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Abstract—In this paper, we analyze the error probability and
ergodic capacity performance for diversity reception schemes over
generalized-K fading channels using a mixture gamma (MG)
distribution. With high accuracy, the MG distribution can approximate a variety of composite fading channel models and provide mathematically tractable properties. In contrast to previous
analysis approaches that require complicated signal-to-noise ratio
(SNR) statistics, it is shown that a distribution of the received
SNR for diversity reception schemes is composed of a weighted
sum of gamma distributions by exploiting the properties of the
MG distribution. Then, based on this result, we can derive the
exact average symbol error probability and simple closed-form
expressions of diversity and array gains for maximal ratio combining and selection combining. In addition, an expression of the
ergodic capacity for these schemes is obtained in independent
and identically distributed fading channels. Our results lead to
meaningful insights for determining the system performance with
parameters of the MG distribution. We show that our analysis can
be expressed with any number of receiver branches over various
fading conditions. Numerical results confirm that the derived
error probability and ergodic capacity expressions match well
with the empirical results.
Index Terms—Generalized-K fading, mixture gamma distribution, diversity technique, error probability, capacity, statistical
metrics.

I. I NTRODUCTION

T

HE performance of wireless communication systems is
generally affected by characteristics of the radio-wave
propagation effect which includes shadowing and multipath
fadings [1]. In a realistic wireless situation, the shadowing
and the multipath fading occur simultaneously and they are
often modeled by composite fading channels such as Rayleighlognormal (RL) and Nakagami-lognormal (NL) distribution [2].
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However, in general, such lognormal based fading models are
not given in a closed-form, which makes the performance
analysis complicated [3].
In order to represent wireless propagation properties more
tractably compared to the RL and NL distributions, several
channel models have been proposed such as the K distribution [4], the generalized-K (KG ) distribution [5]–[7], and the
generalized gamma distribution [8]–[10]. In particular, many
researches focused on the KG distribution which includes the
K distribution as a special case, since a variety of fading cases
can be covered simply by adjusting two shaping parameters
with a closed-form expression [5]. For this reason, in this paper,
we study the KG distribution as a system channel model.
Many efforts have been devoted to analyze the average
symbol error probability (ASEP) of diversity reception schemes
over the KG fading channel [11]–[18]. The authors in [14]
analyzed the diversity gain by applying the moment generating
function (MGF) based on Padé approximations. Due to the
mathematically complex form, it is hard to recognize what
parameters determine the system performance. Moreover, in the
derived results, the generalized analysis of selection combining
(SC) with any number of branches is difficult. In [19], it is noted
that the evaluation of wireless performance becomes complicated because the KG distribution includes the modified Bessel
function of order k − m. Recently, the authors in [20] analyzed
diversity and array gains by applying the MG distribution for
maximal ratio combining (MRC) [21] and SC.
From a perspective of the information theoretic analysis, the
capacity is an important measure of the system performance
in wireless communication systems, as it provides significant
intuition on the theoretical transmission limit [22], [23]. For
L-branch diversity reception schemes over generalized fading
channels, researchers in [24] and [25] analyzed the capacity
with the MGF-based approaches by using complex functions
such as the Meijer-G function [26] and the Fox-H function [27].
Also, the capacity of multiple-input multiple-output channels
over KG fadings was examined in [28]. In this case, in general,
the probability density function (PDF) of the overall instantaneous signal-to-noise ratio (SNR) is in general not available
in simple form, and the ergodic capacity analysis becomes
intractable, since it apparently involves the L-fold integral
defined by the joint multivariate PDF of the instantaneous
SNRs for the L branch case. For these reasons, the PDFbased approaches are difficult for the performance analysis
generally [25].
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To solve these problems, a mixture gamma (MG) distribution
can be adopted for the analysis. According to the results in [19],
the MG distribution which is composed of a weighted sum
of gamma distributions can approximate the KG distribution
as well as a variety of fadings with high accuracy by adjusting its parameters. Therefore, the MGF and the cumulative
distribution function (CDF) can be obtained with closed form
expressions that allow simple performance analysis.
In this paper, we perform the error probability and ergodic
capacity analysis for diversity reception schemes over KG
fading channels using the MG distribution. First, we derive the
PDF of the MRC and the SC by utilizing the properties of the
MG distribution. We note that each PDF is also expressed as
a form of the weighted sum of gamma distributions. Then, we
derive the exact ASEP and meaningful closed-form expressions
of the diversity gain as well as the array gain for the MRC
and the SC. It is remarkable that unlike the work in [14], our
derived results are applicable to systems with any number of
receiver branches and various signal modulations over both
independent and identically distributed (i.i.d.) and independent
and non-identically distributed (i.n.d.) channel environments.
Furthermore, we present expressions of the capacity for the
MRC and the SC by applying the PDF-based approach in the
i.i.d. case. As a result, the ergodic capacity of these diversity
reception schemes can be obtained in an efficient way using
the multinomial theorem in [29]. Experiments confirm that our
derived analysis is well matched with the numerical results.
The organization of the paper is as follows: The system configuration and the MG distribution are described in Section II.
As for the analytical framework, Section III derives the PDF
of the MRC and the SC by adopting the MG distribution.
Section IV presents the error probability and ergodic capacity
analysis of diversity reception schemes over KG fading channels. Through the numerical results in Section V, we confirm
the validity of our proposed analysis. Finally, this paper is
terminated with conclusions in Section VI.
Throughout the paper, we employ uppercase boldface letters
for matrices and lowercase boldface letters for vectors. E[·] denotes the expectation operator, | · | stands for the absolute value,
and (·)T means the transpose. Also, It indicates a t × t identity
matrix and n(·) represents the number of elements in a set.

We consider single-input multiple-output systems where a
diversity reception technique at a receiver is adopted over KG
fading channels. Assuming that the receiver is equipped with L
antennas, the received signal y is given by

fρ (x) =

L

√
2ν (k+m)/2 x(k+m−2)/2
Kk−m (2 νx),
Γ(m)Γ(k)

for x ≥ 0 (2)

wi fi (x) =

i=1

N


αi xβi −1 e−ζi x

(3)

i=1

where wi = αi Γ(βi )/ζiβi means the normalization factor with
N
βi βi −1 −ζi x
e
/Γ(βi ) denotes the stani=1 wi = 1, fi (x) = ζi x
dard gamma distribution, and αi , βi , and ζi are the parameters
of the ith mixture gamma component. Here, the number of
terms N determines the accuracy measured by the mean square
error E[|fext (x) − fM G (x)|2 ] between the exact PDF fext (x)
and the MG distribution
fM G (x), or the Kullback-Leibler di∞
vergence DKL = −∞ fext (x) log(fext (x)/fM G (x))dx [30].
For the KG fading channel model, the PDF of ρ in (2) can be
approximated by the form of (3) with parameters αi , βi , and ζi
as [19]
α i = N

θi

, βi = m, ζi =
−βj

j=1 θj Γ(βj )ζj

ν
ν m yi tλ−1
i
, θi =
ti
Γ(m)Γ(k)
(4)

where λ = k − m, and yi and ti are the weight factor and the
abscissas for the Gaussian-Laguerre integration [31], respectively. Also, the CDF of ρ can be computed as
x
fρ (t)dt =
0

N


αi ζi−βi γ(βi , ζi x)

(5)

i=1

where γ(·, ·) indicates the lower incomplete gamma function
Δ σ
defined as γ(c, σ) = 0 tc−1 e−t dt [26].
Based on (3), the MGF is evaluated as [13]

(1)

where h = [h1 , . . . , hL ] ∈ C indicates the KG fading channel vector, s is the transmitted complex signal symbol with
energy Es = E[|s|2 ], and n = [n1 , . . . , nL ]T ∼ CN (0, N0 IL ).
In order to analyze the performance, we first investigate the
PDF of SNR over KG fading channels with L = 1. Then, the
PDF of the SNR ρ can be obtained by [13]
T

fρ (x) =

N


Fρ (x) =

II. S YSTEM M ODEL

y = hs + n

where k and m stand for the shaping parameters of KG fading
channels which represent the multipath fading and the shadowing effect, respectively, Γ(·) denotes the gamma function,
Kk−m (·) is the modified Bessel function of order k − m [26],
ν is defined as ν = km/ρ̄, and ρ̄ equals the average SNR. From
(2), important channel model statistics such as the CDF and
the MGF can be derived [13]. However, in [19], it noted that
mathematical complications arise in the evaluation of wireless
performance since the KG distribution includes the modified
Bessel function of order k − m. It causes difficulty in proceeding to further steps for the performance analysis.
In order to tackle these problems, we adopt the MG distribution of the SNR in this model. As mentioned before, the
MG distribution has attractive properties such that an accurate
approximation is possible for a variety of composite fadings by
utilizing mathematically tractable expressions. The PDF of ρ in
the form of the MG distribution is expressed by [19]

∞
Mρ (s) =
0

e−sx fρ (x)dx =

N

αi Γ(βi )
.
(s
+ ζi ) β i
i=1

(6)

Compared to the exact MGF in [13], it is worth noting that (6)
has a simpler form. The MGF in [13] includes a complicated
Whittaker function. Using the PDF, the CDF, and the MGF
obtained from the MG distribution, we will provide simple and
clear solutions for diversity and array gains with parameters αi ,
βi , and ζi in the following section.
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III. P ROBABILITY D ENSITY F UNCTION OF
D IVERSITY S CHEMES
In this section, we derive expressions of the PDFs of diversity
reception schemes to provide the mathematical framework for
analyzing the performance. As mentioned before, the PDFs of
the MRC and the SC can be expressed by the weighted sum
of gamma distributions. Thus, the analysis of the exact error
probability and ergodic capacity becomes manageable with the
derived PDFs, which will be addressed in Section IV. Now, we
investigate the PDFs of two diversity schemes.

The received signals from all branches are weighted and
combined to maximize the output SNR in the MRC scheme
[32]. Let ρi denote the SNR for the i th branch for i = 1, . . . , L.
Then,
L the combined SNR for the MRC is written by ρM RC =
i=1 ρi . Assuming that {ρi } are independent, the MGF of
ρM RC can be computed as
MρM RC (s) = E[e−sρM RC ] =

L


Mρi (s).

(7)

i=1

From (7), the MGF of the MRC can be alternatively represented by using the multinomial theorem [29], which is
given as
N


L
xi

=

i=1


k1 +...+kN =L

L
k1 , . . . , k N



xki i

(8)

MρM RC (s)
N
L
 αi Γ(m)
=
(s + ζi )m
i=1
=

k1 +...+kN =L

L
k1 , . . . , k N

the PDF of the MRC follows as (11), shown at the bottom of
the page, where Rjl denotes the coefficient of the l th term for
a = ζj .
B. Selection Combining

FρSC (x) =

L


Fρi (x).

(13)

i=1

For generalized L branches, the PDF of the SC is composed of
the product of the PDF in (3) and the CDF in (5) as
fρSC (x) = LFρ (x)L−1 fρ (x).

(14)

Similar to the MRC case, the PDF of the SC is represented
by the method of the multinomial theorem as (15), shown at
the top of the next page. In order to make (15) more tractable,
we transform
 the product form of the lower incomplete gamma
function 1≤l≤N γ(m, ζl x)kl into a summation form. Applying the recurrence relation γ(m, x) = (m − 1)γ(m − 1, x) −
xm−1 e−x [26], γ(m, ζl x) is converted into


m−1
 ζk
t k −ζl x
x e
.
(18)
γ(m, ζl x) = (m − 1) 1 −
k!
k=0

1≤i≤N

L
where k1 ,...,k
= L!/k1 ! . . . kN !. By applying this theorem,
N
the MGF of the MRC is rewritten as



transform of (9), fρM RC (x) = L−1 {MρM RC (s)}. By using the
identity,

1
xm−1 −ax
e ,
(12)
L−1
=
m
(s + a)
(m − 1)!

In the SC scheme, we choose the branch with the largest
SNR, e.g., ρSC = max(ρ1 , ρ2 , . . . , ρL ). The CDF of the SC is
formulated as [13]

A. Maximal Ratio Combining
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In what follows, we will show that after inserting (18) into
(15), the PDF of the SC can be represented by the summation
form which simplifies the PDF-based capacity analysis. For
illustrative purposes, we begin by presenting the product form
of γ(m, ζl x) for the case of L = 3 and l = 1, 2 as an example.
In this case, the product form of γ(m, ζl x) is given as
γ(m, ζ1 x)γ(m, ζ2 x)



= {(m − 1)!}2 [1 − K(ζ1 , ζ2 ; m) + T (ζ1 , ζ2 ; m)]
αi Γ(m)(s + ζi )

−m ki

.

where

1≤i≤N

(9)

2 m−1

 ζjk

K(ζ1 , ζ2 ; m) =

j=1 k=0

From the relationship between the PDF and the MGF
L−1 {Mρ (s)} = fρ (x), the PDF of the MRC (10), shown at
the bottom of the page, can be obtained by the inverse Laplace

fρM RC (x) = (Γ(m))L


k1 +...+kN =L

fρM RC (x) = (Γ(m))

L


k1 +...+kN =L

(19)

L
k1 , . . . , kN
L
k1 , . . . , kN

m−1


T (ζ1 , ζ2 ; m) =



1≤i≤N


1≤i≤N

(20)





αiki L−1

xk e−ζj x ,

m−1
ζ1k k  ζ2p p −(ζ1 +ζ2 )x
x
x e
.
k!
p!
p=0

k=0



k!

(s + ζi )−ki m

(10)

xl −ζj x
e
l!

(11)

1≤i≤N

αiki

jm
N k



j=1 l=0

Rjl
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fρSC (x) =L

N

i=1

k1 +...+kN =L−1



Δ

H(x, S, i) =



αi

L−1
k1 , . . . , k N

1≤j≤N

N


γ(m, ζl x)kl xm−1 e−ζi x .

(15)

1≤l≤N



αi

k1 +...+kN =L−1

⎪
L−1
⎨
⎪
r=1 ⎩

L−1
k1 , . . . , k N



(−1)r

S
pk ∈P



2(m−1)





s=0

i+j=s
0≤i,j≤m−1

r(m−1) B
 
l=0

r


h=1 k=1

ζS̃hk
pk !

pk

xl+m−1 e

−(

⎫⎤
⎪
⎬
ζS̃ +ζi )x ⎥
k=1
hk
⎦
⎪
⎭

r

(αj ζj−m )kj H(x, S, i).

(16)

(17)

1≤j≤N

After some manipulations, T (ζ1 , ζ2 ; m) can also be written
with the weighted sum of gamma distributions as
T (ζ1 , ζ2 ; m) =



⎧

⎡

⎢
= {(m − 1)!}L−1 ⎣xm−1 e−ζi x +

i=1

(αj ζj−m )kj

γ(m, ζj x)kj xm−1 e−ζi x

1≤j≤N

fρSC (x) =L



ζ1i ζ2j s −(ζ1 +ζ2 )x
x e
.
i!j!

(21)

Now, we consider the L branches case for simplifying the
PDF of the SC. By observing the characteristics of K(·) and
T (·) for given L, we define H(x, S, i) as (16), shown at the top
of the page, where S is a set with kj repeated elements for each
j(j = 1, . . . , N ), P is given by P = {p1 , . . . , pr } such that
r
k=1 pk = l, n(P) = r, 0 ≤ pk ≤ m − 1, B denotes n(S) Cr ,
S̃ represents a set of subsets that are organized by choosing
r elements from the given set S, and S̃hk stands for the k th
element of the h th subset of S̃. For example, in case of k1 =
2, k3 = 1, and r = 2 for L = 4, S and S̃ are given by S =
{1, 1, 3} and S̃ = {(1, 1), (1, 3), (1, 3)}, respectively.
Note that the PDF of the SC is represented
by the weighted
r
−(
ζ
+ζi )x
k=1 S̃hk
as (17),
sum of xm−1 e−ζi x and xl+m−1 e
shown at the top of the page. It can be seen that the PDF of
the SC in (14) is directly derived by the PDF and the CDF of
a single branch utilizing the MG distribution. This is due to
the fact that the product form of the lower incomplete gamma
function can be modified by the weighted sum of gamma
distributions. Then, the performance analysis of the SC follows
a similar procedure of the MRC in the following section.

the following, we investigate the analysis of the ASEP and the
ergodic capacity.
A. Average Symbol Error Probability Analysis
1) Exact ASEP: To begin with, we introduce the ASEP
PE as
∞
(22)
PE = PE|ρ (x)fρ (x)dx
0

where PE|ρ (x) denotes the symbol error probability (SEP)
for a given SNR ρ, which is usually
with a Q√ expressed
∞
2
function, defined as Q(x) = (1/ 2π) x e−(u /2) du [34].
By employing the Craig’s formula for the Gauss Q-function
 π/2
Q(x) = (1/π) 0 exp(−(x2 /2 sin2 θ))dθ [35], we can
rewrite PE|ρ (x) as [35]
π

√

PE|ρ (x) = Q( 2ωx) =

1
π

2

! ωx "
dθ
exp − 2
sin θ

(23)

0

where ω is a positive constant which depends on modulation
schemes.
By utilizing the Craig’s form and the MG distribution that
consist of the weighted sum of gamma distributions, the exact
ASEP (22) is calculated as
π

IV. P ERFORMANCE A NALYSIS OF D IVERSITY S CHEMES
In this section, we analyze the ASEP and ergodic capacity for
diversity reception schemes. First, the exact ASEP is presented
with a closed form. Then, to give meaningful insight on the
performance, we also introduce the asymptotic ASEP analysis
which provides diversity and array gains. Lastly, the analysis of
the ergodic capacity is derived in an efficient manner. The key
point making the PDF-based analysis tractable is that unlike the
MGF containing other complex functions, the inverse Laplace
transform can be calculated by exploiting the MGF formulated
with the MG distribution. Thus, with the derived expression of
the PDF which consists of the form of gamma distributions, an
efficient computation of the performance analysis is enabled. In

2 ∞
N
! !
1
ω " "
αi
xβi −1 exp − ζi + 2 x dxdθ. (24)
PE =
π i=1
sin θ
∞

0 0

p −qx

Adopting 0 x e
nition from [35]

dx = Γ(p + 1)q −(p+1) [26] and the defiπ

Δ

2

Jλ (c) =

sin2 θ
sin2 θ + c

λ

dθ,

(25)

0

an expression of PE for the KG fading channel is rewritten as
PE =

N
1
αi ζi−m Γ(m)Jm
π i=1

ω
ζi

.

(26)
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From (26), it is remarkable that the exact ASEP of diversity
schemes can be calculated in a similar manner with a closed
form expression, since the derived PDFs in Section III also
have the properties of the gamma distribution. Therefore, by
exploiting the expression Jλ (c), the ASEP of the MRC and the
SC are calculated by (27), shown at the bottom of the page.
In (28), shown at the bottom of the page, the integral term is
simply presented as (29), shown at the bottom of the page.
2) Asymptotic ASEP: Next, we investigate the diversity and
array gains of the MRC and the SC. It is well known that the
ASEP for fading channels is approximated in the high SNR
region by [36]
PE ≈ (Ga · ρ̄)−Gd

(30)

where Ga is an array gain which accounts for the shift of ASEP
curves and Gd represents a diversity order which indicates the
slope of ASEP curves with respect to the average SNR in a
log-log scale. Consequently, the ASEP can be quantitatively
parameterized with Ga and Gd , which are key factors of the
diversity analysis. In this sense, we derive the diversity gain
and the array gain for KG fading channel models by applying
the MG distribution.
It was shown in [1] that the MGF is a convenient tool to
analyze the system performance in comparison to the PDF
approach. Thus, we examine the characteristics of the MGF
of the output SNR. At high SNR, PE is dominated by the
worst event, which means that the behavior of fρ (x) at x → 0
determines the system characteristics in the high SNR region.
This property is related to the decaying behavior of the MGF
[37]. The lemma in [37] characterizes the relation between the

PEρM RC = (Γ(m))

L


k1 +...+kN =L

=

PEρSC = L

N


(Γ(m))L
π



αi

i=1

k1 +...+kN =L−1


k1 +...+kN =L

L−1
k1 , . . . , k N

L
k1 , . . . , k N
L
k1 , . . . , k N
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ASEP and the MGF, which describes a diversity gain and an
array gain as
Gd = δ,



Ga = ω

2δ−1 μΓ(δ + 12 )
√
πΓ(δ + 1)

− δ1
,

(31)

where ω is a positive constant for modulation schemes. Since
the ASEP is calculated by the integration of the MGF, the diversity and array gains are expressed in terms of the parameters
of |Mρ (s)|, i.e., μ and δ. Based on this result, we will derive the
MGF of the MRC and the SC over composite fading channels
with the MG distribution in the following.
In the MRC scheme, as mentioned before, the MGF of the
MRC can be expressed as (7). Then, |Mρ (s)| over KG fading
channels is given as [19]
⎛
∞
−1 ⎞
N

 βi
|Mρ (s)| = αi Γ(βi )⎝s−βi +
ζik sβi +k ⎠ (32)
k
i=1
k=1

where βki =βi Ck . Therefore, inserting (32) into (7), we can
obtain |MρM RC (s)| as
'
'
L '
"''
!

'N
'
αij Γ(βij )s−βij + o s−(βij +1) ''
|MρM RC (s)| =
'
'
'
i=1 j=1
⎛
⎞
L
N
L


⎝Γ(mi )
=
αij ⎠ |s|− i=1 mi
i=1

j=1

+ o(s−(



αiki

∞
jm
N k


Rjl

1≤i≤N

j=1 l=0



jm
N k



αiki

j=1 l=0

1≤i≤N

k
αj ζj−m j

1≤j≤N

l!

L

i=1

mi +1)

)

(33)

PE|ρ (x)x(l+1)−1 e−ζj x dx

0

Rjl Γ(l + 1)
Jl+1
l! ζjl+1

ω
ζj

(27)

∞
PE|ρ (x)H(x, S, i)dx

(28)

0

∞
PE|ρ (x)H(x, S, i)dx
0

⎛
=

{(m−1)!}
π

L−1

L−1


ω
⎜Γ(m)
(−1)r
+
⎝ m Jm
ζi
ζi
r=1

B 
r ζ pk
 r(m−1)
 
S̃

hk

S
pk∈P

l=0

h=1k=1

pk ! r



Γ(l+m)

k=1 ζS̃hk +ζi

−(l+m)

ω
ζ
k=1 S̃hk +ζi

Jl+m r

⎞

⎟
⎠
(29)
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where αij and βij denote the parameters of the j th term in
the MG distribution at the i th branch channel model (i =
1, . . . , L and
 j = 1, . . . , N ). It is noted that the high order
L

term o(s−( i=1 mi +1) ) in (33) does not affect the results of the
diversity analysis. In case of KG fading channels, the parameter
βi is equal to the multipath fading effect parameter mi for all
terms of the MG distribution, i.e., βij = mi .
Consequently, |MρM RC (s)| is expressed in the form of
μ|s|−δ as
|MρM RC (s)| ≈ μM RC |s|−δM RC

(34)

where
μM RC =

L


⎛
⎝Γ(mi )

i=1

δM RC =

L


N


⎞
αij ⎠ ,

j=1

mi .

(35)

i=1

By substituting (35) into (31), we can determine Ga and Gd for
the MRC as a function of αij and mi in quantitative manner.
In the SC scheme, we compute the MGF of the SC as
∞
MρSC (s) = 0 e−sx fρSC (x)dx. For simple presentations, we
set L = 2 and assume an i.i.d. case. An extension to the general
case is straightforward. Using (3) and (5), the PDF of the SC is
given as

In order to provide a simpler result, using (38), the first term of
the MGF can be written as
∞
2
e−sx x2m−1 α12 e−2ζ1 x dx
m
0

2α12
(2m − 1)!(s + 2ζ1 )−(2m−1)−1
m
1
2α12
Γ(2m) 2m 2m
=
2m−k ζ k
m
1
k=0 k s
=

∞
where 0 tn e−ψt dt = n!ψ −n−1 [26]. Applying the calculation
in (39) for all terms leads to
'
'
|MρSC (s)| '
L=2
N
2
"
!
2 
=
αi Γ(2m)|s|−2m + o |s|−(2m+1) . (40)
m i=1
In the process of deriving (40), the terms of ζ are not considered
for computing the parameters μ and δ because ζ is contained
only in the high order term o(|s|−(2m+1) ).
For the general case of L, |MρSC (s)| in the i.n.d. case is
obtained in a similar manner by
|MρSC (s)| ≈ μSC |s|−δSC
where
L
μSC =

fρSC (x)|L=2 = 2Fρ (x)fρ (x)
N
 N



−βi
=2
αi ζi γ(βi , ζi x)
αi xβi −1e−ζi x .
i=1

i=1

(36)
Here, note that the lower incomplete gamma function
γ(a,
σ) can be given by an alternative form γ(c, σ) =
c+k
e−σ ∞
/c(c + 1) . . . (c + k)) [26].
k=0 (σ
From this expression, the first summation term in (36) can be
represented as
αi ζi−βi γ(βi , ζi x)
= αi ζi−βi e−ζi x

*

1
1
(ζi x)βi +1 + . . .
(ζi x)βi +
βi
βi (βi + 1)

= αi βi−1 xβi e−ζi x + o(xβi +1 ).

+

(37)

Since the high order term o(xβi +1 ) in (37) does not affect the
diversity, we can ignore this term. Substituting (37) into (36),
we obtain the PDF of the SC as
2 2m−1
x
m
⎛
⎞
N
N


⎜ 2 −2ζi x
⎟
×
+2
αi αj e−(ζi +ζj )x ⎠ .
⎝α i e

fρSC (x)|L=2 =

i=1

j=1
j=i

(38)

(39)

δSC =

mi
Γ
Li=1
m
i
i=1

L




L



ml

l=1

L

j=1



N


(41)

αjk

,

k=1

mi .

(42)

i=1

It is clear that Ga and Gd for SC are determined with the
parameterized expressions by plugging (42) into (31).
B. Ergodic Capacity Analysis
In this subsection, we derive expressions of the ergodic
capacity using the derived PDFs of the MRC and the SC. First,
the ergodic capacity Cerg is defined as
∞
Cerg = log2 (1 + x)fρ (x)dx.
(46)
0

For simple calculation of the capacity, we can apply a useful
identity in [1] as
∞
n

Γ(k − n, μ)
ln(1 + x)xn−1 e−μx dx = (n − 1)!eμ
μk
k=1

0
Δ

= In (μ)

(47)

where Γ(·, ·) indicates
 ∞the upper incomplete gamma function
defined as Γ(a, b) = b ta−1 e−t dt [26]. By utilizing the function In (μ), the ergodic capacity analysis for the MRC and the
SC is achieved in a simple manner. For succint explanations,
we consider the i.i.d. case. However, our result can be easily
extended to the i.n.d. case.
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Fig. 1. Comparison of the KG distribution and MG distribution with different
N (k = 5 and m = 7).

Fig. 2. ASEP comparison between analysis and simulation for the MRC and
the SC (k = 5 and m = 2).

Then, for positive integer shaping parameters k and m, we
can derive the ergodic capacity of the MRC (43), shown at the
bottom of the page, and the SC (44) by utilizing the expression
In (μ). Also, in (44), the integral term is simply calculated
as (45), shown at the bottom of the page.

For all simulations, we employ the following procedures.
For each average SNR, we calculate the parameter of the MG
distribution, i.e., αi and ζi (i = 1, . . . , N ). Then, the analysis
curves with L receiver branches are calculated and plotted in
figures. In numerical results by Monte Carlo simulations, we
generate the instantaneous SNR value from the PDF of KG
fading channels [38]. From these values, the ASEP and the
ergodic capacity are computed for each scheme.
Figs. 2 and 3 illustrate the ASEP for MRC and SC for the
i.i.d. case with L = 2 and 3 as a function of ρ̄ for BPSK with
m = 2. Fig. 2 presents the comparison of the ASEP between
the analysis and the numerical result. It is clear that, from
this figure, the empirical results correspond to the exact ASEP
analysis. In Fig. 3, as expected, we can see that the diversity
gains for both schemes are the same, while the array gain of
the MRC is greater than that of the SC. From (35) and (42), the
diversity gains of both schemes for L = 2 and 3 are computed

V. N UMERICAL R ESULTS
In this section, we confirm the validity of our error probability and ergodic capacity analysis through Monte Carlo
simulations. In Fig. 1, we evaluate the accuracy of the MG
distribution with respect to the number of terms N . In this
plot, we compare the PDF of the KG distribution and the MG
distribution with various N for k = 5, m = 7, and ρ̄ = 10 dB.
From this plot, it is verified that when N equals 10, the MG
distribution nearly corresponds to the exact PDF. As a result,
we can conclude that the PDF of the KG fading channel is well
approximated by utilizing the MG distribution with a large N .
Throughout the simulations, the number of terms N is set to 10.

CρM RC = (Γ(m))

L


k1 +...+kN =L

=

(Γ(m))
ln 2

L


k1 +...+kN =L

L 
=
αi
ln 2 i=1
N

CρSC
∞
0

L
k1 , . . . , k N
L
k1 , . . . , kN


k1 +...+kN =L−1

⎛

⎜
ln(1 + x)H(x, S, i)dx = {(m − 1)!}L−1 ⎝Im (ζi ) +
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k1 , . . . , kN

log2 (1 + x)x(l+1)−1 e−ζj x dx

0

Rjl
Il+1 (ζj )
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αj ζj−m j
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(−1)r
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(43)
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Fig. 3. Exact and asymptotic analysis of ASEP for the MRC and the SC
(k = 5 and m = 2).

Fig. 5.

Fig. 4. ASEP for SC for i.i.d and i.n.d. cases with BPSK (L = 2).

Fig. 6. Ergodic capacity of MRC and SC versus the average output SNR
(L = 2 and 3).

as 4 and 6, respectively. From this figure, we observe that our
derived diversity and array gains match well with the empirical
results at the high SNR region. The performance gap between
the MRC and the SC is obtained as 10 log(Ga,M RC /Ga,SC ) dB
where Ga,M RC and Ga,SC denote the array gain of the MRC
and the SC by plugging (35) and (42) into (31), respectively,
and the gap for L = 2 and 3 is calculated as 2.0 dB and 3.3 dB,
respectively. Fig. 3 shows that the performance gap between
MRC and SC curves agrees well with these analysis results at
high SNR.
Next, we compare the performance of the SC in Fig. 4 for
i.i.d. and i.n.d. cases by changing the multipath fading parameter m for BPSK. Here, the multipath parameters m1 and m2
are set to 1.5 and 1.5 for the i.i.d. case and 3 and 4 for the i.n.d.
case, respectively. From (42), the diversity gains for the i.i.d.
and i.n.d. cases are computed as 3 and 7, respectively, which
correspond to the sum of multipath fading parameters. From
this figure, we confirm that the proposed analysis accurately
predicts the diversity and array gains for both cases.

In Fig. 5, we present the ASEP with various modulations.
From this figure, it can be checked that our performance
analysis matches well with the Monte Carlo simulation results
regardless of the employed modulation levels. Also, we observe
that the diversity gains are the same for all modulation levels,
while only the shift of the ASEP occurs.
Next, we provide numerical results for the capacity of diversity reception schemes. As expected, the capacity of the
MRC is higher than that of the SC. In Fig. 6, the ergodic
capacities of the MRC and the SC are depicted separately with
respect to SNR for different number of branches with the fading
parameters k = 5 and m = 2. As L increases, the performance
enhancement of the MRC is larger than that of the SC. As seen
in this figure, the analysis results from equations in (43) and
(44) are accurately matched with the actual results over all SNR
ranges.
Finally, we present simulation results of the capacity for
various shaping parameters k and m in the generalized fading
channel. We set the average SNR as 20 dB. In Fig. 7, the

ASEP comparison of SC for various constellations (L = 2).
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Fig. 7. Ergodic capacity of MRC and SC for different multipath fading factor
k (L = 2 and 3).

4729

ing the properties of the MG distribution, the PDFs of SNR for
both MRC and SC are represented by the form of the weighted
sum of gamma distributions. Compared to existing works,
we have newly obtained the exact ASEP and simple closedform expressions of diversity and array gains. Our derived
expressions provide useful insights on the ASEP performance
for the MRC and SC schemes using the parameters of the
MG distribution. It is remarkable that our analytic results are
applicable for general cases with any number of branches in
both i.i.d. and i.n.d. cases. Moreover, we emphasize that in comparison to the MGF-based analysis, our PDF-based approach
allows us to perform the capacity analysis for the MRC and
the SC in a simpler manner. Numerical results confirm that our
error probability and ergodic capacity analysis are well matched
with the Monte Carlo simulation. The analysis on correlated
channels and different diversity schemes such as generalized
selection combing remains as an interesting future work.
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Fig. 8. Ergodic capacity of MRC and SC for different shadowing factor m
(L = 2 and 3).
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[12] I. M. Kostić, “Analytical approach to performance analysis for channel
subject to shadowing and fading,” Proc. Inst. Elect. Eng.—Commun.,
vol. 152, no. 6, pp. 821–827, Dec. 2005.
[13] P. S. Bithas, N. C. Sagias, P. T. Mathiopoulos, G. K. Karagiannidis, and
A. A. Rontogiannis, “On the performance analysis of digital communications over generalized-K fading channels,” IEEE Commun. Lett., vol. 10,
no. 5, pp. 353–355, May 2006.
[14] P. S. Bithas, P. T. Mathiopoulos, and S. A. Kotsopoulos, “Diversity
reception over generalized-K fading channels,” IEEE Trans. Wireless
Commun., vol. 6, no. 12, pp. 4238–4243, Dec. 2007.
[15] C. Zhu, J. Mietzner, and R. Schober, “On the performance of noncoherent transmission schemes with equal-gain combining in generalized
K-fading,” IEEE Trans. Wireless Commun., vol. 9, no. 4, pp. 1337–1349,
Apr. 2010.

4730

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 13, NO. 9, SEPTEMBER 2014

[16] K. P. Peppas, “Performance evaluation of triple-branch GSC diversity
receivers over generalized-K fading channels,” IEEE Commun. Lett.,
vol. 13, no. 11, pp. 829–831, Nov. 2009.
[17] K. P. Peppas, “Accurate closed-form approximations to generalised-K
sum distributions and applications in the performance analysis of equalgain combining receivers,” IET Commun., vol. 5, no. 7, pp. 982–989,
May 2011.
[18] T. S. B. Reddy, R. Subadar, and P. R. Sahu, “Outage probability of SC receiver over exponentially correlated-K fading channels,” IEEE Commun.
Lett., vol. 14, no. 2, pp. 118–120, Feb. 2010.
[19] S. Atapattu, C. Tellambura, and H. Jiang, “A mixture gamma distribution
to model the SNR of wireless channels,” IEEE Trans. Wireless Commun.,
vol. 10, no. 12, pp. 4193–4203, Dec. 2011.
[20] J. Jung, S.-R. Lee, H. Park, and I. Lee, “Diversity analysis over composite
fading channels using a mixture gamma distribution,” in Proc. IEEE ICC,
Jun. 2013, pp. 5824–5828.
[21] S.-H. Park, H. Lee, S.-R. Lee, and I. Lee, “A new beamforming structure
based on transmit-MRC for closed-loop MIMO systems,” IEEE Trans.
Commun., vol. 57, no. 6, pp. 1847–1856, Jun. 2009.
[22] S.-R. Lee, S.-H. Moon, J.-S. Kim, and I. Lee, “Capacity analysis of
distributed antenna systems in a composite fading channel,” IEEE Trans.
Wireless Commun., vol. 11, no. 3, pp. 1076–1086, Mar. 2012.
[23] S.-H. Moon, S.-R. Lee, J.-S. Kim, and I. Lee, “Channel quantization for
block diagonalization with limited feedback in multiuser MIMO downlink
channels,” J. Commun. Netw., vol. 16, no. 1, pp. 1–9, Feb. 2014.
[24] M. Renzo, F. Graziosi, and F. Santucci, “Channel capacity over generalized fading channels: A novel MGF-based approach for performance
analysis and design of wireless communication systems,” IEEE Trans.
Veh. Technol., vol. 59, no. 1, pp. 127–149, Jan. 2010.
[25] F. Yilmaz and M.-S. Alouini, “A unified MGF-based capacity analysis
of diversity combiners over generalized fading channels,” IEEE Trans.
Commun., vol. 60, no. 3, pp. 862–875, Mar. 2012.
[26] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, Products,
6th ed. San Diego, CA, USA: Academic, 2000.
[27] A. Kilbas and M. Saigo, H-Transforms: Theory and Applications. Boca
Raton, FL, USA: CRC Press, 2004.
[28] M. Matthaiou, N. D. Chatzidiamantis, G. K. Karagiannidis, and
J. A. Nossek, “On the capacity of generalized-K fading MIMO channels,”
IEEE Trans. Signal Process., vol. 58, no. 11, pp. 5939–5944, Nov. 2010.
[29] W. Feller, An Introduction to Probability Theory and Its Applications,
3rd ed. Hoboken, NJ, USA: Wiley, 1968.
[30] S. Kullback, Information Theory and Statistics. New York, NY, USA:
Dover, 1968.
[31] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions:
With Formulas, Graphs, Mathematical Tables. New York, NY, USA:
Dover, 1965.
[32] W. C. Jakes, Microwave Mobile Communications. Piscataway, NJ, USA:
IEEE Press, 1995.
[33] A. Leon-Garcia, Probability, Statistics, Random Processes for Electrical
Engineering, 3rd ed. Upper Saddle River, NJ, USA: Pearson Education,
2009.
[34] J. Kim, W. Lee, J.-K. Kim, and I. Lee, “On the symbol error rates for
signal space diversity schemes over a rician fading channel,” IEEE Trans.
Commun., vol. 57, no. 8, pp. 2204–2209, Aug. 2009.
[35] M.-S. Alouini and A. J. Goldsmith, “A unified approach for calculating error rates of linearly modulated signals over generalized fading channels,”
IEEE Trans. Commun., vol. 47, no. 9, pp. 1324–1334, Sep. 1999.
[36] J. Proakis, Digital Communications, 4th ed. New York, NY, USA:
McGraw-Hill, 2001.
[37] Z. Wang and G. B. Giannakis, “A simple and general parameterization
quantifying performance in fading channels,” IEEE Trans. Commun.,
vol. 51, no. 8, pp. 1389–1398, Aug. 2003.
[38] P. Z. Peebles, Probability, Random Variables, Random Signal Principles,
4th ed. New York, NY, USA: McGraw-Hill, 2000.

Jaehoon Jung (S’12) received the B.S. and M.S.
degrees in electrical engineering from Korea University, Seoul, Korea, in 2011 and 2013, respectively.
He is currently working toward the Ph.D. degree in
the School of Electrical Engineering, Korea University. His research interests include communication
theory and signal processing techniques for multicell
MIMO wireless network systems. He was awarded
the Student Travel Grant at the IEEE International
Conference on Communications in 2013.

Sang-Rim Lee (S’06) received the B.S., M.S., and
Ph.D. degrees from Korea University, Seoul, Korea,
in 2005, 2007, and 2013, respectively, all in electrical engineering. From 2007 to 2010, he was a
Research Engineer with Samsung Electronics, where
he conducted research on the WiMAX system. Since
September 2013, he has been a Postdoctoral Fellow
with Korea University. His main research interests
include communication theory and signal processing
techniques for multiuser MIMO wireless networks
and distributed antenna systems. His current research
interests include convex optimization, random matrix theory, and stochastic
geometry. He was awarded the Silver and Bronze Prizes in the Samsung
Humantech Paper Contest in February 2012.

Haewook Park (S’10) received the B.S., M.S., and
Ph.D. degrees from Korea University, Seoul, Korea,
in 2008, 2010 and 2014, all in electrical engineering.
During the Winter of 2010, he visited the University
of Southern California, Los Angeles, CA, USA, to
conduct a collaborative research. Since 2014, he has
been with the Incujector Inc., Seoul, as a Chief
Technical Officer. His research interests include signal processing techniques for wireless communication systems, with an emphasis on multiple-antenna
techniques for throughput optimization in multicell
and multitier networks. He was awarded the Bronze Prize in the Samsung
Humantech Paper Contest in February 2013.

Sunho Lee received the B.S. degree (summa cum laude) in mathematics from
Sogang University, Seoul, Korea, in 1983, the M.S. degree in statistics from
Stanford University, Stanford, CA, USA, in 1984, and Ph.D. degree in applied
statistics from Yonsei University, Seoul, Korea, in 1991. Since 1993, she joined
the Faculty of Mathematics and Statistics in Sejong University, Seoul, Korea.
From 2005 to 2007, she served as a Dean of the College of Natural Science in
Sejong University. During 2012–2013, she was an editor for the Korean Jorunal
of Applied Statistics. Her research interests include mathematical statistics and
bioinformatics, specially in microarray analysis.

Inkyu Lee (S’92–M’95–SM’01) received the B.S.
(Hon.) degree in control and instrumentation engineering from Seoul National University, Seoul,
Korea, in 1990 and the M.S. and Ph.D. degrees
in electrical engineering from Stanford University,
Stanford, CA, USA, in 1992 and 1995, respectively.
From 1995 to 2001, he was a Member of Technical
Staff with Bell Laboratories, Lucent Technologies,
where he studied the high-speed wireless system
design. From 2001 to 2002, he worked for Agere
Systems (formerly Microelectronics Group of Lucent Technologies), Murray Hill, NJ, USA, as a Distinguished Member of
Technical Staff. Since September 2002, he has been with Korea University,
Seoul, Korea, where he is currently a Professor at the School of Electrical
Engineering. During 2009, he visited the University of Southern California, Los
Angeles, CA, USA, as a Visiting Professor. He has published over 100 journal
papers in IEEE, and has 30 U.S. patents granted or pending. His research
interests include digital communications, signal processing, and coding techniques applied for next-generation wireless systems. Dr. Lee has served as an
Associate Editor for the IEEE T RANSACTIONS ON C OMMUNICATIONS from
2001 to 2011 and IEEE T RANSACTIONS ON W IRELESS C OMMUNICATIONS
from 2007 to 2011. Also, he has been a Chief Guest Editor for the IEEE
J OURNAL ON S ELECTED A REAS IN C OMMUNICATIONS (Special Issue on
4G Wireless Systems) in 2006. He received the IT Young Engineer Award
as the IEEE/IEEK Joint Award in 2006, and was awarded the Best Paper
Award at APCC in 2006, IEEE VTC in 2009, and ISPACS in 2013. He
was also a recipient of the Hae-Dong Best Research Award of the Korea
Information and Communications Society (KICS) in 2011 and the Best Young
Engineer Award of the National Academy of Engineering in Korea (NAEK)
in 2013.

