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Abstract—In this paper, we study bit allocation and pairing
methods based on distributed zero forcing beamforming for downlink multi-user distributed antenna (DA) systems with limited
feedback. Before assigning the feedback bit for each DA port, we
need to solve the pairing issue that determines the set of DA ports
to support a user. To this end, we first analyze an upper bound
of a mean rate loss between perfect channel state information
systems and limited feedback systems. Since minimizing the obtained bound is a joint optimization problem with respect to the
pairing and the bit allocation, it is difficult to identify a solution
analytically. Instead, we propose a two-step algorithm that derives
the pairing based on the bound of the rate loss and then obtain
the non-iterative bit allocation method independently. To further
improve the performance, an enhanced feedback bit allocation
algorithm is also proposed by applying an iterative optimization
technique. In addition, we investigate a scaling law of limited
feedback systems to maintain a constant rate loss as signal-to-noise
ratio increases. From simulation results, we confirm that the
proposed algorithms offer about 135% performance gains over a
conventional scheme for five DA port systems and verify that our
analysis is well matched with the numerical results.
Index Terms—Distributed antenna systems, limited feedback
systems, feedback bit allocation, user pairing techniques.

I. I NTRODUCTION

I

N recent years, distributed antenna systems (DAS) where
multiple antenna units are separately located in a cell have
received attentions owing to its potential for the extended cell
coverage and the increased system capacity. Unlike conventional centralized antenna systems (CAS) where all antennas
are co-located at the cell center, separated distributed antenna
(DA) ports in the DAS reduce the access distance as well
as the transmit power and co-channel interference, and thus
can achieve improved cell-edge performance [1]–[6]. Several
researches in DAS have been dedicated for analyzing the performance [7]–[11] and determining the location of DA ports
Manuscript received September 3, 2013; revised January 13, 2014 and
April 30, 2014; accepted June 23, 2014. Date of publication July 11, 2014;
date of current version August 20, 2014. This work was supported by Communications Research Team (CRT) of DMC R&D Center, Samsung Electronics
Company, Ltd., and in part by the National Research Foundation of Korea
(NRF) under a grant funded by the Korea government (MEST 2010-0017909).
The editor coordinating the review of this paper and approving it for publication
was was B. Clerckx.
H. Lee, H. Park, and I. Lee are with the School of Electrical Engineering, Korea University, Seoul 136-701, Korea (e-mail: ihun1@korea.ac.kr;
jetaime01@korea.ac.kr; inkyu@korea.ac.kr).
E. Park is with the LG Electronics, Seoul 157-721, Korea (e-mail:
kupes2000@korea.ac.kr).
Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TCOMM.2014.2334670

[12]–[15]. These studies were based on the assumption of
perfect channel state informatin (CSI) at the transmitter.
In practical wireless communication systems, each receiver
shares a codebook with a transmitter and sends back the index
of a codeword to inform the CSI to the transmitter. For singlecell CAS, the work in [16] addressed a codebook design problem, and the performance of random vector quantization (RVQ)
was analyzed in [17]–[21] where elements of the codebook
are randomly generated. For the DAS with finite-rate feedback
channels, [22] introduced a suboptimal codebook design and
[23] provided an uplink user selection algorithm.
In multi-cell CAS with limited feedback, systematic feedback bit allocation methods were proposed in [24]–[26] to
reduce a performance loss caused by the channel quantization
error. Since any information exchange among transmitters is
not allowed in [24]–[26], each user can only be supported
by its own transmitter. For centralized joint processing (JP)
systems where all transmitters share both the CSI and data
through backhaul links, [27] and [28] considered per-cell based
limited feedback systems and proposed feedback bit allocation
schemes to enhance the channel quantization quality. To reduce
the backhaul signaling and overcome implementation issues,
decentralized JP systems where cooperating transmitters share
only users’ data and do not require global CSI was considered
in several papers [29]–[32]. Although this decentralized JP
systems may be viewed as a special case of the centralized
JP systems, feedback bit allocation methods obtained in the
centralized systems [27], [28] cannot be directly applied.
In this paper, we propose feedback bit allocation and
DA port-user pairing techniques for multi-user multiple-input
single-output (MISO) DAS with decentralized JP environments. In this configuration, each DA port employs zero forcing
beamforming (ZFBF) in a distributed manner under per DA
port power constraint. Unlike the multi-cell CAS where pairings between transmitters and users are mostly fixed, pairings
in DAS can be adaptively selected to improve the overall
system capacity. Without considering the pairing issue in DAS,
the authors of [33] presented feedback bit allocation methods
assuming that each user communicates with the nearest DA
port. We consider the most general scenario where each user
can be paired with multiple DA ports, and treat pairings among
multiple DA ports and multiple users as an optimization variable to be determined.
To solve the pairing issues and the feedback bit allocation,
we first analyze an upper bound of a mean rate loss between
full CSI and limited feedback systems. Since minimizing the
obtained bound of the mean rate loss is a joint optimization
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model is employed which involves small scale fadings as well
as path loss.
Then, the received signal at the k-th user is given by

−α/2
Pn,j dn,k hH
(1)
yk =
n,k xn,j + nk ,
n∈D j∈Un

Fig. 1. Structure of DAS with N = 3 DA ports and K = 3 users.

problem with respect to the pairing and the feedback bit allocation, it is difficult to identify a solution analytically. Instead,
we provide an alternative approach, which derives a solution
for the given pairing, and then obtains the non-iterative bit
allocation method subsequently. In this way, the joint problem
of pairing and feedback bit allocation is fully decoupled into
two sequential problems which determine the pairing and the
bit allocation separately.
To further improve the average sum rate performance, we
also introduce an enhanced feedback bit allocation method
which iteratively computes the number of allocated feedback
bits. In addition, we investigate a scaling law of limited feedback systems to achieve the same multiplexing gain as the
full CSI case for both our proposed algorithm and the equal
bit allocation scheme. Simulation results demonstrate that the
proposed algorithms offer about a 135% performance gain over
a conventional scheme for 5 DA ports systems and verify that
our analysis is well matched with the numerical results.
This paper is organized as follows. In Section II, we illustrate
a system model for multi-user MISO DAS and analyze a mean
rate loss. Section III introduces feedback bit allocation methods
as well as a DA port-user pairing algorithm. An enhanced technique for allocating feedback bits is considered in Section IV.
Also, we examine the scaling law of limited feedback systems
in Section V, and the numerical simulations are presented in
Section VI. Finally, in Section VII, the paper is terminated with
conclusions.
Throughout this paper, bold lower case letters denote column
vectors, and the superscripts (·)∗ and (·)H represent the complex
conjugate and Hermitian operation, respectively. Also, EX [·]
stands for the expectation over a random variable X, and the
set of all complex matrices of size m-by-n is defined as Cm×n .
II. S YSTEM M ODEL
As illustrated in Fig. 1, we consider multi-user downlink
MISO DAS where N DA ports each equipped with M antennas
support single antenna K users. Here, communication pairs
between multiple DA ports and multiple users are adaptively
chosen to improve the system performance. A DA port can
serve multiple users by sharing users’ data via dedicated optical fibers, and each user can receive the same message from
multiple DA ports. Let us define Un ⊂ {1, 2, . . . , K} as a set
of users supported by the n-th DA port, Dk ⊂ {1, 2, . . . , N }
as
Ka set of DA ports which serves the k-th user, and D =
j=1 Dj as a set of active DA ports. Throughout this paper,
we assume |Un | ≤ M, ∀n ∈ D, and the composite channel

where Pn,j represents the transmit power from the n-th DA
port
 to the j-th user with per DA port power constraint P , i.e.,
j∈Un Pn,j ≤ P, dn,k indicates the distance between the n-th DA
port and the k-th user, α denotes the path loss exponent, hn,k ∈
CM ×1 stands for the channel vector from the n-th DA port to
the k-th user, xn,j ∈ CM ×1 equals the transmit signal vector
from the n-th DA port to the j-th user with E[xn,j 2 ] = 1, and
nk is the additive complex Gaussian noise with zero mean and
unit variance. We assume that all elements in the channel vector
are independent and identically distributed complex Gaussian
random variables with zero mean and unit variance.
In this paper, we focus on the quantization procedure of channel direction information (CDI), which is defined as h̃n,k =
hn,k /hn,k , and it is assumed that the k-th user can perfectly
feed back its channel quality information (CQI) to DA ports
n ∈ Dk , i.e., hn,k , ∀k ∈ Dk . In limited feedback systems,
each user sends back indices of the quantized CDI to DA ports
based on a codebook. Let us define the codebook for the n-th
DA port and user k ∈ Un as Wn,k = {cn,k,i |i = 1, . . . , 2Bn,k },
where cn,k,i ∈ CM ×1 denotes the i-th codeword of Wn,k with
unit norm and Bn,k indicates the allocated bits between the
n-th DA port and the k-th user.1 Then, the quantized CDI from
the n-th DA port to the k-th user is determined as

2


c
ĥn,k = arg min h̃H
n,k  .
c∈Wn,k

It is assumed that RVQ [17], [18] is applied for the construction
of 
the codebook and the total number of feedback bits is fixed
as n∈Dk Bn,k = B t .
Throughout this paper, we assume the decentralized cooperation among DA ports where DA ports have all users’ data
and local CSI, and each DA port adopts the distributed ZFBF
which utilizes only local CSI for beamformer constructions.
The transmit signal vector xn,k from the n-th DA port to the
k-th user is obtained as xn,k = ŵn,k sk , where ŵn,k equals the
distributed ZFBF vector from the n-th DA port to the k-th user,
which is chosen to satisfy ĥH
n,j ŵn,k = 0 with ŵn,k  = 1,
∀j ∈ Un \ {k}, and sk represents the scalar data symbol for the
k-th user with E[|sk |2 ] = 1. Then, (1) can be expressed as
 
−α/2
yk =
Pn,k dn,k hH
n,k ŵn,k sk
n∈Dk

+

+

K


 

j=1,j=k n∈Fk,j
K 




−α/2

Pn,j dn,k hH
n,k ŵn,j sj
−α/2

Pn,l dn,k hH
n,k ŵn,l sl + nk ,

(2)

l=1 n∈F̃k,l
1 In order to quantize CDI, the k-th user should know the codebook size of the
serving DA ports, i.e., {Bm,k |m ∈ Dk }. Also, the n-th DA ports requires the
information of {Bn,j |j ∈ Un } to obtain the feedback CDI, which is utilized
for beamforming computations. Hereinafter, we assume that the codebook size
is available at all DA ports and users.
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where the sets Fk,j and F̃k,j are defined as Fk,j = Dk Dj

and F̃k,j = Dkc Dj , respectively, and Dkc is the complementary set of Dk . Note that the first term in (2) accounts for the
desired signal, while the second term indicates residual interuser interference induced by the channel quantization error
which becomes zero in full CSI systems. Also, the third term
reflects the interference from a set of DA ports which does not
serve the k-th user.
Now, we study a mean rate loss between full CSI and limited
feedback systems for the DAS. First, the average rate of the k-th
user with full CSI Rk is expressed as
Rk = ⎡

⎞⎤

2


⎢ ⎜
⎟⎥
  

−α/2
⎢ ⎜
⎟⎥
Qn,k dn,k hH

n,k wn,k 
⎢ ⎜
⎟⎥


n∈Ak
⎢ ⎜
⎟⎥
EH ⎢log2⎜1+

2⎟⎥ ,
⎢ ⎜
⎟⎥


K 
⎢ ⎜
 ⎟⎥
 

−α/2 H

⎣ ⎝ 1+ 
Qn,l dn,k hn,k wn,l  ⎠⎦


l=1 n∈Ac

Al
k
⎛

where H = {hm,j |m = 1, . . . , N, j = 1, . . . , K} is the collection of all channel vectors, Ak indicates a set of DA ports which
support the k-th user with full CSI, and Qn,k and wn,k ∈ CM ×1
represent the transmit power and the beamforming vector from
the n-th DA port to the k-th user with full CSI, respectively.
Similarly, the average rate of the k-th user with limited feedback R̂k is given by
R̂k = ⎡

⎞⎤

2
  



−α/2
⎢
⎜
⎟⎥
Pn,k dn,k hH

n,k ŵn,k 
⎢
⎜
⎟⎥


n∈D
k
⎢
⎜
⎟⎥
EH,W ⎢log2 ⎜1+

2⎟⎥,
⎢
⎜
⎟⎥


K
   
 ⎠⎦
⎣
⎝
−α/2
1+
Pn,j dn,k hH
ŵn,j 

n,k

j=1,j=k n∈Dj

⎡

where the inequalities comes from the fact that the logarithm
function is non-decreasing.
For both systems with full CSI and limited feedback, each
DA port employs local CSI to compute power allocation. In
other words, the n-th DA port utilizes dn,j , hn,j  and h̃n,j for
j ∈ Un to obtain power allocation Qn,j , while the n-th DA port
employs dn,j , hn,j  and ĥn,j for j ∈ Un to determine Pn,j for
limited feedback systems. Since ĥn,j and h̃n,j have the same
distribution [18] and the CQI hn,j  is assumed to be known
to DA ports for limited feedback systems, the distribution of
Qn,j and Pn,j are the same as in [27]. The similar result can be
attained for parings.
Therefore, it follows
⎡
⎛
2 ⎞⎤


 
 ⎠⎦

−α/2
Qn,k dn,k hH
w
EH ⎣log2 ⎝1 + 
n,k n,k 


n∈Ak

⎡

⎛

2 ⎞⎤


 
 ⎠⎦

−α/2
= EH,W ⎣log2 ⎝1 + 
ŵ
.
Pn,k dn,k hH

n,k
n,k


n∈Dk

Also, an upper bound of the mean rate loss can be further
expressed as
ΔRk
⎡

⎛

⎢
⎜
≤ EH,W ⎣log2 ⎝1 +

⎛

where W = {Wm,j |m = 1, . . . , N, j = 1, . . . , K} stands for
the collection of all codebooks.
Δ
Denoting ΔRk = Rk − R̂k as a mean rate loss for the
k-th user, the average sum rate performance
of limited feedback
systems can be improved by minimizing K
j=1 ΔRj with respect to Dk and Bn,k for all k and n. However, this optimization
problem is highly complicated and requires global CSI. As an
alternative way, we derive an upper bound of ΔRk as
ΔRk
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⎛

2 ⎞⎤


 
 ⎠⎦

−α/2
− R̂k
Qn,k dn,k hH
≤ EH ⎣log2 ⎝1 + 
w
n,k n,k 


n∈Ak
⎡
⎛
2 ⎞⎤


 
 ⎠⎦

−α/2
≤ EH ⎣log2 ⎝1 + 
Qn,k dn,k hH
n,k wn,k 


k
⎡
⎛ n∈A
2 ⎞⎤


 
 ⎠⎦

−α/2
− EH,W ⎣log2 ⎝1 + 
Pn,k dn,k hH
n,k ŵn,k 


n∈Dk

2 ⎞⎤
⎡
⎛


K

 

−α/2 H

 ⎠⎦ ,
ŵ
+ EH,W⎣log2⎝1+
P
d
h
n,j n,k
n,k n,j 


j=1,j=kn∈Dj

j=1
j=k

⎛

⎡

⎜
⎢
≤ log2 ⎝1 + EH,W ⎣


2 ⎞⎤

 
 ⎟⎥
−α/2 H

Pn,j dn,k hn,k ŵn,j  ⎠⎦

n∈Dj


K 



2 ⎤ ⎞

 
 ⎥⎟
−α/2 H

Pn,j dn,k hn,k ŵn,j  ⎦⎠

n∈Dj


K 

j=1
j=k

(3)
where (3) is given by the Jensen’s inequality.
III. P ROPOSED PAIRING AND N ON -I TERATIVE
B IT A LLOCATION M ETHODS
In this section, we present feedback bit allocation and DA
port-user pairing algorithms which minimize the upper bound
of the mean rate loss derived in the previous section. In general, paring and bit allocation are dependent on each other as
shown in (3), and thus it is hard to obtain an analytic solution.
Instead, we first propose a non-iterative bit allocation algorithm
for given pairing. Then, based on the proposed bit allocation
solution, it is shown that the pairing problem can be solved
independent of the bit allocation.
A. Non-Iterative Feedback Bit Allocation Scheme
In order to generate a solution for the minimization problem
(3), we further derive a bound of (3) as a function of Dk and
Bn,k for n ∈ Dk . The following theorem provides a bound
of ΔRk .
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Theorem 1: Employing the distributed ZFBF to the multiuser MISO DAS, a mean rate loss ΔRk is bounded by (4),
shown at the bottom of the page.
Proof: Applying the Cauchy-Schwarz inequality to (3), an
upper bound of ΔRk is expressed as

≤ |Dk | and (8) is obtained from
where (7) follows from |Fk,j |
per DA port power constraint j∈Un \{k} Pn,j < P .
Now, we focus on UkP . Using a similar approach, UkP is
bounded as

 
2 
 .
h H
|F̃k,j |Pn,l d−α
UkP ≤
n,k ŵn,l
n,k EH,W

ΔRk


2 ⎤ ⎞


K

 

−α/2
H

⎝
⎣
≤ log2 1+EH,W
Pn,j dn,k hn,k ŵn,j  ⎦⎠


j=1,j=k n∈Dj

⎛
⎡

K

  
−α/2

= log2 ⎝1 + EH,W ⎣
Pn,j dn,k hH
n,k ŵn,j


j=1,j=k n∈Fk,j
2 ⎤ ⎞

 

−α/2 H
+
Pn,j dn,k hn,k ŵn,j  ⎦⎠

n∈F̃k,j

2 ⎤
⎛
⎡


K

 

−α/2 H

 ⎦
≤ log2⎝1+2EH,W ⎣
P
d
h
ŵ
n,j n,k
n,k n,j 


j=1,j=k n∈Fk,j

2 ⎤ ⎞
⎡

K  




−α/2 H

 ⎦⎠
ŵ
+ 2EH,W ⎣
P
d
h
n,l n,k
n,k n,l 


l=1 n∈F̃k,j


Δ
B
P
= log2 1 + 2Uk + 2Uk ,
⎛

⎡

where UkB represents the power of residual inter-user interference due to the channel quantization error, and UkP reflects the
interference from DA ports which are not paired with the k-th
user. Here, a bound of UkB is given by
UkB ≤

K



2 
 , (5)
h H
ŵ
|Fk,j |Pn,j d−α
E
H,W
n,j
n,k
n,k



j=1,j=k n∈Fk,j

where we use the Cauchy-Schwarz inequality. Note that
2
EH,W [|hH
n,k ŵn,j | ] is bounded as [18]

2 

2 

 H
H


= M EH,W h̃n,k ŵn,j 
EH,W hn,k ŵn,j
<

Bn,k
M
2− M −1 .
M −1

(6)

Plugging (6) to (5) and exchanging the order of summations,
it follows
UkB <


M
M −1



n∈Dk j∈Un \{k}

(7)
(8)

n∈Dk

⎛

Since the k-th user is not in the set Un for n ∈ F̃k,j , the random
2
vector h̃n,k is independent with ŵn,l. Therefore, |h̃H
n,k ŵn,l |
is a beta random variable with parameters 1 and M −1 [18],
2
2
and we have EH,W [|hH
n,k ŵn,l | ] = Ehn,k [hn,k  ]EH,W
2

[|h̃H
n,k ŵn,l | ] = 1.
By applying this, a bound of UkP is given as
 
|F̃k,j |Pn,l d−α
UkP ≤
n,k
c l∈U
n∈Dk
n

≤ P (N − |Dk |)



d−α
n,k

(9)

c
n∈Dk

where the last inequality
comes from the relations of |F̃k,j | ≤
|Dkc | ≤ N − |Dk | and l∈Un Pn,l ≤ P . Then, (4) is directly
obtained from (5) and (9).

It is worth noting that Dk and Bn,k for n ∈ Dk minimizing
(4) are related to each other, and thus it is still hard to identify a
solution analytically. To avoid this difficulty, we first determine
the bit allocation for given pairing, i.e., Dk is fixed. Then, the
bound of UkB in (5) can be optimized
 via bit allocation under
the total number of bits constraint n∈Dk Bn,k = B t . Then,
the feedback bit allocation problem for the k-th user based
on the bound (5) is formulated as

B
− Mn,k
−1
d−α
min
n,k 2
Bn,k

s.t.

n∈Dk



Bn,k = B t .

(10)

n∈Dk

It is obvious that the above problem is convex with respect
to Bn,k for n ∈ Dk . Then, the Lagrangian function of Ψk is
constructed as




Bn,k
−α − M −1
t
L=
(11)
dn,k 2
+ν
Bn,k − B ,
n∈Dk

Bn,k

− M −1
|Fk,j |Pn,j d−α
n,k 2



B
M
− Mn,k
−1
|Dk |
≤
d−α
Pn,j
n,k 2
M −1
n∈Dk
j∈Un \{k}

B
PM
− Mn,k
−1 ,
|Dk |
<
d−α
n,k 2
M −1

c l∈U
n∈Dk
n

n∈Dk

where ν stands for the Lagrange multipliers. Using (11), the
Karush-Kuhn-Tucker (KKT) conditions for problem (10) are
obtained as

∂L
= 0 and
Bn,k − B t = 0.
(12)
∂Bn,k
n∈Dk

⎛

⎞⎞


Bn,k
M
− M −1
⎠⎠
|Dk |
ΔRk < log2 ⎝1 + 2P ⎝
d−α
+ (N − |Dk |)
d−α
n,k 2
n,k
M −1
c
n∈Dk

n∈Dk

(4)
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Using the zero-gradient condition of (12), it is easily verified
that the bit allocation solution can be written as
+

Bn,k = μ + (M − 1) log2 d−α
,
(13)
n,k


+

where (x) = max(x, 0) and μ is chosen to satisfy n∈Dk
Bn,k = B t . Thus, we can determine the number of feedback
bits by applying a simple water-filling algorithm (13). Note that
if B t is not large enough, then some of DA ports in Dk may not
get assigned any bits. Denoting D̃k as a set of DA ports where
non-zero feedback bits are assigned from the k-th user, we can
set Dk as Dk = D̃k since DA ports in Dk − D̃k do not have any
meaningful information for the k-th user.
B. DA Port and User Pairing Scheme
In this subsection, we propose DA port-user pairing algorithms with the bit allocation computed in Section III-A.
Since the bit allocation solution (13) is obtained for a given
Dk , pairing should be determined before a user calculates the
number of feeback bits. To this end, we first derive an bound
of ΔRk based on the proposed bit allocation solution in (13).
We start with the lemma for investigating the bound of a mean
rate loss.
Lemma 1: When the proposed bit allocation solution (13) is
employed, the mean rate loss is bounded as
ΔRk < log2 (1 + 2P f (Dk ))

(14)
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The problem for minimizing (14) with respect to Dk can be
equivalently formulated as
min f (Dk )
Dk

s.t. Dk ⊂ {1, 2, . . . , N }.

(17)

To calculate the optimal solution for (17), we need exhaustive
search over all subsets of {1, 2, . . . , N }, and thus the search size
equals 2N . Hence, the search complexity of the pairing method
based on the exhaustive search (17) increases exponentially
as N grows, and thereby the computational complexity may
become prohibitive.
In order to reduce the search complexity, we also propose a
simplified pairing algorithm, which decreases the search size
from 2N to N . The key idea of the simplified pairing method
is employing the concept of the greedy search algorithm [34].
Without loss of generality, we assume that d1,k ≤, . . . , ≤ dN,k .
Then, for |Dk | = 1, it is easy to verify that the optimal solution
(i)
for (17) is given by Dk = {1}. Let us define Dk as the set of
DA ports which serve the k-th user obtained at the i-th step.
Then, at the first step (i = 1), the nearest DA port to the k-th
(1)
user is chosen and calculate f (Dk ). At the i-th step, update

(i)
(i)
(i−1)
(i)
(i)
Dk as Dk = Dk
{i} and compute f (Dk ). If f (Dk )
(i−1)
is greater than f (Dk
), the simplified pairing solution is
(i−1)
determined as Dk = Dk
and the algorithm is terminated.
Otherwise, we repeat this procedure until i equals N . The
simplified pairing algorithm is summarized in Algorithm 1.

where f (Dk ) is defined as
Bt
M
−
|Dk |2 2 |Dk |(M −1)
f (Dk ) =
M −1





1/|Dk |

Algorithm 1. Simplified pairing algorithm

d−α
n,k

n∈Dk

+



d−α
n,k .

(15)

c
n∈Dk

Proof: To fulfill the total number of feedback bits constraint, μ should satisfy
+

 
Bn,k =
μ + (M − 1) log2 d−α
n,k
n∈Dk

n∈Dk

=

 


t
μ + (M − 1) log2 d−α
n,k = B . (16)

n∈D̃k


From (16), μ is calculated as μ = (B t − (M − 1) n∈D̃k log2
d−α
n,k )/|D̃k |. By setting Dk as Dk = D̃k , the number of allocated
bits to the n-th DA port is given as
Bn,k =

Bt
+ (M − 1) log2 

|Dk |

d−α
n,k
−α
m∈Dk dm,k

1/|Dk | .

Plugging this into (4) yields the result in (14).

Since f (Dk ) in (15) is independent of Bn,k , Dk can be
determined prior to allocating feedback bits. After the pairing is
obtained, we apply the proposed bit allocation solution in (13).

Sort {dn,k |n = 1, . . . , N } in descending order.
(0)
Initialize Dk = ∅.
For i = 1 : N
(i)
(i−1) 
(i)
{i} and compute f (Dk ).
Update Dk = Dk
(i)
(i−1)
(i−1)
If f (Dk ) ≥ f (Dk
), obtain Dk = Dk
and stop.
End
From simulations, we will show that a performance loss of this
simplified pairing method is negligible. After Dk is obtained
from the proposed pairing methods, we apply the proposed
bit allocation solution in (13). The overall proposed two-step
algorithm is summarized as below.
Algorithm 2. Proposed pairing and non-iterative feedback bit
allocation algorithm
Obtain Dk from the proposed pairing methods.
Sort {dn,k |n ∈ Dk } in descending order, and compute μ.
For n ∈ Dk
Calculate Bn,k = μ + (M − 1) log2 d−α
n,k .
If Bn,k ≤ 0, set Bn,k = 0 and update μ.
End
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In general, the number of feedback bits from the proposed
algorithm is a real number. Thus, to make integer bits, we
simply apply a ceiling or floor operation for all n and k. After
the k-th user determines the bit allocation, the user constructs
its reference signal to include the information {Bm,k |m ∈ Dk }.
Then, using the users’ uplink signal, the n-th DA port can
obtain the quantized CDI ĥn,j from the codebook Wn,j of size
2Bn,j for j ∈ Un .

Proof: Substituting (18) into UkB and exchanging the order of summations, UkB is bounded by (20), shown at the bottom
k
k
of the
 page, where the set Vn,m is defined as Vn,m = {j|j ∈
Un Um , j = k}. Here, hn,k  is a chi-distributed random
variable with degrees of freedom 2M , and thus Ehn,k [hn,k ]
√
is obtained by Ehn,k [hn,k ] = γM .
From this, it follows


! √


 = γM EH,W h̃H
EH,W hH
n,k ŵn,j
n,k ŵn,j 

IV. P ROPOSED I TERATIVE F EEDBACK
B IT A LLOCATION M ETHOD

"
<

In this section, we propose an enhanced feedback bit allocation algorithm for given pairing. Unlike the non-iterative
algorithm presented in the Section III-A, the enhanced algorithm iteratively computes the number of allocated feedback
bits based on a tighter bound of ΔRk .
A. Iterative Feedback Bit Allocation Scheme

n∈Fk,j m∈F̂ n
k,j

j∈Vn,m

Thus, combining (6) and (20)–(22), we have the final result. 
Next, we examine the tightness of the bound (19). By applying the Jensen’s inequality to (6), we have
"
Bn,k

!
γM − 2(M

−1)
<
ŵ
2
EH,W hH
n,j
n,k
M −1
"
<

(18)

where the inequality comes from the relationship Re(ab) ≤
|a||b| with Re(x) representing the real value of x. Using this
result, we obtain a tighter upper bound of UkB in the following
lemma.
Lemma 2: In comparison to (5), a tighter bound of UkB is
expressed as


B
P
− Mn,k
B
−1
d−α
Uk <
M
n,k 2
M −1
n∈Dk
⎞
Bn,k +Bm,k


−α/2 −α/2
+ γM
dn,k dm,k 2− 2(M −1) ⎠ (19)

n∈Dk







B

2

n,k
−α/2
dn,k 2− 2(M −1)

.

n∈Dk

Then, (5) is obtained from the Cauchy-Schwarz inequality, and
thus we confirm that (19) is tighter than (5). Since the iterative
scheme is based on a tighter bound of UkB compared to the noniterative solution, we expect the iterative algorithm to perform
better than the non-iterative scheme.
Now, our goal is to minimize the bound of UkB in (19).
Defining the new objective function as
Ωk = M



Bn,k

− M −1
d−α
n,k 2

n∈Dk

where γM = (Γ(M + 1/2)/Γ(M ))2 with Γ(·) equal to the
gamma function.

d−α
n,k

PM
<
M −1

UkB

n∈Dk m∈Dk \{n}



Bn,k
M
2− 2(M −1) .
M −1

Plugging this to (20), an upper bound (19) is given by

 H


hn,k ŵn,j  hH

m,k ŵm,j ,

UkB ≤

(21)

where we employ the Jensen’s inequality to EH,W
2
−(Bn,k /(M−1))
[|h̃H
. Also, from per DA
n,k ŵn,j | ] < (1/(M −1))2
port power constraint, the following inequality is fulfilled:
 # Pn,j + Pm,j $
 
Pn,j Pm,j ≤
< P. (22)
2
k
k
j∈Vn,m

In order to formulate a new problem, we first derive a tighter
n
bound of UkB . For notational convenience, let us define F̂k,j
=
{p|p > n, p ∈ Fk,j }. Then, a bound of the power of interuser interference induced by the j-th user at the k-th user is
expressed as
2





 
 H
2
−α/2
H
≤



ŵ
P
d
h
Pn,j d−α
n,j
n,j
n,k
n,k hn,k ŵn,j
n,k


 n∈Fk,j
n∈Fk,j
  
−α/2 −α/2
+2
Pn,j Pm,j dn,k dm,k

Bn,k
γM − 2(M
−1) ,
2
M −1

+ γM





−α/2 −α/2

dn,k dm,k 2−

Bn,k +Bm,k
2(M −1)

,

n∈Dk m∈Dk \{n}


2 

Pn,j E hH
n,k ŵn,j

j∈Un \{k}

+





n∈Dk m∈Dk \{n}

−α/2 −α/2

dn,k dm,k

 
k
j∈Vn,m


!  H
!



Pn,j Pm,j E hH
n,k ŵn,j E hm,k ŵm,j

(20)
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we formulate the feedback bit allocation problem minimizing
Ωk under the total number of feedback bits constraint as
min

Bn,k ≥0

s.t.



Bn,k = B t ,

(23)

Note that the problem (23) is convex with respect to Bn,k for
n ∈ Dk . The Lagrangian function is expressed as

B
− Mn,k
−1
d−α
J =M
n,k 2
+ γM



If Bn,k ≤ 0, set Bn,k = 0, update ξ and C̃m,k .
End
Until convergence

Ωk

n∈Dk

n∈Dk
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−α/2 −α/2

dn,k dm,k 2−

Bn,k +Bm,k
2(M −1)

 n∈Dk m∈Dk \{n} 

+λ
Bn,k − B t ,

(24)

n∈Dk

where λ denote the Lagrange multipliers. Then, by setting the
gradient of J with respect to Bn,k to zero, it follows


"
B
1
4(M
−
1)
−α/2 − 2(Mn,k
2
−1) =
dn,k 2
−Cn,k + Cn,k +
λ ,
2
M ln 2

−α/2
where Cn,k = (γM /M ) m∈Dk \{n} dm,k 2−(Bm,k /2(M −1)) .
After some manipulations, the number of feedback bits for
the n-th DA port is calculated as
⎞+
⎛
−α
4dn,k
⎟
⎜
Bn,k = ⎝(M − 1) log2 %
2 ⎠ . (25)
2 +ξ−C
Cn,k
n,k

From the total number of feedback bits constraint n∈Dk Bn,k =
B t , ξ should fulfill

t
 %
 −α/2
&k |− 2(MB−1)
|D
2 +ξ −C
dn,k , (26)
Cn,k
n,k = 2
&
&
n∈Dk
n∈Dk
and ξ satisfying (26) can be efficiently found by the bisection method [35]. Since obtaining ξ requires Bm,k for m ∈
Dk , m = n and ξ is utilized to compute Bn,k , we need an
iterative procedure to determine bit allocation. Thus, we first
initialize Bn,k , and find ξ using the bisection method. Then we
repeat this process until a converged solution is achieved. The
proposed iterative algorithm is summarized as follows:
Algorithm 3. Proposed iterative feedback bit allocation
Initialize Bm,k for m ∈ Dk .
Repeat
Compute Cm,k for m ∈ Dk .
Obtain ξ in (26) using the bisection
method.
%
−α
2
Calculate C̃m,k = 4dm,k /( Cm,k + ξ − Cm,k )2 for
m ∈ Dk and sort in increasing order.
For n ∈ Dk
Obtain Bn,k = (M − 1) log2 C̃n,k .

Similar to the non-iterative algorithm in the previous section,
&k and get an integer solution by applying the
we can set Dk = D
ceiling or floor operation to the real-valued Bn,k for all n and k.
Next, we provide the sketch of the convergence analysis. At
each iteration, the bit allocation solution in (25) minimizes Ωk
for a given Cn,k , which is determined at the previous step.
Thus, updating Bn,k does not decrease Ωk in every iterations.
Since Ωk is lower bounded by zero with any choice of Bn,k ,
the proposed iterative algorithm converges at least to a local
minimum solution.
Note that the problem for identifying Dk cannot be decoupled
as in the case with non-iterative algorithm. To obtain Dk and
Bn,k for n ∈ Dk , the iterative bit allocation algorithm is applied
to 2N candidates of Dk and computesthe bound ΔRk <
log2 (1+(2P/(M −1))Ωk +2P (N −|Dk |) m∈Dc d−α
m,k). Then,
k
the best Dk and Bn,k minimizing the bound of ΔRk is chosen
as a solution.

B. Complexity Analysis
Now, the computational complexity of the proposed bit allocation algorithms is briefly discussed. For the non-iterative bit
allocation algorithm, each user first searches Dk over 2N candidates. Since the computational complexity of the non-iterative
algorithm is given as O(N log N ) [36], the total computational
complexity of pairing plus bit allocation becomes O(2N ). On
the other hand, the iterative algorithm requires O(β(N δbic +
N log N )) for allocating bits where β stands for the number
of iterations and δbic denotes the computational complexity of
the bisection method. Note that the iterative algorithm should
be adopted to all possible subsets of {1, . . . , N }. Hence, the
total computational complexity is obtained as O(βN 2N (δbic +
log N )). Thus, the complexity of the non-iterative algorithm is
much lower than the iterative method. In Section VI, it will
be shown that the non-iterative algorithm provides a negligible
sum rate performance loss compared to the iterative algorithm
with reduced complexity.

V. S CALING L AW OF L IMITED F EEDBACK S YSTEMS
In this section, we derive the total number of feedback bits
which is necessary to maintain a constant rate loss for both the
non-iterative algorithm and the equal bit allocation scheme. In
this scaling law of limited feedback systems, we will confirm
that our algorithm achieves a saving in terms of feedback bits
over the equal bit allocation scheme.
Theorem 2: The required feedback bits for the k-th user to
retain the constant rate gap log2 b bps/Hz for the non-iterative
and equal bit allocation schemes are expressed, respectively, as
$
#
2N 2 M Gk
t
P
(27)
Bnon,k ≥ N (M − 1) log2
(M − 1)(b − 1)
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and

$
2N 2 M Ak
P ,
(28)
≥ N (M − 1) log2
(M − 1)(b − 1)


−α 1/N
−α
where Gk = ( N
and Ak = (1/N ) N
n=1 dn,k )
n=1 dn,k are
the geometric and arithmetic mean of the path loss, respectively.
Proof: For the non-iterative bit allocation scheme, assumt
ing a large B t such that 2−(B /|Dk |(M −1)) becomes a small
number, the coefficient N − |Dk | is dominant in f (Dk ). Under
this assumption, the k-th user selects all DA ports as Dk in order
to minimize f (Dk ), and allocates positive bits for all channel
links since (·)+ operation in (13) can be removed. Then, the
bound (14) is given as
#
$
Bt
2N 2 M P
Gk 2− N (M −1) .
ΔRk ≤ log2 1 +
(29)
M −1
#

t
Beq,k

Fig. 2.

The trajectory of a moving user with N = 3.

To achieve the maximum allowable rate gap log2 b bps/Hz,
we have
1+

Bt
2N 2 M P Gk − N (M
−1) ≤ b.
2
M −1

Then, by rearranging the inequality in terms of B t , we arrive
at (27).
For the equal bit allocation scheme which assigns feedback
bits evenly to all DA ports, i.e., Bn,k = B t /|Dk | for n ∈
Dk , an upper bound of ΔRk (4) becomes ΔRk ≤ log2 (1 +
t
(2N 2 M P Ak /(M − 1))2−(B /N (M −1)) ). After some computations, we can obtain (28).

For both the proposed non-iterative bit allocation algorithm
and the equal bit allocation scheme, the number of total feedback bits should be scaled by log2 P in order to keep a constant
rate loss. One interesting thing is that the required feedback bits
are affected by Gk for the non-iterative algorithm, while Ak has
an influence on the equal bit allocation scheme. The difference
of the minimum number of total feedback bits between two bit
allocation methods is represented as
t
t
− min Bnon,k
= N (M − 1) log2
min Beq,k

Ak
≥ 0,
Gk

where the inequality comes from the relation between the arithmetic and geometric mean and the equality holds if and only
if d1,k = d2,k = · · · = dN,k , which rarely occurs in practice.
This indicates that the equal bit allocation scheme always requires a larger number of total feedback bits than the proposed
algorithm to achieve the same rate gap.
VI. S IMULATION R ESULTS
In this section, simulation results are provided to demonstrate
the efficacy of our proposed algorithms. Throughout simulations, the cell radius and the path loss exponent are set to
R = 1 and α = 3.75, respectively. Also, we assume that the
locations of DA ports are determined by the results in [15] and
define the signal-to-noise ratio (SNR) as P . First, we consider a
user configuration as illustrated in Fig. 2. Here, the user moves
horizontally from the asterisk point (−0.5, 0) to the triangular
point (0.5, 0). According to the user location depicted in Fig. 2,

Fig. 3. The number of allocated bits with respect to the user location with
N = 3, M = 2 and B t = 15.

the number of assigned feedback bits is computed and plotted as
a function of the user position in Fig. 3 for M = 3, N = 2 and
B t = 15. In the plot, we employ the non-iterative bit allocation
algorithm with the exhaustive search based pairing method
(17). It is shown that the user selects Dk = {1, 2} as the user
moves from (−0.5, 0) to (−0.125, 0). As the user is getting
closer to the point (−0.125, 0), the number of bits allocated to
the DA port 1 slightly increases while B2,k decreases. When the
user moves from (−0.125, 0) to (0.125, 0), the pairing solution
is obtained as Dk = {1, 2, 3}, i.e., the user is supported by all
DA ports. We can see that DA port 2 no longer serves the user
when the user moves away from (0.125, 0), and B3,k increases
as the user gets closer to DA port 3.
Next, we consider a case where users are uniformly located
within a cell. It is assumed that each DA port allocates the
transmit power evenly to paired users, i.e., Pn,j = P/|Un | for
j ∈ Un . In Fig. 4, we plot upper bounds of the mean rate loss for
both non-iterative and iterative schemes with N = 3 and M =
K = 2 at SNR = 20 dB. Here, the non-iterative algorithm is
applied to determine bit allocation. The exact mean rate loss
ΔRk = Rk − R̂k is also plotted where Rk and R̂k are defined
as the average rate of the k-th user with full CSI and limited
feedback systems, respectively. It is shown that as the number
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Fig. 4. The exact mean rate loss and derived upper bounds with N = 3 and
M = K = 2 at SNR = 20 dB.

2913

Fig. 6. Convergence of the proposed iterative algorithm with N = M =
K = 3 at SNR = 10 dB.

Fig. 5. Performance of the proposed non-iterative algorithm with different
pairing methods for N = 3 and M = K = 5.

Fig. 7. The average sum rate performance comparison with N = 5 and
M = K = 3.

of total feedback bits B t increases, the derived upper bounds
becomes tight.
Fig. 5 exhibits the average sum rate curves of the proposed non-iterative algorithm with the proposed pairing methods presented in Section III-B for N = 3 and M = K = 5.
We also plot the sum rate performance of the systems with
no pairing where all DA ports support all users, i.e., Dk =
{1, . . . , N }, ∀k. From the plot, we figure out that the proposed
pairing scheme provides about 13% gain at SNR = 20 dB
over the no pairing case with B t = 9. Also, we can see that
the performance gap between the exhaustive search and the
simplified pairing method is negligible.
In Fig. 6, we present the convergence behavior of the iterative
algorithm with N = M = K = 3 at SNR = 10 dB. The plot
shows that the average sum rate of the iterative bit allocation
scheme converges within 3 iterations with all simulated B t . It is
interesting to see that when B t = 3, no iteration is required for
obtaining appropriate performance. It is because with a small
B t , a user often chooses only the closest DA port as Dk and
assigns all of bits to that DA port, and thus iterative procedure
does not affect the bit allocation solution.

Fig. 7 presents the average sum rates of the proposed algorithms and the equal bit allocation scheme with the exhaustive
search based pairing method (17) for N = 5 and M = K = 3.
We can see that at SNR = 20 dB, the proposed scheme offers
about 135% and 50% performance gains over the equal bit
allocation for B t = 10 and 15, respectively. Also, it is clear
that the performance gap between the iterative and non-iterative
schemes is quite small. We confirm that the proposed noniterative algorithm achieves almost the same performance as the
iterative scheme with much reduced complexity.
Fig. 8 exhibits the average sum rate curves of the proposed
non-iterative and equal bit allocation schemes with scaled
B t (27) for N = 3 and M = K = 2. In this figure, we set b =
10 in (27), and thus the maximum allowable rate gap per user
is given by log2 10 bps/Hz. The line marked by a square represents a lower bound of the average
 sum rate of the non-iterative
bit allocation algorithm, i.e., K
j=1 (Rj − log2 10) where Rj
indicates the rate of the j-th user with full CSI. The plot shows
that the derived lower bound is quite tight. Note that with a
scaled B t , we can achieve the same multiplexing gain with full
CSI systems for both the proposed algorithm and the equal bit
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determines the pairing first and then computes the number of
allocated bits. Based on another tight bound, we have also introduced an enhanced feedback bit allocation algorithm which
requires an iterative procedure. In addition, we have presented
the scaling law of limited feedback systems which obtains the
same multiplexing gain as full feedback systems for both the
proposed algorithm and the equal bit allocation. The numerical
results have demonstrated that the proposed algorithms offer
about 135% performance gains over a conventional scheme for
5 DA ports systems and verify that our analysis is well matched
with the numerical results.
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