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Abstract—In this paper, we derive the average pairwise error proba-
bility (PEP) of an integer carrier frequency-offset (CFO) estimator with
consistent pilots in orthogonal frequency-division multiplexing (OFDM)
systems and address several issues based on PEP analysis. In particular,
the relationship between the PEP and consistent pilots is established in
terms of a diversity gain and a shift gain. Based on the observations, we
present new criteria for sequence designs. Simulation results show that
the sequence developed from these criteria yields much reduced outliers
compared with conventional sequences for consistent CFO estimation in
frequency-selective fading channels.

Index Terms—Carrier frequency offset (CFO), orthogonal frequency-
division multiplexing (OFDM), pairwise error probability (PEP),
synchronization.

I. INTRODUCTION

Orthogonal frequency-division multiplexing (OFDM) is a popular
modulation scheme in fading channels due to the effectiveness in
dealing with fading-channel impairments such as cochannel interfer-
ence and impulsive noise [1]. However, it is well known that the
OFDM is quite sensitive to carrier frequency offset (CFO). The CFO
can be divided into two parts. Fractional CFO (fCFO) refers to the
CFO part whose value is less than one subcarrier spacing, whereas
integer CFO (iCFO) represents the CFO with an integer multiple
of the subcarrier spacing. The former destroys orthogonality among
subcarriers and gives rise to a reduction in signal-to-noise ratio (SNR),
whereas the latter causes a cyclic shift of subcarriers and results in
detection errors. To guarantee reliable communication, the CFO should
be correctly estimated so that the difference between the true CFO and
the estimated CFO, which is defined as residual CFO (rCFO), is not
greater than a certain level. The case where the rCFO is greater than
the certain threshold is called an outlier; in this paper, we consider the
outlier as the case with the rCFO greater than 0.5.

To reduce the outliers, several estimation schemes or pilot designs
have been proposed [2]–[6]. Lei and Ng [4] addressed the relation-
ship between the CFO and the periodogram of distinctively spaced
pilot tones and proposed a maximum-likelihood estimator (MLE) for
consistent CFO estimation over a frequency-selective fading channel.
In [5], general pilot designs for the MLE were developed based
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on the conventional sequences. These papers mainly focused on the
conditions for pilots to ensure that the MLE has a unique solution for a
noiseless channel. However, the conventional criteria for pilot designs
are not generally robust to outliers in practical noisy channels, since
the effect of the noise is neglected.

In contrast, Huang and Letaief [6] derived the pairwise error prob-
ability (PEP) of the MLE, which is defined as the probability that the
estimated iCFO is not equal to the true iCFO, and showed that the
consistent sequence1 should have a large minimum Hamming distance
to minimize the outliers. Moreover, the almost-perfect autocorrelation
sequence was addressed, which maximizes the minimum Hamming
distance [6]. Nevertheless, the sequence designed in [6] produces more
outliers in frequency-selective channels, because the criteria are based
on the PEP conditioned on the given channel realization.

In this paper, we first derive the average PEP of the MLE, which is
averaged with respect to channel realizations. Unlike the conventional
theorems in [5] and [6], we show that too large minimum Hamming
distance leads to more outliers if the channel has insufficient frequency
selectivity. Moreover, it is proven that the slope of the PEP at a high
SNR is determined by the minimum value of the channel length and the
minimum Hamming distance. As a result, we establish the relationship
between the MLE performance and the consistent sequence in terms
of a diversity gain and a shift gain. Based on these observations, we
present new criteria for pilot designs to be suitable for the case where
the received subcarriers are correlated. Simulation results show that
consistent sequences satisfying the modified criteria can greatly reduce
outliers compared with conventional sequences for consistent CFO
estimation in frequency-selective fading channels.

Throughout this paper, normal letters represent scalar quantities,
boldface lowercase letters indicate vectors, and uppercase letters des-
ignate matrices. We use (·)T , (·)†,E(·), ‖ · ‖2, and 〈·〉N for transpose,
complex conjugate transpose, the expectation, the 2-norm operation,
and the modulo N operation, respectively. In addition, In denotes an
n× n identity matrix, and diag{a} stands for a diagonal matrix whose
diagonal elements are defined by a.

In addition, A \ B indicates the set {x ∈ A|x /∈ B}.

II. SIGNAL MODEL

In this paper, we consider OFDM systems with N subcarriers. We
assume that all synchronization operations are perfectly made except
for the CFO, which is denoted by Δf . We define the normalized CFO
ε as ε � Δf/1/Ts = ΔfTs, where Ts stands for the OFDM symbol
period. The normalized CFO ε can be divided into ε = εi + εf , where
εi and εf indicate an integer part and a fractional part (|εf | ≤ 1/2),
respectively.

Let us define the L-tap channel impulse response vector h as
h = [h0h1 · · ·hL−1]

T , where hk has an independent and non-
identically distributed (i.n.d.) complex Gaussian distribution with zero
mean and variance σ2

hk
, L represents the channel length, and we have∑L−1

k=0
σ2
hk

= 1. In addition, H =
√
Ndiag{FLh} = diag{H0,H1,

. . . ,HN−1} denotes a diagonal matrix, where FL indicates FL =
[f0f1 · · · fL−1] with fi = 1/

√
N [1e−j2πi/N · · · e−j2πi(N−1)/N ]T ,

and diagonal entry Hk for k = 0, 1, . . . , N − 1 is the channel gain at
the kth subcarrier with E[|Hk|2] = 1. In addition, we define C = {c0,
c1, . . . , cNc−1} as the set of indices of pilots where Nc is equal to the
number of pilots.

Then, the received signal vector r = [r0r1 · · · rN−1]
T after the

cyclic prefix (CP) removal is given by

r = Γ(ε)F†Hx+w

1This is also called as the consistent pilots or distinctively spaced pilot
tones [4].

where Γ(ε) = diag{1, ej2πε/N , . . . , ej2π(N−1)ε/N} represents a di-
agonal matrix whose diagonal entry accounts for the phase shift on the
corresponding received signal sample, F = [f0f1 · · · fN−1] stands for
the discrete Fourier transform (DFT) matrix, x = [X0X1 · · ·XN−1]

T

is the transmitted signal vector with |Xk|2 = εx for k ∈ C and Xk =
0 otherwise, and w = [w0w1 · · ·wN−1]

T is equal to the complex
additive white Gaussian noise vector with zero mean and covariance
matrix σ2

wIN .
Let us define C(τ) as the cyclic shifted set of C for τ ∈ {0, 1, . . . ,

N − 1}, where the kth element of C(τ) is obtained as c
(τ)
k = 〈ck +

τ〉N . Thereby, we denote c as the location column vector of length N
whose kth element is [c]k = 1 for k ∈ C and 0 otherwise. The cyclic
shifted vectors c(τ) in C(τ) are similarly defined. Then, the minimum
Hamming distance of c is written as [5]

dH = 2

(
Nc −max

τ �=0

(
cT c(τ)

))
= 2(Nc −No) = 2Nt

where No = maxτ �=0 (c
T c(τ)), and Nt = Nc −No. In this case, the

size of the set C \ C(τ∗) for τ∗ = argmaxτ �=0 (c
T c(τ)) becomes

Nt= dH/2. For example, with c = [1 1 0 1], we have Nc= 3, τ∗= 1,
No = 2, Nt = 1, dH = 2, and C = {1, 2, 4}.

III. DERIVATIONS OF PAIRWISE ERROR PROBABILITY

AND PILOT DESIGN CRITERIA

Here, we review the conventional PEP and criteria for pilot designs
in [6]. Different from the conditional PEP in [6], we derive the PEP
averaged over channel fadings and develop the feasible criteria.

A. Overview of Conventional PEP and the Design Criteria

We first assume that the true fCFO is obtained and removed from the
received signal completely. Then, the conditional PEP that the erro-
neous iCFO ε̄i is chosen in MLE instead of εi is expressed by [6]

P (εi → ε̄i|H) ≤ exp

(
−η(ε̄i, εi)

4σ2

)
. (1)

Here, η(ε̄i, εi) is defined as∑
i+Δε∈C,i∈Γy

|Hi+ΔεXi+Δε|2 (2)

where Δε = ε̄i − εi, and Γy = {0, 1, . . . , N − 1} \ C.
Note that the PEP in (1) is conditioned on the given channel h. To

minimize the conditional PEP, we need to maximize the minimum
of η(ε̄i, εi) for ε̄i 	= εi. Thus, the number of elements in (2) should
be as large as possible. Then, the criteria for robust pilot designs are
summarized as follows [6]:

1) The sequence should have a good distance distribution in the
sense that the cyclic-shift versions with small distance to the
original binary sequence are as few as possible.

2) Zeros in the binary sequence should be as far apart as possible
to ensure frequency-domain diversity.

B. Derivation of Average PEP

With ε = εi, the MLE is written by [4]

ε̃i = argmax
ε̂i

∥∥FT
Nc

Γ†(ε̂i)r
∥∥2

= argmax
ε̂i

∑
k∈C

∣∣R〈k+ε̂i〉N

∣∣2 (3)

where ε̃i indicates the estimated iCFO value, and FNc and
Rk are defined by FNc = [fc0 fc1 · · · fcNc−1

] and Rk = 1/
√
N ×



IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 62, NO. 3, MARCH 2013 1391

∑N−1

n=0
rne

−j2πkn/N , respectively. Here, we assume that Nt ≥ 1,
and then, x becomes a consistent2 sequence. Otherwise, the MLE in
(3) always has several maxima even for a noiseless channel, which
indicates that the estimator is not consistent.

Since the channel and the noise are zero mean complex jointly
Gaussian and the training sequence is deterministic, the received
signal has zero mean complex jointly Gaussian components. Thus, the
distribution of |Rk|2 is exponential, whose mean is

E

[∣∣R〈k+εi〉N

∣∣2] =

{
εx + σ2

w, for k ∈ C
σ2
w, otherwise.

Based on the iCFO estimator (3), the PEP can be represented by

P (εi → ε̄i) = P

(∑
k∈C

∣∣R〈k+εi〉N

∣∣2 <
∑
k∈C

∣∣R〈k+ε̄i〉N

∣∣2) . (4)

Subtracting the 2-norm of the received pilots common in both sides,
(4) can be transformed into

P (εi → ε̄i) = P (Q < Z) (5)

where Q=
∑

k∈C |R〈k+εi〉N |2 and Z =
∑

k∈B̄ |R〈k+ε̄i〉N |2. Here,

C and B are defined as C = {c̄0, c̄1, . . . , c̄Nt−1} = C \ C(ε̄i−εi) and
C \ C(εi−ε̄i), respectively. In addition, those sizes are assumed to be
Nt to consider the worst case. Comparing (4) and (5) shows that
R〈k+ε̄i〉N in Z includes just noise. Since Z is a summation of the
2-norm of the independent identically distributed (i.i.d.) noise terms,
Z has a chi-square distribution with Nt degrees of freedom (DOF),
whose probability density function (pdf) is given by

fZ(z) =
1

σ2Nt
w (Nt − 1)!

zNt−1 exp

(
− z

σ2
w

)
.

In contrast, the received subcarriers in Q are correlated by the
channel, and the pdf of Q is not a chi-square distribution. To derive
the pdf of Q, we first define the received vector as ṙ = [R〈c̄0+εi〉N · · ·
R〈c̄Nt−1+εi〉N ]T and denote the autocorrelation matrix of ṙ as AR =

E[ṙṙ†], which can be eigendecomposed into

AR = UΛU† (6)

where U indicates a unitary matrix, an Nt ×Nt matrix Λ is equal to
diag{λ1, λ2, . . . , λd, 0, 0, . . . , 0} with λk being the kth eigenvalue of
AR, and d stands for the rank of AR with d ≤ Nt.

Then, Q is distributed as
∑d

k=1
Gk, where Gk represents the

exponential random variable with fGk
(g) = 1/λk exp(−g/λk) [7].

Here, we see that the distribution of Q can be expressed by the
weighted sum of d independent exponential variables. Now, we denote
the Taylor series of fGk

(g) as λ−1
k + o(g). Then, by using [8, Th. 2]

and λ−1
k + o(g), the series expression of the pdf of Q around zero is

written as

fQ(q) =

∏d

k=1
λ−1
k

Γ(d)
qd−1 + o(qd) (7)

where Γ(·) indicates the Gamma function. Note that the series ex-
pression of the pdf around zero is generally used to analyze the
performance at a high SNR, because the diversity and shift gains for
average PEP only depend on the behavior of the pdf around the origin
(i.e., q → 0) [9].

2In this paper, the consistency accounts for the consistency in the probabilis-
tic sense as in [5].

For simple calculations, we evaluate P (Q>Z)=1−P (Q<Z) as

P (Z < Q) =

∞∫
0

P (Z < q)fQ(q) dq

=

∞∫
0

[
1 −

Nt−1∑
n=0

e−q/σ2
w

(
q

σ2
w

)n
1
n!

]
fQ(q) dq

≈ 1 − σ2d
w

d∏
k=1

λ−1
k

Nt−1∑
n=0

Γ(n+ d)

Γ(d)Γ(n+ 1)
(8)

where the approximation in (8) results from ignoring o(qd) in (7),
because the first term o(qd−1) is dominant as q → 0. Taking the log
operation, then the PEP is evaluated as

logP (εi → ε̄i) ≈ −d log

(
1
σ2
w

)
−

d∑
k=1

log λk

+ log

Nt−1∑
n=0

(
n+ d− 1

n

)
. (9)

Here, we can easily verify that d accounts for a diversity gain in the
PEP curve, and d, Nt, and λk determine the horizontal shift in the
curve.

C. Observations in the Average PEP

Based on the average PEP, we provide three lemmas and corre-
sponding observations to clarify the relationship between the consis-
tent sequence and the MLE performance.

Lemma 1: The diversity gain of the MLE for L-tap fading channels
is given by

lim
SNR→∞

− logP (εi → ε̄i)

log SNR
= min(L,Nt).

Proof: From the definition of the diversity gain [9], [10], we
apply the high-SNR approximation to AR in (6). In this case, the rank
d of AR is obtained as min(L,Nt). Therefore, the diversity gain of
the MLE for L-tap fading channels is equal to min(L,Nt). �

From the given lemma, we see that the consistent sequence with
Nt < L results in a diversity loss in the MLE, whereas a diversity gain
is not greater than L even if Nt > L. Meanwhile, the average PEP
(9) shows that the third term log

∑Nt−1

n=0

(
n+d−1

n

)
increases with Nt.

Hence, if Nt is greater than L, the PEP curve is shifted to the right,
whereas the diversity gain is fixed to L. This is due to the fact that the
DOF of Z is equal to Nt, whereas that of Q is given by min(Nt, L).
As a result, Nt determines the shift gain and the diversity gain.

In the following two lemmas, we show that the shift gain∑d

k=1
log λk in (9) depends on the ratio of No to Nc and the distribu-

tion of pilots in C.
Lemma 2: Defining PT = Ncεx as the total transmit power, the

expectation of Q is bounded by

PT

(
1 − No

Nc

)
≤ E(Q) < PT .

Proof: From (6), E[Q] is obtained as E[Q]=E[ṙ†ṙ]=Tr(AR)=∑d

k=1
λk = Nt(εx + σ2

w). Then, the ratio of E(Q) to PT can be
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expressed as

E(Q)

PT

=
Nt (εx + σ2

w)

Ncεx
=

Nt

Nc

+
Ntσ

2
w

Ncεx
≥ Nt

Nc

= 1 − No

Nc

.

�
Here, it can be checked that a lower bound of E(Q) =

∑d

k=1
λk

decreases as No/Nc increases. Therefore, we expect that the growth
of No reduces

∑d

k=1
log λk in (9), which makes the PEP curve shift

to the right. Meanwhile, most of the conventional consistent sequences
in [5] and [6] such as the almost-perfect autocorrelation sequence have
large No and Nt. In this case, performance loss due to the reduced∑d

k=1
log λk is inevitable.

Lemma 3: For a given Nc and Nt ≥ L, uniformly distributed pilots
in C maximize the shift gain

∑d

k=1
log λk in (9) for equal-power

fading channels.
Proof: From the definition of a coding (shift) gain, we assume

σ2
w → 0 [9]. Moreover, εi is set to zero without loss of general-

ity, because iCFO only causes a cyclic shift of subcarriers. Since∑d

k=1
λk = Ntεx = (Nc −No)εx is constant,

∏d

k=1
λk is maxi-

mized when all λk are the same. Meanwhile, we define an N ×N
diagonal matrix Φ̃, where [Φ̃]i,i = 1 for i ∈ C and [Φ̃]i,i = 0 other-
wise. Extracting the rows whose indices are contained in C from Φ̃
yields Φ of size Nt ×N with ΦΦT = INt .

With Nt ≥ L, AR can be expressed as

AR =E[ṙṙ†]

=Ndiag{Φx}ΦFNtE[h̃h̃†]F†
Nt

ΦTdiag{x†ΦT }

=UΛU†

where h̃ is a zero-padded vector of size Nt as h̃ = [h0h1 · · ·hL−1, 0,
· · · , 0]T , and Λ and U are given by diag{Ntεxσ

2
h0
, · · · , Ntεx ×

σ2
hL−1

, 0, · · · , 0} and
√
N/Ntεxdiag{Φx}ΦFNt , respectively. Here,

we see from [11] that U†U = UU† = INt if and only if pilots in C
are equispaced and equipowered. In this case, U becomes a unitary
matrix, and thus, the diagonal elements of Λ are the eigenvalues of
AR. As a result, for equal-power fading channels (i.e., σ2

hi
= σ2

hj
,

∀i 	= j),
∏L

k=1
λk is maximized. �

It is well known that the white sequence, which comprises eq-
uispaced and equipowered pilots, is optimal if the channel state
information is not known to the transmitter, because the worst case
asymptotic Cramer–Rao bound (CRB) is minimized [12]. However, it
is impossible to make such a consistent sequence since both uniformity
and consistency stand in contradiction to each other. Note that the
white sequence is not consistent because there is nonzero τ , which sat-
isfies cT c(τ) = Nc. Nevertheless, almost uniformly distributed pilots
provide a large

∏d

k=1
λk (i.e.,

∑d

k=1
log λk), which will be confirmed

in the simulation section. As a result, it can be easily seen how pilot
designs affect the MLE performance in frequency-selective fading
channels by analyzing the derived PEP with respect to a diversity gain
and a shift gain.

D. Modified Criteria for Consistent CFO Estimation Against Outliers

Based on the observations made in the previous section, we now
modify the conventional criteria to ensure robustness to outliers in
frequency-selective fading channels. From Lemma 1, we learn that
Nt should be set to a value larger than L to achieve the diversity
gain of L. In contrast, too large Nt yields performance degradations
when the channel has insufficient frequency selectivity (i.e., L < Nt).
Moreover, Lemma 2 indicates that No/Nc should be as small as

TABLE I
CONSISTENT SEQUENCES

possible. Finally, from Lemma 3, the pilot tones should be located as
uniform as possible to achieve a large

∏L

k=1
λk. In conclusion, our

modified criteria are simply summarized as follows:

Criterion 1: Nt should be larger than L.
Criterion 2: Nt and No should be set as small as possible.
Criterion 3: A distribution of pilot tones should be as uniform as

possible.

Note that Criteria 1 determines the diversity gain, whereas
Criterion 2 and 3 address the shift gain, as will be shown in the
simulation section.

IV. SIMULATION RESULTS

Here, we present the simulation results of consistent CFO estima-
tion to show the efficacy of our modified criteria. The number of
subcarriers, CP samples, and the simulation runs are set to N = 64,
Ng = 16, and 100 000 000, respectively. For simplicity, we refer to the
sequence that meets all the criteria as A-Seq. Moreover, we call the
sequences satisfying Criterion 1 and 3 and Criterion 2 and 3 as B-Seq
and C-Seq, respectively. In addition, the extended m-sequence in [5]
and the almost-perfect autocorrelation sequence in [6] are denoted by
EM-Seq and AP-Seq, respectively. The indices of pilots of the given
sequences are given by Table I. Here, the hexadecimal digits can be
converted to binary digits, where “1” and “0” correspond to a pilot
tone and a null subcarrier, respectively. A-Seq, B-Seq, and C-Seq are
generated by computer search based on the modified criteria, and thus,
the sequences are not unique. Meanwhile, to demonstrate the efficacy
of the MLE with the proposed sequences, we employ a joint ML
estimator for the channel impulse response and iCFO. In addition, its
low-complexity version developed in [13] is considered. For brevity,
these are referred to as JML and LC-JML, respectively. Note that the
JML and the LC-JML can estimate the iCFO through uniformly dis-
tributed pilots by exploiting the knowledge of the pilot values, unlike
the MLE.

In Figs. 1 and 2, we assume 4-tap equal-power fading channels,
and the normalized CFO is randomly selected in {0, 1, . . . , 63}. Fig. 1
shows the error probability of consistent iCFO estimation for various
sequences. It is shown that A-Seq exhibits the smallest outliers, and
its diversity gain is 4, which matches with our analysis. In contrast,
B-Seq shows a much lower shift gain, although Nt and No of
B-Seq are identical to those of A-Seq. Moreover, Table I indicates
that B-Seq has the smallest value of

∑d

k=1
log2 λk, whereas A-Seq

has the highest value. Therefore, we see that a shift gain of the MLE
strongly depends on a distribution of pilots. On the other hand, the
diversity gain of AP-Seq is almost identical to that of A-Seq, whereas
the performance is 4 dB worse than A-Seq in most SNR regions due
to large Nt and No. In addition, its performance is also worse than
that of C-Seq in the SNR less than 15 dB, although the latter may
yield an ambiguity problem.3 This can be explained by the fact that

3In noiseless systems, [4] and [5] proved that a solution of the MLE is unique
for any channel realization only when Nt ≥ L Otherwise, the MLE may have
several maxima for a particular channel realization, which results in complete
failure for all SNR values.
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Fig. 1. Probability of failure in estimating iCFO.

Fig. 2. Probability of failure in estimating iCFO.

the probability of encountering such channel realizations is very low,
and thus, the effect is masked by the noise at a low and moderate
SNR. Hence, it is shown that the larger minimum Hamming distance
does not guarantee better performance. On the other hand, we check
that B-Seq and AP-Seq outperform C-Seq at the high SNR, because
C-Seq suffers from a diversity loss. It should be noted that B-Seq and
AP-Seq can achieve the diversity gain 4, although those eigenvalues
are different from each other. As a result, for a given L, the MLE
performance of each consistent sequence can be well explained by our
modified criteria.

Fig. 2 shows the comparison of the MLE with the A-Seq, the JML,
and the LC-JML in terms of the failure probability for estimating
iCFO, where M stands for the iteration numbers. For fair comparison,
all algorithms use just one training sequence. In this plot, we see
that the JML and the LC-JML exhibit the same diversity gain as the
MLE with A-Seq, whereas the JML is 1.2 dB better than the MLE. In
addition, it appears that both the MLE with A-Seq and the LC-JML
with M = 3 have virtually the same accuracy, whereas the MLE is
clearly superior than the LC-JML with M = 1. Meanwhile, Table II
shows that the number of real products of the JML and the LC-JML

TABLE II
COMPUTATIONAL COMPLEXITY

Fig. 3. Probability of failure in estimating iCFO.

Fig. 4. Mean square error of rCFO.

is given by O(N2), whereas that of the MLE is equal to 2N . For
example of N = 64, the complexity of the MLE is only 0.1% and 0.3%
compared with JML and LC-JML with M = 3, respectively.

As a result, the MLE with our proposed sequence may be preferable
for practical systems over the JML, since the MLE requires much
lower computational complexity at the expense of a small shift loss.

Fig. 3 shows the failure probability of C-Seq for different chan-
nel lengths, where equal-power fading channels are employed ex-
cept for the graph labeled “Exponential.” In addition, the upper
bounds are computed by using the equation (N − 1)σ2d

w

∏d

k=1
λ−1
k ×∑Nt−1

n=0

(
n+d−1

n

)
, where the values of λk are obtained through nu-

merical simulations. The graphs with L = 3 confirm that the C-Seq
achieves a diversity gain of min(L,Nt) regardless of the power delay
profile, whereas equal-power fading channels provide a slightly better
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shift gain than the exponentially decaying channel. Moreover, it is
verified that the C-Seq with L = 6 exhibits a higher shift gain than
that with L = 3, but the diversity gain still remains as 3. As a result, if
the channel length is not considered in pilot designs, the MLE cannot
fully exploit the DOF of the channel. Note that these results can be
also verified from the upper bounds.

To confirm our modified criteria for consistent CFO estimation,
the results in Fig. 4 are simulated for 5-tap exponentially decaying
fading channels with ε = 30.24 and the simulation runs of 100 000.
In addition, the CRB of the AP-Seq is obtained from [14]. We see
that the MLE approaches the CRB at a high SNR, and various
consistent sequences exhibit different performance. It should be noted
that the large mean square error (MSE) in low- and moderate-SNR
regions results from outliers. Similar to the previous simulation results,
C-Seq shows reduced outliers than B-Seq and AP-Seq in low- and
moderate-SNR regions, whereas A-Seq exhibits the smallest outliers.
As a result, we confirm that A-Seq provides the best performance over
other sequences for consistent CFO estimation. Hence, it is shown that
our modified criteria are also effective for consistent CFO estimation.

V. CONCLUSION

In this paper, we have derived the average PEP of the MLE and
established the relationship of the PEP and the consistent sequence in
terms of a diversity gain and a shift gain. Then, we have presented the
criteria suitable for the case where the subcarriers are correlated. Simu-
lation results show that the consistent sequences based on our modified
criteria produce much reduced outliers over conventional sequences
for consistent CFO estimation in frequency-selective fading channels.
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Variational-Inference-Based Data Detection for OFDM
Systems With Imperfect Channel Estimation

Feng Li, Zongben Xu, and Shihua Zhu

Abstract—This paper studies the problem of joint estimation of data and
channels for orthogonal frequency-division multiplexing (OFDM) systems
using variational inference. The proposed methods are used to combat
imperfect channel estimation at the receiver since it can degrade system
performance seriously. The proposed methods simplify the maximum a
posteriori (MAP) scheme based on the theory of variational inference and
formulate an optimization problem using variational free energy. The
channel state information (CSI) and data are dealt with jointly and iter-
atively. The proposed schemes offer a variety of solutions for getting soft
information when turbo equalization is implemented for coded systems.
The effectiveness of the new approach is demonstrated by Monte Carlo
simulations.

Index Terms—Channel imperfections, orthogonal frequency-division
multiplexing (OFDM), variational inference.

I. INTRODUCTION

Orthogonal frequency-division multiplexing (OFDM) is being in-
vestigated as a promising solution of physical layers for current and fu-
ture wireless communication systems. However, much attention should
be paid to several problems that challenge the practical utilization
of OFDM, including channel estimation, time-and-frequency offset,
phase noise, peak-to-average power ratio, and data detection [1]. In
this paper, we consider the problem of data detection with imperfect
channel estimation.

Anderson [2] studies the relationship between channel fade and its
estimate. The model used in [2] is specialized to three typical channel
estimation approaches by Annavajjala et al. in [3]. There have been
many effects in analyzing OFDM with imperfect channel estimation,
e.g., in [4] and [5]. Song et al. [4] show us that, compared with other
parameter imperfections, inherent channel estimation imperfection is
the main reason that degrades the system performance. Krondorf
and Fetweiss [5] investigate the Alamouti space–time-coded OFDM
performance under receiver impairments, and it is demonstrated that
channel uncertainty weights more heavily than carrier frequency off-
set and I/Q imbalance against system performance. Since imperfect
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