446

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 14, NO. 1, JANUARY 2015

Precoding Techniques for MIMO AF Relaying
Systems With Decision Feedback Receiver
Minki Ahn, Student Member, IEEE, Han-Bae Kong, Student Member, IEEE, Taehoon Kim,
Changick Song, Member, IEEE, and Inkyu Lee, Senior Member, IEEE

Abstract—In this paper, we provide new precoding schemes
which jointly optimize the source and relay precoders in multiple-input multiple-output amplify-and-forward relaying systems
with minimum mean-squared error decision feedback equalizer
(DFE) at the destination node. Instead of conventional schemes
which resort to an iterative method, we propose simple precoding
schemes based on a closed-form solution. To this end, we first
extend the decomposable property of the error covariance matrix
for a linear receiver to relaying systems with DFE receivers. Then,
we suggest two closed-form solutions which successively identify
the source and the relay precoders. To improve the performance,
a mode selection which adaptively chooses one of the two closedform precoding schemes according to the channel conditions is
introduced. Then, we propose a simple eigenvalue based mode
selection algorithm, and analyze its selection probability behavior
for Rayleigh fading channels. Simulation results demonstrate that
the performance of the proposed method is almost identical to the
iterative solution with much reduced complexity.
Index Terms—MIMO systems, relays, transceivers, mode
selection.

I. I NTRODUCTION

R

ECENTLY, multiple-input multiple-output (MIMO) techniques have been widely investigated in wireless communications due to its benefits on spectral efficiency and link performance [2][3]. Wireless relaying is also a promising method
which can be applied to support shadowed areas and extend
the cell coverage [4]. Several relay protocols such as amplifyand-forward (AF) and decode-and-forward (DF) have been
developed [5]. Compared to the DF protocol which decodes the
received signal and then transmits the decoded signal, the AF
protocol is more suitable for practical systems due to its simple
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ing procedure. For these reasons, MIMO AF relaying systems
have gathered a lot of interest for improving the performance of
next generation wireless networks.
Many existing works which minimize the mean squared
error (MSE) or maximize the mutual information have been
addressed for precoding designs in MIMO AF relaying systems with linear receivers at the destination node [6]–[12]. In
particular, from the minimum mean squared error (MMSE)
point of view, authors in [7]–[10] have suggested the sourcerelay joint precoding schemes. Nonlinear decision feedback
equalizer (DFE) is a well-known receiver structure which cancels residual intersymbol interference using previous detected
symbols [13]–[15] and then it exhibits much better performance
than linear receivers [16][17]. Thus, extending the results in
[7] and [8] to the case of the DFE receiver at the destination,
the author in [18] proposed the source-relay joint precoding
techniques which generate local optimal solutions.1 However,
the scheme in [18] obtains a solution by an iterative manner
and thus it is too complicated to be employed in real-time
implementation.
In this paper, we propose a low complexity technique which
jointly optimizes the source and relay precoders with a noniterative way for MIMO AF relaying systems with MMSEDFE receivers. First, we show that the error covariance matrix
with the MMSE-DFE receiver can be decomposed into a sum
of two individual error matrices, each of which is associated
with each hop in the relaying system. However, in contrast
to relaying systems with linear receivers [7], the decomposed
problem is still non-convex even at high signal-to-noise ratio
(SNR), since the feedback matrix is connected to both sides of
the decomposed error covariance matrices.
Therefore, to arrive at a simple closed-form solution, we
divide the problem into two cases. In the first case, the relay
precoder is obtained after finding the feedback matrix and
the source precoder. On the other hand, in the second case,
we compute the source precoder after identifying the relay
precoder and the feedback matrix. In both cases, the feedback
matrix can readily be calculated by applying geometric mean
decomposition (GMD) [17].
Since the two closed-form solutions show different performance depending on system circumstances, we also consider
a precoding mode selection method which selects one of two
precoding schemes. One can choose the one which has smaller
bit error rate (BER) performance given instantaneous channels.
1 In this case, the global optimal solution is still unknown since the sourcerelay joint optimization problem is non-convex.
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vector at the relay with zero mean and covariance matrix
2
E[n1 nH
1 ] = σn1 INr .
In the second time slot, the received signal yr at the relay is
precoded by the relay transceiver Q ∈ CNr ×Nr and transmitted
to the destination. Then, the received signal yd ∈ CNd ×1 at the
destination becomes
Fig. 1.

yd = GQHFx + GQn1 + n2 ,

System model for MIMO relay networks with MMSE-DFE receiver.

To come up with a solution with reduced complexity, we first
develop an upper bound of the BER, which is simply determined by the smallest eigenvalue of the channel. By exploiting
the bound, we propose a new mode selection algorithm which
chooses the precoding scheme based on the smallest eigenvalues. In addition, we provide the probabilistic analysis of
the proposed selection algorithm for Rayleigh fading channels.
Simulation results confirm that our proposed scheme exhibits
performance close to the iterative method with much reduced
complexity.
Throughout this paper, we use the following notations. Normal letters represent scalar quantities, boldface letters indicate
vectors and boldface uppercase letters designate matrices. In
addition, | · |, (·)T , (·)H , and E[·] stand for determinant, transpose, conjugate transpose and expectation, respectively. Also,
Cm×n denotes the m × n complex matrix space. An identity
matrix with size N × N is represented as IN and tr(X) is the
trace of a matrix X.
The organization of this paper is as follows: Section II
describes the system model based on the MMSE-DFE receiver.
In Section III, the error covariance matrix decomposition technique is presented. New closed-form precoders which optimize the MSE are provided in Section IV. Section V presents
mode selection algorithm based on closed-form solutions. In
Section VI, Monte Carlo simulations are performed to confirm
the effectiveness of the proposed techniques. Finally, this paper
is terminated with conclusions in Section VII.

where G ∈ CNd ×Nr equals the relay to destination channel matrix and n2 indicates the AWGN vector at the destination with
2
zero mean and E[n2 nH
2 ] = σn2 INd . Also, the relay transmit
Δ

power is given by PR = E[Qyr 2 ]. In this paper, we assume
that elements of the channel H and G have an independent
and identically distributed complex Gaussian distribution with
zero mean and unit variance. Also, it is assumed that channel
state information (CSI) of all links is known at all nodes. For
example, in frequency division duplex systems, the channel
H at the source is estimated by the relay and then the source
can obtain the CSI for H through feedback from the relay.
In contrast, in time division duplex systems, the CSI at the
source can be acquired by utilizing channel reciprocity [19].
In a similar way, the relay can also identify the CSI.
At the destination node, a nonlinear MMSE-DFE receiver is
adopted to detect the transmitted signals. As shown in Fig. 1,
after the received signal yd goes through the feedforward
matrix W ∈ CNs ×Nd , the filtered signal z = [z1 , z2 , . . . , zNs ]T
is obtained as z = Wyd . Then, the upper triangular feedback matrix D ∈ CNs ×Ns whose diagonal elements are all
zeros is employed. Detection starts from the last Ns -th element xNs and finishes at the first element x1 . Defining
x̂ = [x̂1 , x̂2 , . . . , x̂Ns ]T as the detected signal vector, the ith element x̂i (i = 1, 2, . . . , Ns ) is determined as x̂i = zi −
N s
k=i+1 dik x̃k , where dik is the (i, k)-th element in D and x̃k
indicates the output of the hard decision in the k-th detected
element x̂k . Thus, assuming correct decisions (i.e., x̃k = xk ),
we can represent the detected signals in a matrix form as

II. S YSTEM M ODEL
In this paper, we consider MIMO AF relaying networks
where an MMSE-DFE receiver is employed at the destination
node as shown in Fig. 1. The source, relay, and destination
nodes have Nt , Nr , and Nd antennas, respectively. We assume
that there is no direct link between the source and the destination due to a large path loss. As we consider a spatial multiplexing system which transmits Ns data streams simultaneously, we
assume Ns ≤ min{Nt , Nr , Nd }. Also, the relay operates in the
half-duplex mode due to loop interference.
In the first time slot, the transmit signal vector x =
[x1 , x2 , . . . , xNs ]T with E[xxH ] = σx2 INs is precoded by the
source precoding matrix F ∈ CNt ×Ns , and transmitted to the
Δ
relay node. We define the source transmit power as PT = σx2 Ns
H
under the assumption of tr(FF ) = Ns . Then, the received
signal yr ∈ CNr ×1 at the relay is given by

x̂ = Wyd − Dx.
Denoting the error vector as e = x̂ − x = (WH̄ − D −
Δ
Δ
I)x + Wn, where H̄ = GQHF and n = GQn1 + n2 , the
error covariance matrix Re can be computed as
Δ

Re = E[eeH ]
= σx2 (WH̄ − D − I)(WH̄ − D − I)H + WRn WH ,
(1)
Δ

where Rn = σn2 1 GQQH GH + σn2 2 INd . Also, the SNRs for
Δ

Δ

each link is defined as SNR1 = PT /(Ns σn2 1 ) and SNR2 =
PR /(Ns σn2 2 ).

yr = HFx + n1 ,

III. D ECOMPOSITION OF THE E RROR
C OVARIANCE M ATRIX

where H ∈ CNr ×Nt is the source to relay channel matrix
and n1 represents the additive white Gaussian noise (AWGN)

In this section, we show that the error covariance matrix Re
can be decomposed into a sum of two individual error matrices.
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It should be mentioned that the error decomposition property
has already been found in [7] with MMSE linear receivers. In
this paper, we extend the previous work in [7] to the case of
MMSE-DFE receivers at the destination node. First, using the
orthogonality principle E[eyH
d ] = 0, the feedforward matrix
W is easily obtained as [20]

−1
1
H
H
.
(2)
W = (D + I)H̄
H̄H̄ + 2 Rn
σx
Substituting this result into (1), and applying the matrix inversion lemma, the error covariance matrix Re becomes

−1
1
H −1
UH ,
(3)
Re = U H̄ Rn H̄ + 2 INs
σx
Δ

where U = D + I is an Ns × Ns upper triangular feedback
matrix whose diagonal elements are all ones.
Then, we can formulate the optimization problem which
minimizes the MSE as
min

F,Q,U

(4)

However, this problem is non-convex, and thus it is difficult
to identify F, Q, and U as closed-form solutions. To solve
the problem in (4), we first introduce the following theorem
which shows that the relay filter Q can be computed as the
multiplication of the relay precoder and the relay receiver.
Theorem 1: The optimal relay transceiver Q has the form of
Q = BLr ,

(5)
Δ

where B ∈ CNr ×Ns denotes an arbitrary matrix and Lr =
−1
(FH HH HF + (σn2 1 /σx2 )INs ) FH HH .
Proof: Utilizing the similar process in [21], we can rewrite
the relay Q as Q = Q + Q⊥ , where the column vectors of Q
and Q⊥ are parallel and orthogonal to the column space of Lr ,
respectively. Then, without loss of optimality, we can consider
the above optimization problem (4) with respect to Q due to
the fact Re (F, Q , W)  Re (F, Q, W) and tr(Q JQH
 )≤
tr(QJQH ), where X  Y means that Y − X is a positive
Δ
semi-definite matrix and J = σx2 HFFH HH + σn2 1 INs . This
indicates that Q can be used as a relay filter. Since the column
space of Q can be viewed as the subspace of the column space
of Lr , we express the relay matrix as Q = BLr . This concludes
the proof.

Plugging (5) into (3), we can decompose (H̄H R−1
n H̄ +
to
σn2 1 (FH HH HF + (σn2 1 /σx2 )INs )−1 +
(1/σx2 )INs )−1
−1
σn2 2 (BH GH GB + σn2 2 R−1
as similar to [7], where Ry
y )
represents the covariance matrix of the relay signal y =
Lr (HFx + n1 ). Then, the error covariance matrix (3) can be
written as
R e = R e1 + R e2 ,

min

F,B,U

tr (Re1 + Re2 )



s.t. tr σx2 FFH = PT ,
tr(BRy BH ) = PR .

(7)

Unfortunately, since the source and relay precoders and the
feedback matrix are related to each other, this MSE optimization problem is still non-convex even under the assumption of
high SNR (i.e., (σx2 /σn2 1 )  1) as opposed to the case of a
linear receiver [7]. To overcome this difficulty, we offer efficient
precoding methods in the following section.
IV. C LOSED -F ORM D ESIGNS OF S OURCE AND
R ELAY P RECODERS

tr (Re (F, Q, U))



s.t. tr σx2 FFH = PT


 
tr Q σx2 HFFH HH + σn2 1 INs QH = PR .

where Re1 and Re2 are given by σn2 1 U(FH HH HF +
−1 H
−1
(σn2 1 /σx2 )INs ) UH and σn2 2U(BH GH GB+σn2 2 R−1
y ) U ,
respectively.
Using the properties in (5) and (6), the problem in (4) can be
reformulated as

(6)

In this section, we propose new closed-form solutions of
the source and relay precoding matrices F and B which minimize the MSE. Note that although the optimization problem
in (7) is non-convex, each solution which minimizes tr(Re1 )
or tr(Re2 ) can be obtained as closed-form. Therefore, we
propose two precoding methods which optimize either tr(Re1 )
or tr(Re2 ). In the first case, after computing F and U based
on Re1 , we identify B. On the other hand, in the second case,
we calculate B and U which minimize tr(Re2 ) in advance,
and then obtain F. From now on, we will refer to each case as
the source based precoding (SP) and the relay based precoding
(RP), respectively.
Let us consider singular value decomposition (SVD) of the
channel matrices H and G as
H = Uh Σh VhH

and

G = Ug Σg VgH ,

(8)

where Uh ∈ CNr ×Nr , Vh ∈ CNt ×Nt , Ug ∈ CNd ×Nd , and
Vg ∈ CNr ×Nr are unitary matrices, and Σh ∈ CNr ×Nt and
Σg ∈ CNd ×Nr represent diagonal matrices with singular values. We denote Ns dimensional diagonal matrices Σh1
Δ
Δ
and Σg1 as Σh1 = diag{σh1 , σh2 , . . . , σhNs } and Σg1 =
diag{σg1 , σg2 , . . . , σgNs }. Besides, we define the matrices containing the first Ns columns of Uh , Vh , Ug , and Vg as Uh1 ,
Vh1 , Ug1 , and Vg1 , respectively. In the following, closed-form
solutions for the two cases are provided.
A. Source Based Precoding (SP) Case
First, we formulate the problem which minimizes tr(Re1 )
under the source power constraint as
min
F,U

tr (Re1 )



s.t. tr σx2 FFH = PT ,

(9)
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where Re1 = σn2 1 U(FH HH HF + (σn2 1 /σx2 )INs ) UH . Note
that this problem is equivalent to conventional point-to-point
MIMO scenarios. By applying a similar method as in [16], a
lower bound on (9) is obtained and then solutions F and U
whose performance achieves the lower bound can be found.
To this end, the arithmetic-geometric mean inequality [22] is
given for a positive semi-definite matrix X ∈ CNs ×Ns as
1
1
tr(X) ≥ |X| Ns ,
Ns

(10)

where equality holds if and only if X = αINs with α > 0.
Additionally, we decompose F into Uf Σf VfH , where Uf ∈
CNt ×Nt and Vf ∈ CNs ×Ns are unitary matrices, and Σf ∈
CNt ×Ns indicates a diagonal matrix. Also, Uf 1 is defined as
Δ

a matrix which contains the first Ns columns of Uf and Σf 1 =
diag{σf1 , σf2 , . . . , σfNs }.
Then, a lower bound of the object function in (9) is
written by


 2
−1
σx H H
1
1
2
H
tr (Re1 ) =
tr σx U 2 F H HF+INs
U
Ns
Ns
σn1
−

1

Ns
σx2 H H
F
H
HF
+
I
N
s
σn2 1
− N1
Ns  2
s
σx
2
2
|σ
|
|σ
|
+
1
,
≥ σx2
fi
hi
2
σn1
i=1

≥ σx2

(11)

max2
| σf i |

i=1



σx2
σn2 1

(13)


2
2
|σfi | |σhi | + 1

Ns

σx2 |σfi |2 = PT .

s.t.
i=1

Since this problem is convex, we can obtain a solution for
Σf1 by exploiting Karush Kuhn Tucker (KKT) conditions [23].
Then, a water-filling solution is given by

|σfi | = μ1 −
2

σn2 1
σx2 |σhi |2

= α12 TH
1 T1 ,
−(1/2)

Δ

H H
2
2
where α1 TH
1 = σxUVf ((σx /σn1)Σf1 Σh1 Σh1 Σf1+INs)
which can be expressed as

1
σx



σx2 H H
Σ Σ Σh Σf + I N s
σn2 1 f1 h1 1 1

+
,

where μ1 is the Lagrangian multiplier and (x)+ indicates
max(x, 0).
Lastly, the equality in (11) holds if and only if Re1 =
−(1/Ns )
s
2
2
2
2
2
α1 I, where α12 = σx2 N
.
i=1 ((σx /σn1 )|σfi | |σhi | + 1)

,

 12
= T1 ÛVf

(14)

Δ

with Û = (1/α1 )U. Here, an upper triangle matrix Û and
unitary matrices T1 and Vf such that Re1 = α12 I can be
determined by applying the GMD of the left-hand side in (14).
Through this process, we can obtain U and the last term Vf
in F. Thus, the source precoder F and the feedback matrix U
which are the optimal solution of the problem (9) are derived.
In the second step, for given F and U, we find the relay
precoder B. The problem which minimizes tr(Re2 ) under the
relay power constraint is written by
 

−1
1 H H
−1
H
B G GB + Ry
U
min tr U
B
σn2 2
s.t. tr (BRy BH ) = PR .
−1/2

Also, the optimization problem which minimizes the bound
in (12) is formulated as
Ns

Substituting (13) into Re1 , we have
 2
−1
σx H H
Σ
Σ
Σ
Σ
+
I
VfH UH
Re1 = σx2 UVf
h
f
N
s
σn2 1 f1 h1 1 1

(12)

where the first inequality comes from (10) and |U| = 1, and
the second inequality follows from Hadamard’s inequality. The
equality in (12) holds if and only if Uf1 = Vh1 , and thus the
lower bound in (12) can be achieved when the structure of
the source precoder is equal to
F = Vh1 Σf1 VfH .
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Since R−1
y is Hermitian and can be expressed as Ry
Δ

by defining B̄ =

min
B̄

BR1/2
y ,
1
2

tr URy



−H/2

Ry

,

the problem is rewritten as

1 H H
B̄ G GB̄ + I
σn2 2

−1


H
2

Ry U

H

s.t. tr (B̄B̄H ) = PR .
Then, by applying Lemma 2 in [24], a solution of the relay
precoder is given as
−1

B = B̄Ry 2
−1

2
= Vg1 ΛUH
a Ry ,

where Ua ∈ CNs ×Ns is a left unitary matrix obtained in SVD
Δ
Δ
H/2
1/2
of Ry UH , Λ = Σ−1
g1 Λx , and Λx = diag{λx1 , λx2 , . . . ,
λxNs } equals a diagonal matrix computed in eigenvalue decomposition (EVD) of (1/σn2 2 )B̄H GH GB̄. Then, exploiting
the KKT conditions, the diagonal elements of Λx can be determined as λxi = (σai σgi δ1 − 1)+ , where δ1 and σai indicate the
H/2
Lagrangian multiplier and the i-th singular value of Ry UH ,
respectively.
B. Relay Based Precoding (RP) Case
In this case, under a high SNR assumption (i.e., (σx2 /σn2 1 ) 
1), Re2 in (7) becomes independent of F since Ry ≈ σx2 INs .
The detailed process for obtaining a solution is similar to that
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of SP. In the first step, we formulate the optimization problem
on tr(Re2 ) under the relay power constraint as
tr (Re2 )

min
B,U



s.t. tr σx2 BBH = PR ,

(15)
−1

where Re2 = σx2 U((σx2 /σn2 2 )BH GH GB + I) UH . Then,
in a similar way in the SP, the optimal relay precoder is
represented as
B = Vg1 Σb1 VbH .
Δ

where Vb ∈ CNs ×Ns denotes an unitary matrix and Σb1 =
diag{σb1 , σb2 , . . . , σbNs }.
Applying this precoding structure, the optimization problem
which minimizes the lower bound on (15) is rewritten as
Ns

max2
| σb i |

i=1




σx2
2
2
|σ
|
|σ
|
+
1
bi
gi
σn2 2

Ns

σx2 |σbi |2 = PR .

s.t.
i=1

By employing the KKT conditions, we obtain a solution for
Σb1 as
+

σn2 2
2
|σbi | = μ2 −
σx2 |σgi |2
where μ2 is the Lagrangian multiplier. Using a similar approach
in (14), Vb and U are determined from the following GMD as
 2
 12
σx H H
1
Σ Σ Σ g Σ b + INs
= T2 ŨVb ,
σx σn2 2 b1 g1 1 1
Δ

s
2
2
2
where Ũ = (1/α2 )U with α22 = σx2 N
i=1 ((σx /σn2 )|σbi |
2
−(1/Ns )
|σgi | + 1)
.
In the second step, we express the source precoder by solving
the optimization problem which minimizes tr(Re1 ) under the
source power constraint as


 2
−1
σx H H
2
H
F H HF + I
U
min tr σx U
F
σn2 1


s.t. tr σx2 FFH = PT .

Applying Lemma 2 in [24] as in SP, the source precoding matrix
F is given as
F = Vh1 Λ̃ŨH
a ,
1/2

where Λ̃ = Σ−1
h1 Λ̃x , Λ̃x = diag{λ̃x1 , . . . , λ̃xNs } indicates a
diagonal matrix obtained from EVD of (σx2 /σn2 1 )FH HH HF,
λ̃xi equals (σ̃ai σhi δ2 − 1)+ with σ̃ai being the i-th singular
value of σx UH and the Lagrangian multiplier δ2 , and Ũa ∈
CNs ×Ns denotes a right unitary matrix calculated in SVD of
σ x UH .
Δ

V. P RECODING M ODE S ELECTION
In the previous section, we have presented the two closedform precoding schemes SP and RP. Since the individual BER
performance for SP and RP can be different depending on
system circumstances, we can improve the performance by
selecting one of two solutions. Given instantaneous channel
realizations H and G, the optimal precoding mode selection
method with respect to the BER performance would choose the
precoder set which exhibits a lower BER.
Assuming that all the previous decisions are correct in DFE
and squared quadrature-amplitude modulation (QAM) is employed, the probability of error given H and G is expressed
as [25]

Pe =

1
Ns

Ns
i=1

 
α
Q
βγi ,
log2 M

(16)

√
Δ
Δ
where α = 4(1 − 1/ M ), β = 3/(M − 1), M is the modulation level,
the Q-function defined as
√ Q(·)
 ∞ represents
2
Q(x) = (1/ 2π) x e−(y /2 )dy, and γi denotes the signal-tointerference plus noise ratio (SINR) of the i-th substream which
can be computed using the relation between the SINR and the
MSE (i.e., γi = (σx2 /[Re ]i,i ) − 1) in [26]. Here, [A]k,k denotes
the (k, k)-th entry of A. However, it is difficult to compute the
probability of error for selecting the best one in every channel
realization. Thus, it is necessary to develop a computational
efficient mode selection method.

A. Proposed Eigenvalue Based Mode Selection
Now, we propose a new mode selection method which
achieves the near optimal performance with reduced complexity. We first make a simple observation regarding the (16). The
probability of error can be calculated by the sum of individual
error performance which corresponds to the SINR γi in each
substream, and thus it is dominated by the SINR of the worst
substream. Then, the BER in (16) can be bounded as
Pe ≤



α
Q
βγmin ,
log2 M

where γmin is the minimum of all SINRs. Since γi =
(σx2 /[Re ]i,i ) − 1, we can choose either SR or RP by comparing
the maximum diagonal element of the error covariance matrix,
maxk [Re ]k,k , in each precoding case. However, the comparison of maxk [Re ]k,k still exhibits similar complexity to that of
(16). Thus, to reduce the computational complexity, we focus
on an upper bound of maxk [Re ]k,k .
First, let us consider the SP. The error covariance matrix of
SP is written as

−1
σn2 1
2
H H
RSP
=
σ
U
F
H
HF
+
I
UH
N
e
n1
σx2 s
−1 H

+ σn2 2 U BH GH GB + σn2 2 R−1
U .
y
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Assuming equal power allocation at high SNR (e.g.,
(σx2 /σn2 1 )  1), maxk [RSP
e ]k,k is bounded as
 SP 
max Re k,k
k



< max
k



Ns

σx2 Ns
i=1

PT
σn2 1 Ns


+ σx2 Va ΣH
a

− N1
s
|σhi |2 + 1
IN s

k,k

(17)
where Va and Σa represent a left singular matrix and a diagonal matrix with singular values of σx UH , respectively.
After some bound approaches, we can obtain an upper bound
of maxk [RSP
e ]k,k as
 SP 
max Re k,k
k





Ns

< max σx2 Ns
k

i=1


+

σx2 Va


< max
k

PR
Σ H Σg + I N s
σn2 2 Ns g1 1


Ns

σx2 Ns
i=1

⎡

PR
2 N
σn
2 s

σgNs

2

VaH

(18)
k,k

PR
2 N
σn
2 s

σx2
σgNs

2

σgNs

2



(F1 , B1 , U1 ),

if SNR1 ·λhNs ≤ SNR2 · λgNs

(F2 , B2 , U2 ),

if SNR1 ·λhNs > SNR2 · λgNs .
(23)

Note that the bounds from (17) to (20) are not tight in terms
of the BER performance. Nevertheless, the simulation results
show that the proposed EV-S algorithm exhibits performance
very close to a mode selection scheme based on the BER
performance in (16). Also, the complexity of the proposed EV-S
method is comparable to either the SP or the RP, since the EV-S
simply employs the computation of the minimum eigenvalues
of the channel matrices.
B. Probability Analysis of the Proposed Eigenvalue Based
Mode Selection
From now on, we derive the selection probability of the
proposed algorithm when Nt = Nr = Nd . It allows us to provide useful insight on how often each precoding mode will be
chosen in the system. First, the probability of selecting SP is
defined as


PSP = P SNR1 · λhNs ≤ SNR2 · λgNs .

 Va VaH ⎦
+1
σx2

k

PR
2 N
σn
2 s

−1

(19)
k,k

< max ⎣σx2 Ns INs +

= σx2 Ns +



− N1
s
PT
2
|σ
|
+
1
IN s
h
i
σn2 1 Ns
⎤

σx2

+

− N1
s
|σhi |2 + 1
IN s

PT
σn2 1 Ns

Utilizing the results (21) and (22), we propose an eigenvalue
based mode selection (EV-S) algorithm which chooses the best
precoding scheme between the SP and the RP as follows:

(F̂, B̂, Û) =


−1
PR
ΣH Σg +INs ΣaVaH
σn2 2 Ns g1 1
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⎤

 IN s ⎦
+1

(20)

(24)

To derive this probability, we examine the smallest eigenvalue distribution of a complex Wishart matrix, defined as
W(m, n) = AAH where a matrix A ∈ Cm×n has complex
Gaussian elements with zero mean and unit variance.
Note that the probability density function (PDF) of the
smallest eigenvalue of W(m, n) is given as [27]

k,k


+1

f (λ) =

Km,n n−m −λm/2
λ
e
(m − 1)!


σx2
,
SNR2 λgNs + 1

= σx2 Ns + 

(21)

m−1

×

(xi + λ)n−m Δ2 dΩ,

m−1
R+

(25)

i=1

Δ

where λgNs = |σgNs |2 denotes the Ns -th eigenvalue of GH G
and the first inequality comes from the fact that at least one
singular value of the feedback matrix U is less than or equal
to 1 because U is an upper triangular matrix whose diagonal
elements are all ones. In a similar manner, an upper bound of
maxk [RRP
e ]k,k for the RP is obtained as


<
max RRP
e
k,k
k

=

σx2
PT
2 N
σn
1 s

σhNs

2

 + σx2 Ns
+1

σx2
 + σx2 Ns
SNR1 λhNs + 1

(22)

−1
where Km,n
= 2mn m
i=1 Γ(n − i + 1)Γ(m − i + 1), Δ =
1≤i<j≤m−1 (xi − xj ), dΩ = dμ(x1 ) . . . dμ(xn−1 ), dμ(x) =
x2 e−x/2 dx, and the integration takes place over the positive
m−1
= {(x1 , . . . , xm−1 ) : xi ≥ 0}. Due to the exorthant R+
tremely complicated form of the PDF in (25), an analysis of
the selection probability in (24) is intractable. However, for the
special case of Nt = Nr = Nd , the selection probability can be
obtained as an exact expression in the following theorem.
Theorem 2: For Nt = Nr = Nd , the probability of selecting
SP is given as

Δ

where λhNs = |σhNs |2 represents the Ns -th eigenvalue of
HH H.

PSP =

SNR2
SNR1 + SNR2

(26)
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Δ

Δ

Proof 2: Let us denote X = λhNs and Y = λgNs , for
simplicity. Then, the probability of selecting SP can be computed by

TABLE I
T HE N UMBER OF F LOATING P OINT O PERATIONS

PSP = P {SNR1 · X ≤ SNR2 · Y }
= P {SNR1 · X − SNR2 · Y ≤ 0}
SNR2

∞ SNR
 1

y

fX,Y (x, y)dxdy

=
0

0
SNR2

∞ SNR
 1
=

y

fX (x)dxfY (y)dy
0

(27)

0

where the last equality holds since the random variables X and
Y are independent.
Note that the integral in (25) is independent of λ when m =
n, and then the smallest eigenvalue distribution of W(m, m) is
simply expressed as
m
f (λ) = e−λm/2 .
(28)
2
Substituting this result into (27), the selection probability for
SP is derived as
SNR2

2

PSP

N
=
4

∞ SNR
 1

e
0

=

Fig. 2. Average BER performance of the iterative scheme with various Nini .

y
− N2x

dxe

− N2y

dy

0

SNR2
.
SNR1 + SNR2

(29)

This concludes the proof.

Also, the probability of selecting RP can readily be calculated as
PRP = 1 − PSP =

SNR1
.
SNR1 + SNR2

(30)

From the results in (26) and (30), we can see that the SP is more
likely selected when SNR1 < SNR2 . For example, for the case
of SNR1 = 14 dB and SNR2 = 20 dB, the probability of choosing SP is 80%. Likewise, we can easily explain the situation
in SNR1 > SNR2 . Therefore, we prove that the probability of
selecting SP or RP is determined simply by SNR1 and SNR2 .
VI. S IMULATION R ESULTS
In this section, we present the average BER performance
of the proposed schemes compared to the iterative scheme in
[18] through Monte Carlo simulations. The noise variance σn2 1
and σn2 2 are assumed to be 1. Let us denote P as the total
transmit power, and we assume PT = PR = P/2. Also, the
Δ
total power to noise ratio is defined as SNR0 = (P/σn2 1 ). We
use the notation (Nt × Nr × Nd ) to represent a system with Nt
source, Nr relay, and Nd destination antennas. The modulation
level is set to 4-QAM for all simulations.
From now on, we compare the computational complexity
of the proposed schemes and the iterative scheme in terms

of the required floating point operations (flops). According to
[28]–[30], the required flops of each matrix operation are
described as follows:
• Inversion of an m × m matrix with a Gauss-Jordan elimination method: (4/3)m3 .
• SVD of an m × n matrix (m ≥ n): 4m2 n + 8mn2 + 9n3 .
• Water-filling over m eigenmodes: 2m2 + 6m.
• GMD on an m × m diagonal matrix: 7m2 + 18m.
For simplicity, we assume Nt = Nr = Nd = N . Then, the
number of flops for each scheme are summarized in Table I.
Here, Nini and Nitr represent the number of initial points and
iterations required for the iterative precoding scheme in [18],
respectively.2 In Fig. 2, we show the average BER performance
of the iterative scheme with various number of the initial
points in (3 × 3 × 3) relaying systems. It is observed that the
performance of the iterative scheme with three initial points
is worse than that of the proposed scheme. Since the iterative
scheme with more than 7 initial points yields a negligible
performance gain, we set Nini = 7. Also, we have confirmed
in computer simulations that Nitr = 10 on average is required
for the iterative algorithm in [18]. Note that the proposed
EV-S attains comparable complexity with either the SP or the
RP. For N = 2 and 3, the EV-S scheme exhibits a significant
complexity reduction of 87% and 80% compared to the iterative
scheme, respectively.
In Fig. 3, we provide the average BER performance in
terms of SNR0 for the proposed EV-S scheme and the iterative
2 Since a solution of the precoding scheme in [18] is locally optimal due to
non-convexity of the problem in (4), multiple initial points should be applied
and the best one is selected among the local solutions.
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Fig. 3.

Average BER performance comparison as a function of SNR0 .

Fig. 4.

Average BER performance comparison as a function of SNR0 .

DFE scheme in [18] for (2 × 2 × 2) and (4 × 4 × 4) relaying
systems with SNR1 = SNR2 dB. Also, we compare the performance with the optimal precoding design with an MMSE
linear receiver in [7]. We can verify that systems with DFE
shows significant performance gains over systems with linear
receivers. In this plot, it is shown that the EV-S scheme yields
the performance close to the iterative design with much reduced
complexity. The performance gap is about 1 dB at a BER of
10−4 for (2 × 2 × 2) systems, and this gap decreases with a
larger number of antennas.
Fig. 4 exhibits the average BER performance for (2 × 2 × 2)
systems with SNR1 = SNR2 dB. It is observed that the BER
performance in the SP and the RP is almost the same since
SNR1 is equal to SNR2 . Additionally, compared to the iterative
method in [18], the SP and the RP show a considerable performance loss. However, by selecting the best one between the SP
and the RP, we can achieve a selection gain which results in
the performance close to the iterative precoding scheme. Also,
we present the performance of a BER based mode selection
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Fig. 5. Average BER performance comparision as a function of SNR2 with
SNR1 = 14 dB.

Fig. 6. Selection probability comparison.

(BER-S) algorithm by using the result in (16). From the plot, we
can see that the proposed EV-S scheme exhibits almost the same
performance compared to the BER-S with reduced complexity.
Fig. 5 presents the average BER performance for (2 × 2 × 2)
systems in terms of SNR2 when SNR1 is fixed at 14 dB. Also,
note that there is a cross-over point at SNR2 = 14 dB between
the SP and the RP. If SNR2 > SNR1 , the SP outperforms
the RP, and vice versa. The reason for this result is that the
performance of the overall system is dominated by the worse
link. When SNR2 > SNR1 , the SP is more effective because
much smaller MSE can be obtained in the source-to-relay link
compared to the RP, and thus the proposed EV-S algorithm is
more likely to choose the SP as SNR2 increases.
Fig. 6 presents the probability of choosing SP when the
EV-S method is employed. The same system configurations
as in Fig. 5 are assumed. It is verified that the probability
of selecting SP varies according to SNR2 /(SNR1 + SNR2 ),
which matches well with the analysis result in (26).
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Fig. 7. Average BER performance comparison as a function of SNR0 .

Fig. 7 compares the average BER performance of the proposed precoding schemes for (2 × 2 × 3) system configurations with SNR1 = SNR2 dB. Since the relay-to-destination
channel has a higher diversity gain than the source-to-relay
channel, the performance of the overall system might be dominated by the source-to-relay channel condition. Thus, the
SP always provides better performance than the RP when
more antennas are employed at the destination. Nevertheless,
the proposed EV-S scheme still outperforms the SP and the
RP. Throughout the simulations, we confirm that our closedform solution provides performance quite close to the iterative
scheme with much reduced complexity for MIMO AF relaying
systems with MMSE-DFE receivers.
VII. C ONCLUSION
In this paper, we have derived the optimal structure of the relay matrix for MIMO AF relaying systems with DFE receivers.
The error covariance matrix can be decomposed into a sum of
two individual error matrices, each of which is associated with
each hop. Then, we have proposed new schemes which find a
simple closed-form solution for the source and relay precoders.
Also, we provide the mode selection algorithm which chooses
the best precoding scheme depending on system circumstances
and analyze the mode selection probability. From numerical
results, we have confirmed that the proposed scheme exhibits a
negligible performance loss compared to the iterative one with
much reduced complexity.
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