̄iH .
To compute
of φi , we now

 observe a dis a distribution
tribution of (HHH )−1 ii . Defining ψi as (HHH )−1 ii , it
follows
ψi = ui ΛuH
i
where ui represents the i-th row of U. The major difference
between φi and ψi is that v̄i 2 is less than or equal to 1,
while ui 2 equals 1. According to Lemma 1 in [30], U is
uniformly distributed on the group of unitary matrices and
is independent of Λ, i.e., the joint distribution of (HHH )−1
depends only on Λ. Consequently, the distribution of the i-th
diagonal element of (HHH )−1 , ψi , does not change even if
ui is replaced by any isotropically distributed complex unit
vector.
Since v̄i /|v̄i  is also an isotropically distributed complex
unit vector, we can conclude that φi /v̄i 2 and ψi have the
same distribution. By the fact that ψi−1 follows χ2 (2(M −
K + 1)) [31] and taking the expectation value of v̄i 2 , the
distribution of ξi can finally be approximated as
ρ 2
χ (2(M − K + 1))
ξi ∼
αM


where α defines E v̄i 2 .

rL−1
rL

= u cos φ1 sin φ2
= u sin φ1 .

Note that φ has a range [0, π/2] since ri is a non-negative
value for each i. Also, u goes from 0 to 1.
The Jacobian of this transformation in (20) is calculated as
|J| = uL−1 cos φL−2
cos φL−3
· · · cos φL−2 .
1
2

From [32], the joint probability density function of any L
elements of w is given by
f (w(L) ) =

Γ(M )
(1 − wH w)M−L−1 ,
− L)
for L = 1, . . . , M − 1.

2
the previous steps of
It is obvious that x equals w(L)
L from
2
our derivation, i.e., x = u = i=1 ri2 . It also turns out that
this PDF is equivalent to a beta distribution with parameters
M and L. Then, we easily evaluate E[w(L) 2 ] as
 1
L
(L) 2
.
E[w  ] =
xf (x)dx =
M
0

C. Proof of Lemma 5
Denoting Yi = −ξi , the CDF and PDF of Yi from (6) are
calculated as
γ(−ᾱx, N )
, x ≤ 0,
FYi (x) = 1 −
Γ(N )
ᾱN
fYi (x) =
(−x)m−1 exp(ᾱx), x ≤ 0.
(23)
Γ(N )
We can check from the above CDF that ζ1 equals zero. From
Lemma 3, it follows that
−xfYi (x)
x→0 1 − FYi (x)
lim



=
=

−fYi (x) − xfYi (x)
x→0
−fYi (x)

xfYi (x)
1 + lim
x→0 fYi (x)
lim

(24)

where the first equality results from L’Hospital’s rule.

Taking a derivative of (23), we obtain fYi (x) as
ᾱN
(−x)N −2 exp(ᾱx)(1 − N − ᾱx)
Γ(N )
1 − N − ᾱx
.
= fYi (x)
−x
Based on the above result, the limit in (24) then becomes
fYi (x)

π L Γ(M

Let us define wj = rj ejθj as the j-th element of w. After
integrating over θj , the joint density function of {rj }L
j=1 is
obtained as (19) at the top of the next page.

(21)

Substituting (20) and (21) together into (19) and integrating
over φi ’s, we obtain (22) at the top of the next page.
Then, the change of variable x = u2 leads to the PDF of x
as
Γ(M )
(1 − x)M−L−1 xL−1 .
f (x) =
Γ(M − L)Γ(L)



B. Proof of Lemma 2

(20)

=



xfYi (x)
= 1 + lim ᾱx + N − 1 = N.
x→0 fYi (x)
x→0

1 + lim

Finally, we can conclude that
lim P r{YM:M ≤ aM · x} = G2 (x; N ) = exp(−(−x)N )

M→∞
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M−L−1 L

L

Γ(M )
2
···
r
rj dθ1 dθ2 · · · dθL
1
−
j
π L Γ(M − L)
0
0
i=1
i=1
M−L−1 L

L

2L Γ(M )
rj2
rj .
1−
Γ(M − L)
i=1
i=1



f ({rj }L
j=1 ) =
=

2π



2π

(19)

2L Γ(M )
(1 − u2 )M−L−1 u2L−1 ×
Γ(M − L)
 π/2
 π/2
···
cos φ12L−3 sin φ1 cos φ2L−5
sin φ2 · · · cos φL−1 sin φL−1 dφ1 dφ2 . . . dφL−1
2

f (u) =

0

0

2L Γ(M )
1
11
1
(1 − u2 )M−L−1 u2L−1
···
Γ(M − L)
2L − 2 2L − 4
42
2Γ(M )
(1 − u2 )M−L−1 u2L−1 .
Γ(M − L)Γ(L)

=
=

1
where aM is determined by aM = −FY−1
(1 − M
). From
i
Yi = −ξi , the limiting distribution of the SNR γ = mini ξi
can be given as

lim P r{ξ1:M ≤ aM x}

M →∞
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=

lim P r{−YM :M ≤ aM x}

M →∞

=

1 − lim P r{YM :M ≤ −aM x}

=

1 − exp (−xN ) = G∗2 (x; N ).

M →∞

Also, aM can be rewritten as

 

1
1
−1
−1
aM = −FYi 1 −
= Fξi
.
M
M
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