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Abstract—In this paper, we propose a new beamforming technique that maximizes the end-to-end signal-to-noise ratio (SNR)
for amplify-and-forward multiple-input–multiple-output cooperative relaying systems with direct link between the source and
the destination. Instead of conventional schemes resorting to an
iterative method, such as a gradient ascent algorithm, our scheme
provides a simple closed-form solution for source-relay joint
beamformer designs. To this end, we first derive a new expression
of the end-to-end SNR for the cooperative relaying systems and
its lower bound, which is given as the harmonic mean of two individual SNRs. Then, a new beamforming scheme, which adaptively
optimizes one of the two SNRs depending on the channel condition,
is proposed. In addition, we perform a diversity order analysis of
the proposed scheme and show that our scheme achieves a full
diversity order of relaying systems with direct link. It is confirmed
by simulation results that the proposed technique obtains almost
identical performance to the gradient ascent algorithm with much
reduced complexity, and our analytical work accurately predicts
the numerical results.
Index Terms—MIMO systems, relays, transceivers, diversity
methods.

I. I NTRODUCTION

O

VER the past decade, multiple-input multiple-output
(MIMO) methods have attracted considerable attentions
since they can enhance communication reliability and spectral
efficiency [1]–[3]. Recently, many research efforts have been
focused on relaying techniques to extend the transmission coverage so that a significant performance improvement is obtained
in wireless systems [4], [5]. Owing to these merits, several
researchers have studied system designs and their performance
analysis of MIMO relaying systems [6]–[8].
There are two well-known relaying protocols. In the decodeand-forward (DF) relaying system, a relay node attempts to
decode the received signal and then transmits the regenerated
symbol. On the other hand, the amplify-and-forward (AF)
method simply amplifies and retransmits the received signal
without the decoding process. Compared to the DF relaying
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system, the AF relay is more suitable for practical relaying
systems due to its simple implementation. Therefore, in this
paper, we focus on the AF relaying strategy.
Lately, many linear precoding schemes have been intensively
investigated to improve the link performance in MIMO AF
relaying systems. In two-hop relaying systems where direct link
between the source and the destination is negligible due to
long distance, the capacity maximizing relay filter was derived
in [9]. Assuming perfect channel state information (CSI) at
all nodes, optimal source-relay-destination joint designs for
channel capacity maximization and minimum mean squared
error (MMSE) problem have been proposed in [10] and [11],
respectively.
In contrast, in cooperative relaying systems where the direct
link cannot be ignored, identifying the optimal precoder is
much more challenging due to non-convexity of the problem.
Despite this difficulty, it has been shown that considering a
direct link can provide a valuable multiplexing gain as well
as a diversity order [12]. The local optimal source-relay single
stream beamforming design in terms of maximizing the endto-end signal-to-noise ratio (SNR) was developed based on a
gradient ascent method [13]. The authors in [14] have studied
a source-relay joint filter design for the capacity maximization
with multiple-stream transmissions. Recently, a data transmission protocol which chooses one of the source-relay-destination
link or source-to-destination direct link based on the outage
probability has been proposed in [15]. In [16], the local optimal
MMSE source-relay joint filter design resorting to an iterative
gradient method was introduced and the MSE matrix diagonalizing source and relay filter method was studied in [17].
Also, under the assumption of no CSI at the source node, a
closed-form relay filter with respect to the MMSE criterion was
investigated in [18].
In cooperative MIMO AF relaying systems, the optimal
closed-form solution of source-relay joint designs has still
not been found even for the single stream transmission case.
Although a gradient algorithm successfully maximizes the endto-end SNR, it is hard to obtain useful insights and a simple
closed-form solution for the source-relay joint optimization
which achieves near optimal performance has not been investigated. In this paper, we provide a new closed-form beamforming design at the source and the relay for the cooperative MIMO
AF relaying systems. It is well known that the end-to-end SNR
of the cooperative relaying systems is non-convex with respect
to the source beamforming vector [13]. To solve this problem,
we first derive a new expression for the end-to-end SNR. Then
we address a lower bound of the end-to-end SNR in terms of the
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harmonic mean of two individual SNRs for broadcast channels
(BC) and multiple access channels (MAC).
By employing the lower bound of the end-to-end SNR, we
determine the source and relay beamforming vectors with a
non-iterative manner assuming only local CSI at the source
and the relay. However, in the presence of the direct link,
identifying a source beamforming vector in closed-form is still
intractable due to the fact that two individual SNRs are related
to the source beamforming vector. Instead, in terms of each
individual SNR, the optimal source beamformer can readily be
obtained. Inspired by this observation, we propose an adaptive
beamforming scheme for the source beamforming vector by
judiciously selecting one of two beamforming vectors which
maximize each individual SNR.
Also, we perform a diversity order analysis of our proposed
beamforming technique.1 Our analytical result shows that the
proposed scheme achieves a full diversity order of cooperative
MIMO AF relaying systems. Although it was shown in [20]
that the end-to-end SNR maximizing antenna selection method
achieves the full diversity as well, our beamforming scheme
also exhibits dramatically improved coding gain performance.
Moreover, from the numerical results, it is confirmed that the
proposed beamforming technique shows little performance loss
compared to the gradient based iterative algorithm with much
reduced complexity and our analytical work matches well with
the simulation results.
The organization of the paper is as follows: Section II
presents the system model for cooperative MIMO AF relaying
systems. A new beamforming technique optimizing the end-toend SNR is introduced in Section III. Section IV shows that
the proposed scheme achieves a full diversity using the average
bit error rate (BER) analysis. Through the simulation results
in Section V, we confirm the effectiveness of our proposed
scheme. Finally, our conclusions are drawn in Section VI.
Throughout the paper, the following notations will be used.
The uppercase boldface, lowercase boldface and normal letters
represent matrices, vectors and scalars, respectively. The operator (·)H , (·)T ,  · , E[·] and Tr(A) denote conjugate transpose,
transpose, Euclidian 2-norm, expectation and trace of a matrix
A, respectively, and IN is an N × N identity matrix.
II. S YSTEM M ODEL
In this paper, we consider cooperative MIMO AF relaying
systems with a non-negligible direct link between the source
and the destination. The source, relay, and destination nodes
are equipped with NS , NR , and ND antennas, respectively, as
shown in Fig. 1. We assume that global CSI is available at the
destination, but only local CSI is required at the source and the
relay, i.e., the source knows the CSI of the source-to-relay link
and the source-to-destination link, and the relay has the CSI of
the source-to-relay link and the relay-to-destination link. It is
1 In the conference version [19] of this paper, we have proposed an MSE
minimizing beamforming technique instead of SNR maximization. Also, the
analysis for the diversity order of the proposed scheme was not addressed.
Since the SNR maximization is a more suitable approach for a single stream
transmission, we have changed the way of addressing the problem from the
MSE to the SNR in this paper.
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Fig. 1. Transmit beamforming model for cooperative MIMO AF relay
systems.

assumed that the relay operates in a half-duplex mode, and thus
data transmission occurs in two separate time slots.
In the first time slot, the source broadcasts a single data
stream both to the relay and the destination. Then, the received
signal at the relay yR ∈ CNR ×1 and the signal at the destination
yD,1 ∈ CND ×1 can be, respectively written as
yR = HSR fS x + nR

and

yD,1 = HSD fS x + nD,1 ,

where HSR ∈ CNR ×NS and HSD ∈ CND ×NS are the channel
matrices for the source-to-relay and source-to-destination link,
respectively, nR ∈ CNR ×1 and nD,1 ∈ CND ×1 denote the noise
vector at the relay and the destination, respectively, x represents the data symbol with E[|x|2 ] = ρ and fS ∈ CNS ×1 stands
for the source beamforming vector. Here, the source power
constraint is satisfied with E[fS 2 ] ≤ PS /ρ where PS is the
maximum transmit power allowed for the source node.
In the second time slot, the relay node forwards its data
to the destination after multiplying the received signal by the
relay transceiver G ∈ CNR ×NR . Then, the received signal at
the destination is given by
yD,2 = HRD GyR + nD,2 ,
where HRD ∈ CND ×NR and nD,2 ∈ CND ×1 indicate the
relay-to-destination channel matrix and the noise vector at the
destination in the second time slot, respectively. The power
constraint at the relay node is expressed as E[GyR 2 ] ≤ PR
where PR is the power budget available at the relay node. Here,
we assume that all channel matrices are drawn from an independent and identically distributed (i.i.d.) complex Gaussian
2
2
2
, σSD
, and σRD
distribution with zero mean and variances σSR
for HSR , HSD , and HRD , respectively. The SNRs between
Δ 2
Δ
PS , SNRSD =
each channel link are defined as SNRSR = σSR
Δ

2
2
PS and SNRRD = σRD
PR for the source-to-relay, sourceσSD
to-destination and relay-to-destination links, respectively. Also,
it is assumed that all noise terms are additive white Gaussian
noise with zero mean and unit variance.
Now, we represent the received signal vector of length 2ND
at the destination over two consecutive time slots as

 



yD,1
HSD fS
nD,1
yD =
=
x+
,
yD,2
HRD GHSR fS
nD

where nD = HRD GnR + nD,2 equals the effective noise vector at the second time slot with covariance matrix RnD =
HRD GGH HH
RD + IND .
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Then, the estimated data symbol x̂ is obtained by multiplying
the linear combining vector wD to the received signal yD
H
as x̂ = wD
yD . For given fS and G, the end-to-end SNR of
a relaying system maximizing receive combining vector wD ,
which is also known as the Wiener filter, is easily derived
as [21]
1
hw ,
wD = 
2
 − 12

RnD HRD GHSR fS  +HSD fS 2 +1/ρ

(1)

T T

Δ

where hw = [(HSD fS )T (R−1
nD HRD GHSR fS ) ] . Throughout this paper, we assume that the optimal receive combining
vector (1) is adopted at the destination. Then, the corresponding
end-to-end SNR γ can be denoted as


2

 − 12
2
γ(fS , G) = ρ RnD HRD GHSR fS  +HSD fS  . (2)
In the following section, we will jointly optimize the source
beamformer fS and the relay transceiver G in closed-form.
III. P ROPOSED B EAMFORMING T ECHNIQUE
In this section, we propose a beamforming technique based
on SNR maximization for cooperative MIMO AF relaying
systems. For a given destination receive combining vector (1),
the problem which optimizes the source beamforming vector
and the relay transceiver is written as
max
fS ,G

s.t.

γ(fS , G)


Tr ρfS fSH ≤ PS
 H
 
≤ PR .
Tr G ρHSR fS fSH HH
SR + INR G

(4)

In the following lemma, we introduce a new expression of γ
which makes the problem (3) more tractable.
Lemma 1: Given the optimal structure of the relay filter
H
and wR in (4), the end-to-end SNR in (2) can be
G = fR wR

(5)

Δ

Δ

and ζ = 1/(HSD fS 2 + 1/ρ).
Proof: See the Appendix.

It is remarkable that the derived SNR expression for cooperative relaying systems is similar to the one reported in
two-hop relaying systems [13] which is given as γ two−hop =
γ S γ R /(γ S + γ R + 1) where γ S and γ R represent the sourceto-relay link SNR and the relay-to-destination link SNR,
respectively. Alternatively, in [22], it was shown that the end-toend SNR for the two-hop relaying systems can be expressed as
γ two−hop = (γ SR γ RD − 1)/(γ SR + γ RD + 2) where γ SR =
ρHSR fS 2 and γ RD = ρ(HRD fR 2 + 1/ξ) − 1 with ξ =
ρHSR fS 2 /(HSR fS 2 + 1/ρ). Note that when the direct
link HSD is ignored, ω in (5) is identical to ξ. Therefore, the
SNR expression (5) is a general extension of the end-to-end
SNR for the two-hop relaying systems. Unlike the conventional
end-to-end SNR expression in [13], the derived expression is
given as the harmonic mean of two individual SNRs and this
allows us to obtain a simple closed-form beamforming solution
and analyze the diversity order of the proposed scheme.
Unfortunately, the reformulated γ in (5) is still too complex
owing to 1/ω in γ M AC . Therefore, we exploit an upper bound
of ω to simplify the problem as
ζHSR fS 2
HSR fS 2 + 1/ζ

=ζ −

1
≤ ζ,
HSR fS 2 + 1/ζ

(6)

where the inequality follows from the fact that HSR fS 2 +
1/ζ ≥ 0. Plugging the upper bound of ω in (6) into (5), we have
a lower bound of the end-to-end SNR as
γ(fS , fR ) ≥

It is well-known that for given wD and fS , the optimal
relay transceiver G is a rank-one matrix and can be factorized
H
where fR ∈ CNR ×1 and wR ∈ CNR ×1 are the
as G = fR wR
relay transmit beamforming vector and the relay receive combining vector, respectively [13]. Also, the rate maximizing relay
receive combining vector should match to the effective source
to relay channel HSR fS . Therefore, without loss of generality,
we employ wR as

γ BC (fS )γ M AC (fS , fR ) − 1
,
γ BC (fS ) + γ M AC (fS , fR ) + 2

where we define γ BC (fS ) = ρ(HSR fS 2 + HSD fS 2 ) and
Δ
Δ
H
γ M AC(fS ,fR ) = ρ(HRD fR 2+1/ω)−1 with ω = ζwR
HSR fS

(3)

A. Harmonic Mean Expression of γ

1
HSR fS .
HSR fS 2 + HSD fS 2 + 1/ρ

γ(fS , fR ) =

ω=

This joint optimization problem is non-convex, and thus it is
quite difficult to directly find an analytical closed-form solution
for fS and G. To solve this problem, as a first step, we will show
that SNR in (2) can be lower bounded by the harmonic mean
of two individual SNRs which correspond to the BC channels
(HSD and HSR ) and the MAC channels (HSD and HRD ).

wR =

expressed as

γ BC (fS )γ M AC (fS , fR ) − 1
,
γ BC (fS ) + γ M AC (fS , fR ) + 2

where we define the lower bound of γ M AC (fS , fR ) as
Δ
γ M AC (fS , fR ) = ρ(HRD fR 2 + HSD fS 2 ).
Then, the high SNR approximation of the lower bound of
γ(fS , fR ) becomes
γ BC (fS )γ M AC (fS , fR ) − 1
M AC
(fS , fR ) + 2
S) + γ

γ BC (f

γ BC (fS )γ M AC (fS , fR )
M AC
(fS , fR )
S) + γ


1
= μH γ BC (fS ), γ M AC (fS , fR )
2


1
≥ min γ BC (fS ), γ M AC (fS , fR ) ,
2

≈

γ BC (f

(7)
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Δ

where μH (x, y) = 2xy/(x + y) denotes the harmonic mean of
two variables and the inequality follows from the harmonic
mean inequality, i.e., min(x, y) ≤ μH (x, y) ≤ 2 min(x, y).
Note that γ BC and γ M AC are determined by the BC channels
(HSR and HSD ) and the MAC channels (HRD and HSD ),
respectively. To efficiently solve the non-convex optimization
problem in (3), we utilize the lower bound in (7) instead of (2)
for the following beamforming design.
Now, we briefly address the tightness of the bounds
in (6) and (7). Since HSR fS 2 + 1/ζ = HSR fS 2 +
HSD fS 2 + 1/ρ, the bound in (6) becomes tight when either SNRSR or SNRSD grows. Meanwhile, in (7), the equality holds when γ BC (fS ) = γ M AC (fS , fR ), i.e., HSR fS 2 =
HRD fR 2 . Thus, we can conclude that the lower bound in
(7) approaches γ(fS , fR ) in (5) as PS increases with SNRSR ≈
SNRRD .
B. Beamforming Design
In this subsection, we propose a non-iterative beamforming
technique which maximizes the lower bound of the SNR. By
employing the results in (4) and (7), the source-relay joint
optimization problem is reformulated as


max min γ BC (fS ), γ M AC (fS , fR )
fS ,fR

s.t.

Tr



ρfS fSH



Each of the above problems is the well-known optimization
problem in conventional MIMO systems derived in [23].
Let us introduce eigenvalue decomposition (EVD) as
H
H
H
HH
SD HSD = USD ΛSD USD and HSR HSR + HSD HSD =
H
NS ×NS
and UBC ∈ CNS ×NS
UBC ΛBC UBC where USD ∈ C
are unitary rotation matrices, and ΛSD ∈ CNS ×NS and ΛBC ∈
CNS ×NS represent diagonal matrices with eigenvalues λSD,i
and λBC,i in descending order on the main diagonal, respectively. We denote the ith column of the unitary matrix USD
and UBC as uSD,i and uBC,i , respectively. Then, solutions for
the problems in (8) and (9) can be derived as
fS,1 =

Before discussing a beamforming scheme, let us look at γ BC
and γ M AC . As shown in (7), for a given fS , a lower bound
of γ maximizing fR can be easily derived since fR is related
only to γ M AC . In contrast, for the case of optimizing the source
beamforming vector fS , it is difficult to obtain a closed-form
solution, since fS affects not only γ BC but also γ M AC .
It is interesting to note that as SNRSR increases, γ BC becomes larger, whereas γ M AC remains constant. On the other
hand, when SNRRD grows, γ BC does not change while γ M AC
is increased. Therefore, when SNRSR is much larger than
SNRRD , γ M AC should be maximized to maximize the minimum of γ BC and γ M AC . For the same reason, γ BC becomes
dominant when SNRSR is much smaller than SNRRD . Also,
note that although identifying fS which maximizes a lower
bound of γ is intractable, each beamforming vector maximizing
γ BC and γ M AC separately can readily be computed. Motivated
by these observations, we propose an adaptive beamforming
method which judiciously selects one source beamforming
vector fS between two vectors maximizing γ BC and γ M AC .
First, we consider two individual problems for the source
beamforming vector fS which are given as
fS,1 = arg max γ BC (fS )


fS


s.t. Tr ρfS fSH ≤ PS ,

(8)

PS
uSD,1 .
ρ

fS,2 =

(10)

fR


s.t. Tr ηk fR fRH ≤ PR ,


(11)
Δ

H
H
where ηk= wR,k
(ρHSR fS,k fS,k
HH
SR +INR )wR,k with wR,k =
2
HSR fS,k /(HSR fS,k  + HSD fS,k 2 + 1/ρ).
H
Employing the EVD to HH
RD HRD as HRD HRD =
H
URD ΛRD URD , a closed-form solution for the problem in (11)
becomes

fR,k =

PR
uRD,1
ηk

for

k = 1, 2

(12)

where uRD,i stands for the ith column of the unitary matrix
URD . Note that only the scaling factor ηk is related to fS,k
and uRD,1 which determines the beamforming direction is
independent of fS,k .
It appears that CSI of the direct link channel HSD is required
at the relay to compute the relay transceiver since both fR,k and
wR,k depend on HSD . However, the overall relay transceiver
Δ

H
Gk = fR,k wR,k
does not require the CSI of HSD since HSD
related terms are completely canceled as

Gk =

PR
H
uRD,1 fS,k
HH
SR ,
τk

(13)

where τk = HSR fS,k 2 (ρHSR fS,k 2 + 1).
Until now, we have derived two sets of the closedform source and relay beamforming vector (fS,1 , fR,1 ) and
(fS,2 , fR,2 ). Finally, between these two solutions, we select one
set (f̂S , f̂R ) which achieves a higher SNR γ as
(f̂S , f̂R ) =

fS

(9)

and

fR,k = arg max γ M AC (fS,k , fR )

fS,2 = arg max γ M AC (fS , fR )


s.t. Tr ρfS fSH ≤ PS .

PS
uBC,1
ρ

It is worthwhile to note that the difference between these two
solutions is the channel to which each solution is aligned. In
other words, fS,1 is aligned to the principle eigenvector of the
combined channel matrix [HSD HSR ], whereas fS,2 takes into
account only the source-to-destination channel HSD .
Now, we consider solutions for the relay beamforming vector
fR . For a fixed source beamforming vector fS,k (k = 1, 2), fR
is optimized by solving the following problem

≤ PS





H
H
ρHSR fS fSH HH
Tr fR wR
SR + INR wR fR ≤ PR .
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Δ

(fS,1 , fR,1 )
(fS,2 , fR,2 )
Δ

if γ1 ≥ γ2
otherwise

where γ1 = γ(fS,1 , fR,1 ) and γ2 = γ(fS,2 , fR,2 ).

(14)
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The algorithm of the proposed scheme is summarized as
follows: First, the destination selects one of two solutions
according to (14) and informs the source about which solution
is chosen. Based on the information from the destination and
local CSI, the source computes f̂S and transmits the signal f̂S x
both to the relay and the destination. Then, the relay calculates the relay transceiver in (13) and forwards the amplified
signal GyR to the destination. Finally, the data symbol x is
estimated at the destination by employing the linear combining
vector in (1). Note that since the relay estimates the effective channel HSR f̂S between the source and the relay, only
local CSI is required at the relay to compute the transceiver
in (13).
The proposed beamforming technique is obviously suboptimal, but this method provides an insightful closed-form solution and makes further analysis tractable. A better solution
may be possible by combining fS,1 and fS,2 . However, as
will be shown in Section V, the proposed technique shows
negligible performance loss compared to the gradient-based
iterative algorithm with much reduced complexity. Thus, the
proposed method is sufficient as a practical solution.

by applying the harmonic mean inequality, γ̂ = max(γ1 , γ2 )
can be lower bounded as





1
max min γ1BC , γ1M AC , min γ2BC , γ2M AC
2




1
min γ1BC , γ1M AC + min γ2BC , γ2M AC
≥
4




1
AC
AC
min γ1BC , γ M
+ min γ2BC , γ M
,
≥
1
2
4

γ̂ ≥

where the second inequality follows from the fact that the
maximum of two variables is greater than the average of the
AC Δ M AC
two, and γ M
=γ
(fS,k , fR,k ) for k = 1, 2.
k
AC
, the lower bound
Plugging (10) and (12) into γkBC and γ M
k
BC
M AC
can be derived as
of γk and γ k

AC
γM
1

γ2BC
AC
γM
2

IV. D IVERSITY A NALYSIS
In this section, we will derive an achievable diversity order
of the proposed scheme. For simplicity, we assume PS = PR =
P0 /2. Note that our result can readily be extended to more
general configurations. The average BER of a system with
instantaneous SNR γ can be expressed as [24]

α
BER =
log2 M

∞

Q(

βγ)fγ (γ) dγ,

(15)

(17)

where λRD,1 represents the largest eigenvalue of HH
RD HRD .
In addition, we obtain an upper bound of ηk at high SNR as


1
H
H
ηk = ρwR,k
I
HH
+
HSR fS,k fS,k
wR,k
N
SR
ρ R


H
H
H
ρfS,k
HH
SR HSR fS,k fS,k HSR + 1/ρINR HSR fS,k
=
(HSR fS,k 2 + HSD fS,k 2 + 1/ρ)2
ρHSR fS,k 4
(HSR fS,k 2 + HSD fS,k 2 )2
≤ ρ.
≈

0

√
where M denotes the modulation level, α = 4(1 − 1/ M ),
β = 3/(M − 1) and Q(·) is the well-known Q-function. In
the high-SNR regime, when the instantaneous SNR of the
system is given as γ = γμ with a deterministic positive quantity γ and the probability distribution function (PDF) of the
channel-dependent parameter μ can be written as fμ (μ) =
aμD−1 + o(μD−1 ), the average BER of the system (15) can be
calculated as
BER = (Gc · γ)−D + o(γ −D ),

P0
λBC,1 ,
2
P0 ρ
≥
λRD,1 ,
2 η1
P0
≥ λSD,1 ,
2


P0 ρ
≥
λRD,1 + λSD,1 ,
2 η2

γ1BC =

(16)

where Gc is a coding gain and D is a diversity order.
The instantaneous SNR of the proposed scheme γ̂ is determined as γ̂ = max(γ1 , γ2 ). To compute an achievable diversity
order of the proposed scheme, we derive a lower bound of
γ̂ and its PDF. First, from the source and relay beamforming
solutions in (10) and (12), we obtain a lower bound of γ̂.
The SNR parameter γk can be approximated as a harmonic
mean of γkBC and γkM AC as in (5) at high SNR where we
Δ
Δ
define γkBC = γ BC (fS,k ), γkM AC = γ M AC (fS,k , fR,k ). Then

(18)

AC
Employing (18), γ M
in (17) can be bounded by
k

P0
λRD,1 ,
2
P0
≥ (λRD,1 + λSD,1 ).
2

AC
γM
≥
1
AC
γM
2

Finally, a lower bound of the γ̂ is obtained as
P0
(min(λBC,1 , λRD,1 ) + λSD,1 )
8
P0
min(λBC,1 , λRD,1 + λSD,1 ).
≥
8

γ̂ ≥

(19)

Before we address the PDF of ν = min(λBC,1 , λRD,1 +
λSD,1 ), we introduce several lemmas which are useful for
derivations.
Δ
Lemma 2 ([25]): We define W = min(X1 , X2 , . . . , XN )
where Xk indicates a positive random variable. Then, for
a small δ (i.e., δ → 0+ ), the PDF of W equals fW (δ) =
fX1 (δ) + fX2 (δ) + · · · fXN (δ) where fXk (·) denotes the PDF
of Xk .
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TABLE I
T HE N UMBER OF F LOATING P OINT O PERATIONS OF THE T RANSMISSION T ECHNIQUES

Lemma 3: Let us denote two independent and polynomially
distributed random variables X ≥ 0 and Y ≥ 0, i.e., fX (x) =
c1 xα−1 and fY (y) = c2 y β−1 where c1 and c2 are constants and
α ≥ 1 and β ≥ 1. Then, the PDF of Z = X + Y is obtained by
fZ (z) = c3 z α+β−1 where c3 = (c1 c2 (α − 1)!(β − 1)!)/(α +
β − 1)!.
Proof:
 z The PDF of Z is given as a convolution form as
fZ (z) = 0 c1 c2 sα−1 (z − s)β−1 ds. Then, we can easily com
pute fZ (z) by solving the integral. We skip the details.
Also, it is well known that the first-order expansion of
the PDF of the kth largest eigenvalue of an m × m complex
Wishart matrix HH H with a complex Gaussian matrix H ∈
Cn×m can be approximated as [26]
(m−k+1)+ (n−k+1)+ −1

fλk (λk ) ≈ cλk λk

for

λk → 0+

where cλk is a constant and (x)+ equals max(x, 0). Therefore,
we readily compute the PDF of λBC,1 , λRD,1 , and λSD,1 as
NS (NR +ND )−1
fλBC,1 (λBC,1 ) ≈ cBC,1 λBC,1
,
fλRD,1 (λRD,1 ) ≈
NR ND −1
S ND −1
cRD,1 λRD,1
and
fλSD,1 (λSD,1 ) ≈ cSD,1 λN
,
SD,1
respectively.
From Lemma 3, we can derive the PDF of fλRD,1 +λSD,1 (x)
as
fλRD,1 +λSD,1 (x) ≈ c0 xNR ND +NS ND −1 ,
where c0 = (cRD,1 cSD,1 (NR ND −1)!(NS ND −1)!)/(NR ND +
NS ND − 1)!. Then, by employing the result in Lemma 2, the
PDF of ν is obtained as
fν (x) ≈ cBC,1 xNS (NR +ND )−1 + c0 xNR ND +NS ND −1
≈ cν xD−1 + o(xD−1 ),

(20)
Δ

where cν is a constant and we define D = min(NS (NR +
ND ), NR ND + NS ND ) = NS ND + NR min(NS , ND ).
Plugging (19) and (20) into (15), the average BER of the
proposed scheme can be bounded as


∞
βP0
α
ν fν (ν) dν.
BER ≤
Q
log2 M
8
0

Finally, using (16), the upper bound of the average BER in the
high SNR regime is given by


(21)
BER ≤ κP0−D + o P0−D ,
where κ indicates a constant. As a result, our proposed scheme
achieves the diversity order D, which equals the full diversity
order for relaying systems with direct link [20].

V. S IMULATION R ESULTS
In this section, we present the numerical results to demonstrate the efficiency of the proposed beamforming technique
and provide insightful observations. We use the notation (NS ×
NR × ND ) to denote a system with NS source, NR relay and
ND destination antennas. We compare the average BER performance of the proposed scheme with the following conventional
schemes.
• Antenna selection: a source and relay antenna selection
scheme is performed to maximize the end-to-end SNR
with the Wiener filter at the destination [20].
• MMSE-BF: a source beamforming vector and a relay
amplifying matrix are computed to minimize the MSE for
the single stream case [17].
• Two-hop optimal: an optimal solution which maximizes
the end-to-end SNR of the relaying systems without direct
link is applied [13].
• Gradient ascent: a gradient ascent algorithm with 5 initial
points is performed to find the beamforming vector for the
end-to-end SNR maximization problem [13].2
From now on, we focus on the complexity issue in detail.
We compare the computational complexity of the proposed
scheme and conventional schemes in terms of floating point
(flop) operations. The flop evaluation is performed according
to [27] and [28] as
• Multiplication of m × n and n × p matrices: 2mnp.
• Inversion of an m × m matrix with a Gauss-Jordan elimination method: 4m3 /3.
• Computation of the maximum singular value and its
singular vector from an m × n matrix: (4mn + 2m +
2n)Nsvd + 2n where Nsvd denotes the number of iterations in the power method algorithm.
For simplicity, we assume NS = NR = ND = N . Then, the
required flops for each scheme can be summarized as shown
in Table I. Here, Nini , Nitr , and Nstep indicate the number of
initial points, the iteration number required for the convergence
of the gradient ascent algorithm and the iteration number for
the step size determination, respectively. We have confirmed
that Nsvd = 4 is enough for the power method. Thus, for example, when N = 5, the proposed scheme obtains almost 87%
complexity savings compared to the gradient ascent scheme,
since the required number of flops of the proposed scheme is
2 Due to non-convexity of the problem in (3), we should extensively repeat
local optimization with multiple initial points and choose the best one among
the computed local solutions. We have confirmed from computer simulations
that the gradient scheme with more than 5 initial points yields only negligible
performance gain.
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Fig. 2. BER performance comparison as a function of P0 .

2857 while that of the gradient ascent scheme equals 22308
even for the case of Nini = 1. As a result, we can conclude
that the complexity of the proposed scheme is significantly reduced compared to the gradient ascent scheme. Meanwhile, the
required number of flops for the antenna selection, MMSE-BF,
two-hop optimal schemes are similar to that of the proposed
scheme as 1893, 3573 and 1640, respectively.
In Figs. 2 to 4, the average BER performance for AF
MIMO relaying systems with QPSK constellation is evaluated.
Fig. 2 illustrates the average BER performance for (2 × 1 ×
1), (2 × 2 × 1), and (2 × 1 × 2) cooperative relaying systems
2
=
with SNRSR = SNRRD = SNRSD . Here, we assume σSR
2
2
= σSD
= 1 and PS = PR = P0 /2 where P0 represents
σRD
the total transmit power. We can see that for all antenna configurations, the proposed closed-form solution provides the performance almost identical to the gradient ascent scheme with
much reduced complexity. Also, from the result of Section IV,
the diversity order for (2 × 1 × 1), (2 × 2 × 1), and (2 × 1 ×
2) systems are computed as 3, 4 and 6, respectively, which are
well matched with the simulated curves. From these results,
we can observe that for fixed NS , an increase of ND is more
beneficial than that of NR in terms of the diversity order.
Fig. 3 plots the average BER performance for (3 × 2 × 3)
systems as a function of SNRSD when SNRSR and SNRRD are
fixed at 8 dB. The proposed technique significantly outperforms
the antenna selection method and shows little performance
loss compared to the gradient ascent scheme. As expected,
as SNRSD increases, the performance gap between the twohop optimal scheme and the proposed scheme grows, since
the two-hop optimal scheme only optimizes the source-relaydestination link and does not take into account the valuable
direct link. Although, the MMSE-BF scheme considers the
direct link for multiple stream transmission, the source beamforming vector and the relay transceiver in MMSE-BF become
identical to that of the two-hop optimal scheme for the single
stream case. Therefore, the MMSE-BF scheme shows the same
performance as that of the two-hop optimal scheme.
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Fig. 3. BER performance comparison as a function of SNRSD with
SNRSR = SNRRD = 8 dB.

Fig. 4. BER performance comparison as a function of SNRSR with
SNRSD = SNRSR − 10 dB and SNRRD = 5 dB.

In Fig. 4, the average BER performance for (3×3×3)
systems is exhibited as a function of SNRSR when SNRRD
is set to 5 dB. We consider SNRSD = SNRSR −10 dB to
illustrate the case where the source-to-destination direct link
channel experiences relatively severe path loss compared to
the source-to-relay link. Since the antenna selection scheme
exploits only one antenna at the source and the relay, the
proposed method provides a substantial gain compared to
the antenna selection scheme and we can expect a significant
improvement in performance for the system with large NS
and NR . The fixed SNRRD incurs a bottleneck effect on the
source-relay-destination link, and thus, the performance of
the schemes which do not consider the direct link is limited
by the relay-to-destination link condition. On the other hand,
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Fig. 5. MAC selection probability with NS = NR = ND = 3 and
SNRSD = 5 dB.

Fig. 6. MAC selection probability with NS = NR = ND = 3 and
SNRRD = 7.5 dB.

since the proposed scheme takes into account not only the
source-relay-destination link but also the direct link, we obtain
almost the same performance as the gradient ascent scheme.
In Figs. 5 and 6, we plot the histograms of the probability of
choosing (fS,2 , fR,2 ) instead of (fS,1 , fR,1 ) to provide useful insights for source beamforming designs. Since fS,2 is computed
to optimize γ M AC in (7), we denote the probability of choosing
(fS,2 , fR,2 ) as the MAC selection probability. Note that the
main difference between these two cases is the channel, namely
the combined channel matrix [HSD HSR ] or HSD to which
each source filter is aligned. In Fig. 5, we present the MAC
selection probability for cooperative relaying systems with
NS = NR = ND = 3 and SNRSD = 5 dB in various SNRSR
and SNRRD . One might think that the source beamforming
vector should be matched to the well-conditioned link channel
matrix to maximize the end-to-end SNR. However, as shown
in Fig. 5, the source beamforming vector is selected to be
matched to HSD , not [HSD HSR ] as SNRSR increases. The
reason can be explained as follows: As shown in (5), γ can
be approximated as the harmonic mean of γ BC and γ M AC .
When SNRSR grows, γ BC increases but γ M AC decreases.
Thus, to maximize γ, optimizing γ M AC is more efficient than
optimizing γ BC which is already large enough. Also, since
γ M AC is increased with SNRRD , it is observed that the source
beamforming vector tends to be matched to the BC channels as
SNRRD becomes large. From these observations, we find that
when SNRSR is larger than SNRRD , aligning the source beamforming vector always to the direct link channel HSD provides
the almost identical performance to that of the adaptive scheme
which shows negligible performance degradation compared
to the gradient ascent one. In the same way, when SNRSR

is smaller than SNRRD , we obtain the performance by only
matching the source beamforming vector to the combined channel [HSD HSR ]. Note that for a given SNRSD , the difference
between SNRSR and SNRRD is determined by the position of
a relay node. For example, the systems with SNRSR > SNRRD
can be interpreted as relaying systems where the relay is located
close to the source. Therefore, the probability of MAC selection
is related to the position of the relay, i.e., the MAC selection
probability increases as the relay is placed closer to the source,
and vise versa.
In Fig. 6, we compare the MAC selection probability with
different SNRSD and SNRSR when NS = NR = ND = 3 and
SNRRD = 7.5 dB. Due to the fact that not only γ BC but
also γ M AC increase as SNRSD grows, monotonicity of the
MAC selection probability is not observed in Fig. 6. Note
that from (6), 1/ω in γ M AC becomes 1/ω = HSD fS 2 +
1/ρ + (HSD fS 2 + 1/ρ)2 /HSR fS 2 . It follows that γ M AC
increases faster than γ BC as SNRSD gets larger. Therefore,
it can be inferred that the MAC selection probability will
converge to zero as SNRSD grows. Note that, in practical
relaying systems, the case of SNRSD > SNRSR rarely occurs
and, when SNRSD ≤ SNRSR , it is observed that MAC selection
probability monotonically increases as SNRSD grows. Therefore, in practice, an increment of SNRSD will normally lead to
the high probability of the MAC selection. As expected, when
SNRSR becomes larger, the higher MAC selection probability is
also observed. Throughout simulation results, we confirm that
adaptively choosing one of γ BC and γ M AC maximizing source
filter provides good performance with low computational
complexity.
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VI. C ONCLUSION
In this paper, we have proposed a new source-relay joint
beamforming technique for the end-to-end SNR maximization
in cooperative MIMO AF relaying systems. We have first
derived a lower bound expression for the end-to-end SNR as
the harmonic mean of two individual SNR which is relevant to
the BC channel and MAC channel, respectively. Then, we have
provided an insightful non-iterative closed-form source-relay
joint solution by selecting a beamforming solution. Also, using
the average BER analysis, we have shown that the proposed
scheme achieves the full diversity of the cooperative MIMO AF
relaying systems. From the simulation results, it is confirmed
that the proposed technique exhibits a negligible performance
loss compared to the gradient based iterative algorithm with
much reduced complexity and our analytical work accurately
predicts the diversity order of our scheme. To further improve
the system capability, we may consider the relaying systems
with multiple data streams. An extension to the system with
multiple data streams is an interesting future work.
A PPENDIX
P ROOF OF L EMMA 1
H
Invoking the relaying amplifying matrix G = fR wR
, the
end-to-end SNR γ in (2) becomes


−1
H H
H
H H
γ = ρ fSH HH
SR wR fR HRD HRD fR wR wR fR HRD +IND

H
× HRD fR wR
HSR fS +HSD fS 2

H H
H
= ρ fSH HH
SR wR fR HRD HRD fR wR



−1

H
× wR fRH HH
RD HRD fR wR +INR

× HSR fS +HSD fS 2


H H
H
H
+
= ρ fS HSR wR wR wR wR


1
IN
HRD fR 2 R

−1

× HSR fS + HSD fS 2

=ρ

=ρ

H
fSH HH
SR wR wR HSR fS
+ HSD fS 2
wR 2 + 1/HRD fR 2



H
2
HRD fR 2 fSH HH
SR wR wR HSR fS /wR 
HRD fR 2 + 1/wR 2

+ HSD fS 2 .

Since wR = HSR fS /(HSR fS 2 + HSD fS 2 + 1/ρ), it
follows


HRD fR 2 HSR fS 2
2
+
H
f

γ =ρ
SD
S
HRD fR 2 + 1/wR 2



= ρ HRD fR 2 HSR fS 2 + HSD fS 2


+ HSD fS 2/wR 2 / HRD fR 2+1/wR 2 . (22)

Here, 1/wR 2 can be derived as

2
HSR fS 2 + HSD fS 2 + 1/ρ
1
=
wR 2
HSR fS 2
= HSR fS 2 + HSD fS 2 +

1
1
+ ,
ρ ω

(23)

where ω is defined as
Δ

ω=
=

HSR fS 2
(HSR fS 2 + HSD fS 2 + 1/ρ) (HSD fS 2 + 1/ρ)
H
HSR fS
wR
.
HSD fS 2 + 1/ρ

Then, we have
HSD fS 2 HSR fS 2 +HSD fS 2
=
wR 2
ω


HSR fS 2 
−
− HSR fS 2+HSD fS 2+1/ρ
ω

× HSD fS 2


 1 1
1
= HSR fS  +HSD fS 
−
− 2 . (24)
ω ρ
ρ


2

2

Substituting (23) and (24) into (22), γ can be expressed as



HSR fS 2+HSD fS 2 HRD fR 2+1/ω−1/ρ −1/ρ2
γ =ρ
HSR fS 2+HSD fS 2+HRD fR 2+1/ω+1/ρ

 
 
ρ HSR fS 2 +HSD fS 2 ρ HRD fR 2 +1/ω −1 −1
.
=
ρ(HSR fS 2 +HSD fS 2)+ρ(HRD fR 2 +1/ω)+1
This concludes the proof.
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