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Abstract—In this paper, we present a power allocation method
for a distributed antenna system (DAS) to maximize energy efficiency (EE), which is defined as the ratio of the transmission
rate to the total consumed power. Different from conventional
EE maximization schemes that require iterative numerical methods, we derive the optimal solution as a closed form by solving Karush–Kuhn–Tucker conditions. The obtained closed-form
expression is applicable to DAS with an arbitrary number of
distributed antenna (DA) ports and general per-DA port power
constraints and is also guaranteed to be globally optimum. Then,
we provide several interesting observations on the proposed EE
maximizing power allocation scheme. Based on these results, we
propose a simplified practical power allocation method that employs the DA port selection and computes the power level in a
distributed manner. Through Monte Carlo simulations, we show
that the proposed optimal power allocation method produces the
EE identical to exhaustive search with significantly reduced computational complexity. In addition, it is shown that the proposed
simplified power allocation method based on the DA port selection
exhibits little performance loss compared to the optimal algorithm
with a remarkable reduction in the system overhead.
Index Terms—Energy efficiency, optimal power allocation, distributed antenna systems.
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I. I NTRODUCTION

E

NERGY efficient wireless communication, which is often
called as green communication, has drawn increasing
attentions these days, and thus pursuing high energy efficiency
(EE) is becoming a mainstream for future wireless communications designs. The EE is defined as the sum-rate divided by
the total power consumption measured in bit/Hz/Joule. Various
energy efficient methods have been proposed from a physical layer perspective with different transmission techniques
including orthogonal frequency division multiple access and
multiple input multiple output systems [1]–[3]. Recently, in [4]
and [5], the EE has been discussed under cognitive radio and
cooperative relay scenarios, respectively.
Meanwhile, a distributed antenna system (DAS) has been
introduced as a key technology for next generation communications for expanding coverage and increasing sum rates.
Different from a conventional antenna system (CAS) which
has centralized antennas at the center location [6], in DAS,
distributed antenna (DA) ports which are physically connected
with each other via dedicated channels are separated geographically throughout a cell. Therefore, the access distance for each
user along with the transmit power and co-channel interference
can be reduced in DAS, which results in improved overall
performance.
From an information theoretic point of view, the spectral
efficiency (SE) analysis for the downlink DAS has been made
in [6]–[10]. Especially in [6], the downlink capacity for DAS
under a single user environment was investigated for the cases
with and without perfect channel state information (CSI) at the
transmitter. Moreover, a feedback bit allocation algorithm was
presented in [11] for a multi-user DAS with limited feedback,
and the research on antenna placement optimization was conducted in [12]–[14].
In a typical SE maximization problem for a single user DAS,
it was shown that full power transmission with all active DA
ports always achieves better performance than serving a user
with fewer DA ports or consuming less transmission power
[15]. However, the optimal solution for the EE maximization
is normally not the same as in the SE maximization problem,
and the EE maximization problem is much more challenging
to solve. Thus the EE optimization has rarely been studied for
DAS. In [16] and [17], a design of antenna locations for EE
maximization was investigated. Also, [18] studied an uplink
transmission scheme to maximize the EE for DAS by exploiting
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a simple structure. For the downlink DAS, some power allocation methods for the EE maximization relying on numerical
search have been developed for general system constraints in
[19] and [20].
In this paper, we propose the optimal power allocation
method for DAS which maximizes EE with a closed form
solution. First, we formulate a power allocation problem in
DAS considering transmit power constraints of each DA port.
To obtain a simple closed form expression, we analyze the
Karush–Kuhn–Tucker (KKT) conditions for a Lagrangian function, and investigate the relationship between the optimal
power level and the number of active DA ports analytically.
Furthermore, we show the global optimality of the derived
solution.
It is observed from numerical simulations that the number of
active DA ports equals one for most cases. Motivated by this
observation, we analyze the probability that the only one DA
port is activated when the optimal power allocation scheme is
applied. Then, we propose a simplified method which significantly reduces the feedback overhead from the mobile to DA
ports as well as the computational complexity compared to the
optimal scheme. Our simplified scheme is based on DA port
selection, and thus determines the power of each DA port in a
distributed manner.
In the simulation section, we demonstrate that our proposed scheme achieves optimality in terms of the EE performance with significantly reduced computational complexity
compared to exhaustive search which examines all possible
power allocation combinations. We confirm that an EE gain
of 60% is obtained by utilizing the proposed method for DAS
with three DA ports compared to CAS with the EE maximizing scheme. Also, we show that the simplified approach
with DA port selection yields the EE performance almost
identical to the optimal power allocation method with lower
computations.
The remainder of the paper is organized as follows: In
Section II, we present the system model of the single user
DAS. Section III formulates the power allocation problem for
maximizing EE, and derives a closed form expression for the
optimal solution. In Section IV, several observations for the
proposed optimal power allocation scheme are given, and then
we propose a simplified power allocation scheme based on
the DA port selection. Also, we provide simulation results in
Section V. Finally, Section VI concludes this paper.
II. S YSTEM M ODEL
We consider a downlink single cell single user DAS with N
DA ports, where all nodes and a user are equipped with a single
antenna, as shown in Fig. 1. We assume that all DA ports are
physically connected with each other via dedicated channels
such as an exclusive radio link. Moreover, it is assumed that
all DA ports share user data, and operate in the frequencydivision duplex (FDD) mode. The received signal for the user is
written as
N

y=∑

i=1



pi Si hi xi + z

Fig. 1.

Structure of DAS with four distributed antenna ports (N = 4).

where pi is the transmit power consumed by the i-th DA
port DAi , Si = di−α denotes the propagation pathloss with the
pathloss exponent α due to the access distance di between
the i-th DA port and the user, hi indicates the independent
and identically distributed circularly symmetric complex Gaussian channel coefficient with zero mean and unit variance,
xi stands for the transmitted symbol from the i-th DA port
with the average power E[|xi |2 ] = 1, and z represents the
additive white Gaussian noise with zero mean and variance
σ2n . Symbols transmitted from each DA port are assumed to be
independent.
Then, for DAS, the achievable rate for the user is expressed as


N



R = log2 1 + ∑ γi pi
i=1

where γi equals the effective channel gain to noise power ratio
2
(CGNR) from the i-th DA port to the user given as γi = Si σ|h2i | .
n
It is assumed that per-DA port power constraint is applied
as pi ≤ Pmax,i , where Pmax,i is the maximum transmit power
available at the i-th DA port for i = 1, . . . , N. Also, we assume
that DA ports do not share power with each other. Thus, the perDA port power constraint is a more realistic assumption than
conventional sum-power constraint.
The EE for DAS with N DA ports is defined as
ηEE =

R
∑Ni=1 pi + pc

(1)

where pc denotes the circuit power. As in [21], the total power
consumption for DAS can be divided into two main parts: the
power consumption of power amplifiers at each DA port pi
for i = 1, . . . , N, and that of all other circuit blocks pc . The
circuit power includes the power consumed by digital signal
processors, frequency synthesizers, and mixers.
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III. EE M AXIMIZING P OWER A LLOCATION P ROBLEM
In this section, we first formulate the optimal power allocation for EE maximization in DAS. Then, from the KKT
conditions, we analytically solve the optimization problem of
the DAS with general per DA port power constraint. The EE
maximizing power allocation problem is obtained as


ln 1 + ∑Ni=1 γi pi
max
pi ,∀ i
∑Ni=1 pi + pc
subject to

pi ≤ Pmax,i , i = 1, · · · , N.

γ1 > γ2 > · · · > γN .

where λi and νi are the Lagrange multipliers chosen to meet the
conditions of pi ≥ 0 and pi ≤ Pmax,i for i = 1, . . . , N. According
to the KKT conditions [22], the optimal values {p∗i , λ∗i , ν∗i } (i =
1, . . . , N) should satisfy the following equations:
∂L
= fi (p∗1 , . . . , p∗n ) + λ∗i − ν∗i = 0
∂pi

(4)

0 ≤ p∗i ≤ Pmax,i
λ∗i , ν∗i ≥ 0
for i = 1, · · · , N

(5)

where


− ln 1 + ∑Nj=1 γ j p∗j
fi (p∗1 , . . . , p∗n ) = 
2
∑Nj=1 p∗j + pc
∑Nj=1 p∗j + pc

γ
 i

1 + ∑Nj=1 γ j p∗j

 . (6)

For simplicity, we drop the arguments p∗i ’s from fi (p∗1 , . . . ,
From now on, under the assumption of (3), (6) leads to

p∗N ).

f1 > f2 > · · · > fN .

x≥0

x≥0

ln(ax + b)
x+c

(8)

with a>0, b≥1, and c>0, the optimal solution x∗ is obtained as
x∗ =
with

L ({pi , λi , νi })


N
N
ln 1 + ∑Nj=1 γ j p j
=
+ ∑ λ j p j + ∑ ν j (Pmax, j − p j ),
N
∑ j=1 p j + pc
j=1
j=1

+

max g(x) = max

[x̂]+ ,
0,

if ac − b ≥ −1
otherwise

(9)

(3)

In other words, DA1 has the highest CGNR, and DAN has the
lowest CGNR.
The Lagrangian function for the EE maximizing power allocation problem is written by

λ∗i p∗i = ν∗i (Pmax,i − p∗i ) = 0

Lemma 2: For any j ( j = 1, 2, · · · , N), the following properties hold:
• Property 1: If f j < 0, p∗k should be zero for k > j.
• Property 2: If f j > 0, p∗k should be Pmax,k for k < j.
• Property 3: If f j = 0, the optimal solution is given as p∗k =
Pmax,k for k < j and p∗l = 0 and l > j.
Proof: See Appendix A.

Lemma 3: For the optimization problem

(2)

In this paper, without loss of generality, we assume that all
CGNRs γi ’s are different and are sorted in descending order as

433

(7)

Before further derivations, we first introduce the following
lemmas and corollaries.
Lemma 1: For a positive p∗i , fi is always non-negative.
Proof: In order to have a positive p∗i , we need λ∗i = 0 from

(5). Then, it follows fi = −λ∗i + ν∗i ≥ 0 for i = 1, . . . , N.


ac − b
1
exp ω
+1 −b ,
x̂ =
a
e

(10)

where [x]+ is given as max(x, 0) and ω(·) denotes the principal
branch of the Lambert ω function defined as the inverse function of f (x) = xex [23].
Proof: See Appendix B.

Corollary 1: For a special case of b = 1, x̂ in (10) is always
positive.
Proof: The Lambert ω function ω(x) is an increasing
function for x > − 1e with ω(− 1e ) = −1. When b = 1, ω( ac−b
e )>
−1 holds assuming that a and c are positive. Then, we can easily
see that x̂ must be positive from (10).

As shown in (9), x∗ is characterized according to the value
of ac − b. Here, we introduce properties of g(x) with different x̂
corresponding to the range of ac − b in the following corollary
and which is useful to derive the closed form solution of the EE
maximization for DAS with per-DA port power constraints.
Corollary 2: For a real-valued solution x̂ based on the zerogradient condition of g(x), the following properties are satisfied.
• Property 1: g(x) is a strictly increasing function for 0 ≤ x <
x̂ with a positive x̂, while it strictly decreases for x > x̂.1
• Property 2: When x̂ is negative, or a real-valued x̂ does not
exist with ac − b < −1, g(x) strictly decreases for x ≥ 0.
Proof: As shown in the proof of Lemma 3, for the case
of X ∗ > −1 where a solution x̂ exists, f (X) > 0 holds for
−1 < X < X ∗ . In addition, if a solution X ∗ exists, we always
have f (X) < 0 for X > X ∗ . Even for the case when there is no
solution for f (X) = 0, f (X) is always negative for the whole
range of X. Therefore, g(x) strictly decreases for x.

From now on, we derive a power allocation solution which
maximizes the EE for DAS with N DA ports. First, for the
power p1 of DA1 which has the largest CGNR, a possible
set of solutions can be divided into three mutually exclusive cases based on the complementary slackness condition
in (5) as (p∗1 , λ∗1 , ν∗1 ) = {(0, λ∗1 , 0), (x1∗ , 0, 0)|0<x1∗ <Pmax,1 , (Pmax,1 ,
0, ν∗1 )}. Let us consider the first case (p∗1 , λ∗1 , ν∗1 ) = (0, λ∗1 , 0).
In this case, we should find a non-zero optimal p∗i since the
1 In fact, Property 1 in Corollary 2 also indicates pseudo-concavity of g(x),
which has also been shown in [3].
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EE becomes 0 when p∗i = 0 for i = 2, . . . , N. However, by
Property 1 in Lemma 2, p∗i (i = 2, . . . , N) must be zero since
f1 = −λ∗1 + ν∗1 < 0 in this case. Thus, this contradicts our
assumption, and the optimal solution with p∗1 = 0 never occurs.
Next, we consider the second case (p∗1 , λ∗1 , ν∗1 ) = (x1∗ , 0, 0) for
0 < x1∗ < Pmax,1 . In this case, f1 = −λ∗1 + ν∗1 is zero. Applying
Property 3 in Lemma 2, p∗i ’s (i = 2, . . . , N) equal zero and
the optimal solution is obtained as (p∗1 , . . . , p∗n ) = (x1∗ , 0, . . . , 0)
where

−1 + γ1 pc
1
exp ω
x1∗ =
+1 −1 .
(11)
γ1
e
Here, x1∗ is positive since b is equal to 1 by Corollary 2.
Moreover, it is worthwhile to note that if x1∗ computed in
(11) exceeds the permitted maximum transmit power for DA1 ,
Pmax,1 , p∗1 should be set to Pmax,1 , since the objective is a strictly
increasing function for 0≤ p1 <x1∗ by Property 1 in Corollary 2.
If this happens, a solution should be found in the following third
case (Pmax,1 , 0, ν∗1 ).
For the third case (p∗1 , λ∗1 , ν∗1 ) = (Pmax,1 , 0, ν∗1 ), we need to
determine the optimal value of p∗2 according to λ2 and ν2 with
a fixed p∗1 = Pmax,1 , since the power for the rest of DA ports
has not been decided. Similar to the derivation of p∗1 , we also
divide p∗2 into three mutually exclusive cases as (p∗2 , λ∗2 , ν∗2 ) =
{(0, λ∗2 , 0), (x2∗ , 0, 0)|0<x2∗ <Pmax,2 , (Pmax,2 , 0, ν∗2 )}. For the first
case (p∗2 , λ∗2 , ν∗2 ) = (0, λ∗2 , 0), we have f2 = −λ∗2 + ν∗2 < 0. From
Property 1 in Lemma 2, the rest of p∗i ’s should be zero for i =
3, . . . , N. In a similar way, we can obtain solutions corresponding to the remaining cases utilizing the properties in Lemma 2,
and the feasible solutions with p∗1 = Pmax,1 are given as
(p∗1 , p∗2 , . . . , p∗N ) = {(Pmax,1 , 0, . . . , 0),
(Pmax,1 , x2∗ , 0, . . . , 0) |0<x2∗ <Pmax,2 ,
(Pmax,1 , Pmax,2 , x3 , . . . , xN )}
where xi (i = 3, · · · , N) denotes the undetermined power for the
remaining DA ports.
Now, we know that the optimal power for DA2 can be either
p∗2 = 0, x2∗ , or Pmax,2 where 0 < x2∗ < Pmax,2 , and obtain p∗2 . For
the second candidate (Pmax,1 , x2∗ , 0, . . . , 0)|0<x2∗ <Pmax,2 , we can
compute a solution for x2∗ based on the zero-gradient condition
by substituting a = γ2 , b = 1 + γ1 Pmax,1 , and c = pc + Pmax,1 into
(9) and (10). Here, a, b, and c are set to express (2) in terms of
(8) after fixing p∗1 = Pmax,1 , and a solution is written as
x2∗
⎧   
 
+
−1+(γ2 −γ1 )Pmax,1 +γ2 pc
⎪
⎨ γ1 exp ω
+1
−1−γ
P
,
1
max,1
e
2
=
if (γ2 − γ1 )Pmax,1 +γ2 pc ≥ 0
⎪
⎩
0,
otherwise.
(12)
When x2∗ calculated in (12) is not a positive value which leads
to p∗2 = 0, the power allocation for all DA ports is determined
as the first candidate (Pmax,1 , 0, . . . , 0). Focusing on the feasible
region for p2 with 0 ≤ p2 ≤ Pmax,2 , if x2∗ ≥ Pmax,2 , then p∗2 becomes Pmax,2 since the objective is a strictly increasing function
with respect to p2 for p2 < x2∗ from Property 1 in Corollary 2.

Meanwhile, for the case of p∗2 = Pmax,2 , p∗i has not been
determined yet for i = 3, . . . , N and we need further procedures
to check the feasibility of solutions. Thus we separate p∗3 into
three mutually exclusive cases as in the previous cases after
fixing (p∗1 , p∗2 ) = (Pmax,1 , Pmax,2 ). Then, we verify the feasibility
of a solution for each case, and derive a closed form solution if
it is feasible. Again, we repeat these procedures, and optimize
the power allocation for the subsequent DA ports by fixing the
power level of DA ports obtained in the previous steps.
Finally, for the EE maximizing power allocation problem
with N DA ports, the optimal solution (p∗1 , . . . , p∗N ) can be
computed as


p∗i = min [x̂i ]+ , Pmax,i

for i = 1, . . . , N

(13)

where x̂i is given from (9) and (10) as
⎧ 
i−1
i−1
⎪
⎪
⎪ 1 exp ω γi ( pc +∑k=1 Pmax,k ) − (1+∑k=1 γk Pmax,k ) +1
⎪
γ
e
⎪
i
⎪
⎪
⎪

⎨
i−1
x̂i =
(14)
− 1 − ∑k=1 γk Pmax,k ,
⎪
⎪
⎪
⎪


⎪
⎪
i−1
⎪
if γi pc +∑i−1
⎪
k=1 Pmax,k −1− ∑k=1 γk Pmax,k ≥ −1
⎩
0, otherwise.
The algorithm is summarized in Algorithm 1.
Algorithm 1 EE maximizing Power Allocation Method
Set the CGNRs as γ1 > γ2 > · · · > γN .
Initialize the iteration i = 1 and compute p∗1 = min(x1∗ , Pmax,1 )
using (11).
while (p∗i = Pmax,i and i ≤ N)
i = i+1
Compute p∗i using (13) with the power levels obtained
in the previous iterations.
end
Set p∗j = 0 for j > i.
In this algorithm, it should be noted that these procedures are
stopped immediately when the condition p∗i = Pmax,i is fulfilled,
and the power for the rest of DA ports having worse CGNR than
the i-th DA port are set to zero. This is due to the fact that when
p∗i is not equal to Pmax,i , fi = −λ∗i + ν∗i ≤ 0 holds based on the
KKT conditions in (5), and thus it is clear that p∗j = 0 for j > i
from Properties 2 and 3 in Lemma 2.
So far, we have checked all possible solution sets by solving
the KKT conditions. Since we divide the solution set into mutually exclusive cases and each case cannot occur simultaneously,
our closed form solution achieves unique optimality. In what
follows, we briefly compare the proposed power allocation
scheme with the conventional EE maximizing power allocation methods. Note that although conventional EE maximizing
power allocation schemes presented in [3] and [20] require
iterative methods for the DAS with per-DA port power constraint, they can also be adopted for an EE maximizing power
allocation problem of more generalized system setup.
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Now, we examine conventional power allocation methods
in [3] and [20] and verify the difference between the proposed scheme and the conventional methods. In fact, the EE
maximization problem in (2) can be categorized as one of
pseudo-concave optimization problems in [3], since a mathematical framework was provided in [3] for solving the EE
maximization problems which belong to a class of the concaveconvex fractional program. In [3], the objective function which
is often modeled as the rate to power ratio is transformed to
a weighted sum of rate and power, and an iterative method
was applied to address this transformed optimization problem.
As shown in [3], the computation of the optimal power levels
pi ’s with a given weight λ is required in each iteration, and
this procedure leads to water-filling solutions for the simple
case of time-invariant parallel subchannels considered in [3].
When the method in [3] is adopted to the DAS EE maximizing
problem in our paper after some modifications, however, the
KKT conditions should be solved additionally to compute the
optimal pi ’s with a given weight λ in every iterations at the cost
of extra complexity.
In contrast, our proposed scheme produces a closed form
solution by solving the KKT conditions only once. Therefore,
it should be emphasized that the optimal power allocation can
be obtained more efficiently than the conventional methods
without any iterative process. Moreover, unlike the algorithm
in [3], our simple closed form solution gives valuable insights
about the relation between the optimal power level and the
number of active DA ports which leads to a simplified scheme
as will be shown in Section IV.
For the optimal power allocation method for the DAS presented in [20], the power of each DA port is computed with an
appropriate water level, and to this end, numerical search using
a bisection method is required to find the optimal water level at
each DA port. In addition, this procedure is repeated for every
N DA ports until the computed power level of all DA ports
converges. In contrast, our proposed scheme only calculate the
optimal power of each DA port using a closed form expression
in (13) at each stage successively, and the computation stops
immediately when p∗i = Pmax,i is fulfilled.
In general, it is difficult to measure and compare the complexity of iterative algorithms directly. Instead, we provide a
brief complexity analysis for our proposed scheme and the
method in [20]. For the scheme in [20], the majority part
of the complexity at each iteration of an inner loop includes
9N 2 + 14N + 1 real multiplications for the DAS with N DA
ports, and the bisection search of the inner loop needs O (log 1ε )
iterations to guarantee the error tolerance of ε. Also, the number
of iterations of an outer loop is 10–15 on average. On the
other hand, in our proposed optimal scheme, the worst case
complexity is given as N 2 + 2N real multiplications when all
of pi ’s are activated. Therefore, we can see that our method is
more suitable in practical implementation.
IV. A S IMPLIFIED P OWER A LLOCATION S CHEME
BASED ON DA P ORT S ELECTION
In this section, we first provide analysis for the proposed
power allocation method. Then, based on observations from the
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Fig. 2. Average number of active DA ports with the optimal power allocation
scheme.
TABLE I
S IMULATION PARAMETERS

analytic result, we propose a simple power allocation strategy
by adopting the DA port selection. Unlike conventional MIMO
systems, all the signals from DA ports to the user experience
different large-scale fadings for DAS, and thus it is well known
that the system performance for DAS is mainly dominated by
the DA port which has the minimum access distance to the user.
Similarly, we can expect that the DA port having the best
channel condition will greatly affect the EE performance of
DAS. To demonstrate this fact, we examine how many DA ports
out of N are activated and involved with actual transmission
procedures when the optimal EE maximization scheme is applied. Then, we propose a simplified power allocation method
for EE maximization in DAS. For ease of analysis, throughout
this section, we assume that the maximum transmit power for
all DA ports is the same as Pmax , i.e., Pmax,i = Pmax , ∀ i.
Fig. 2 plots the number of active DA ports averaged over
different channel realizations under the proposed EE maximizing scheme with various N, Pmax and pc . This simulation is
performed based on parameters listed in Table I. Interestingly,
it is shown that the average number of active DA port is very
close to one in most cases.
Now, let us further investigate the probability that only one
DA port is activated with given system parameters Pmax and pc .
For ease of presentation, we define k as the index of the DA port
with the best CGNR, i.e., k = arg maxi γi , and denote NA as the
number of active DA ports. For exact analysis of Pr(NA = 1), we
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Fig. 3. Optimal power x̂k with respect to CGNR γk .

need to verify the relation among p∗i ’s based on (13) and (14).
However, it is difficult to deal with the variables p∗i ’s which are
expressed with the Lambert ω function as in (14), and thus the
exact probability for Pr(NA = 1) is hard to obtain. In fact, as
illustrated in Section III, the DA port with the second largest
CGNR is turned on only when p∗k equals its maximum transmit
power Pmax , and remains off as long as p∗k < Pmax . Therefore, we
can approximate the probability as Pr(NA =1)Pr(p∗k <Pmax ).2
For given Pmax and pc , p∗k is obtained by the value of x̂k which
is expressed as a function of the CGNR of DAk , γk , as in (13)
and (14). To establish the relation between γk and x̂k , Fig. 3
exhibits the optimal power x̂k in terms of γk with pc = 1 W
Assuming Pmax = 2 W, for instance, x̂k needs to be less than
2 W to satisfy p∗k < Pmax from (13), and thus γk should be greater
than the CGNR threshold γth = 0.7 dB.
Then, since γi ’s are assumed to be independently distributed,
the probability that p∗k is less than Pmax for the given γth can
easily be calculated as
Pr(NA = 1)  Pr (p∗1 < Pmax )
= Pr max γi > γth
i

= 1 − Pr max γi ≤ γth
i

= 1 − Pr(γ1 ≤ γth , γ2 ≤ γth , · · · , γn ≤ γth )
N
Si |hi |2
= 1 − ∏ Pr
≤ γth
σ2n
i
N
σ2
.
(15)
= 1 − ∏ 1 − exp − n γth
2Si
i

Fig. 4. Snapshot for the probability of the number of active DA ports with
N = 4.

For the case of DAS with N = 4, Si = {0.6 0.45 0.4 0.35},
σ2n = 1, Pmax = 2 W and pc = 1 W, the probability of single
DA port transmission is computed as 94.4% in (15) with γth =
0.7 dB, and this shows a good agreement with the Monte Carlo
simulation result in Fig. 4.
Moreover, it is observed from (15) that Pr(NA = 1) increases
as the access distance between DA ports and the user is reduced,
since Si = di−α grows exponentially as di ’s decrease. In various system settings for the DAS, we have confirmed that the
probability that the number of active DA ports with our optimal
EE maximizing power allocation equals one is over 90%, as
observed in Fig. 2, and this observation can be generalized to
the DAS with a larger number of DA ports, since the access
distance decreases as N increases.3
Motivated by the above results, we propose a simplified EE
maximizing power allocation strategy which employs only one
activated DA port based on DA port selection. After a single
DA port is selected for transmission, the optimal power at the
selected DA port can be selected in a distributed fashion using
local CGNR only. In this simplified scheme, for the DAS with
FDD, a mobile user can determine a DA port with the highest
CGNR by measuring its received signals without any additional
feedback information. Then, the mobile user notifies which DA
port will be activated to DA ports using log2 N feedback bits,
and the selected DA port can compute its optimal power from
(11) using its own CGNR γk only. The proposed simplified
algorithm based on the DA port selection can be summarized
as follows:
Algorithm 2 Simplified Power Allocation Scheme

The derived expression in (15) shows that as long as γth is
close to 0, Pr(NA = 1) approaches one. From Fig. 3, it can be
confirmed that γth has a relatively small value. Fig. 4 presents
the number of active DA ports with a fixed user position.

1. Select a DA port with the largest CGNR γk as DAk .
2. Compute p∗k = min(xk∗ , Pmax ) at DAk using (11) with γk .
The other ports are set to be off, i.e., p∗j =0 for j=2, · · · , N.

2 Strictly speaking, p∗ < P
max is a sufficient condition for single DA port
k
transmission since the number of active DA ports can also be one when p∗k is
equal to Pmax . For the case of p∗k = Pmax , the computed power level of the second
DA port as well as p∗k determines whether the second DA port is active or not.
Thus it is obvious that Pr(p∗k < Pmax ) becomes a lower bound of Pr(NA = 1).

3 As N goes to infinity, as the extreme case, it is clear that the access
distance di between a user and the nearest DA port approaches zero. Thus
−α/2
the corresponding pathloss Si = di
goes to infinity, and this results in
Pr(NA = 1) → 1 based on (15).
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Fig. 5.

Energy efficiency with N = 2.

Different from the optimal scheme which requires sorting
of all γi ’s, the proposed simplified scheme only needs to find
the maximum value among γi ’s with reduced computational
complexity. Also, unlike the optimal scheme where the optimal power for all of N DA ports should be computed at
the mobile user based on global CGNR information and then
the computed power level pi ’s are fed back to each DA port.
Thus, it is clear that the simplified scheme leads to a significant reduction in terms of the system feedback overhead as
well as the computational complexity compared to the optimal
scheme in Section III. As will be shown in Section V, the
simplified approach based on the DA port selection shows a
negligible performance loss compared to the optimal power
allocation method.
V. S IMULATION R ESULTS
In this section, we evaluate the proposed EE maximizing
power allocation scheme through Monte Carlo simulations.
The same system parameters listed in Table I are used in
the simulations. For conveniences, we assume Pmax,i = Pmax
for ∀ i throughout the simulations.For the DAS with N DA

ports, the j-th DA port is located at r cos 2π(Nj−1) , r sin 2π(Nj−1)

for j = 1, · · · , N with r = 37 R as in [6]. In Figs. 5 and 6,
we compare the EE of the following schemes: exhaustive
search which examines all possible power allocation combinations with a resolution of 0.01 W, conventional iterative
power allocation methods in [20], and the SE maximization
scheme for the DAS in [15] which transmits signals using
all DA ports with its full power. The performance for CAS
with the EE maximizing power allocation is also depicted to
compare with DAS. For the CAS, we consider a centralized
base station equipped with N transmit antennas. After applying
maximal ratio transmission (MRT) [24] in the CAS, the optimal
power for the effective CGNR with MRT is determined using
the power allocation scheme for EE maximization. For a fair
comparison, the maximum transmit power for CAS is set to
be NPmax .
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Fig. 6. Energy efficiency for N = 3.

In Fig. 5, we plot the EE as a function of Pmax for both
DAS and CAS with N = 2. First, we can confirm that the
performance of the proposed scheme is identical to that of
exhaustive search and the conventional iterative scheme with
substantially reduced complexity. The EE performance of our
scheme gradually improves and is finally saturated as Pmax
increases. This is due to the fact that x̂i becomes smaller than
Pmax as Pmax increases, and thus p∗i does not change any more.
Moreover, the simplified power allocation method based on the
DA port selection exhibits little EE performance loss compared
to the proposed optimal scheme. This has already been expected
from the observation in Fig. 2 that only one DA port is activated
for most cases. For the DAS with the proposed methods, EE
gains of 24% and 119% are achieved compared to CAS and
the SE maximization method for Pmax = 2 W, respectively.
Note that the performance of the SE maximization where all
DA ports consume its full power deteriorates with increasing
Pmax , since the denominator of the EE metric in (1) linearly
increases as Pmax grows. Thus, it is clear that the SE maximizing
scheme leads to a severe loss in terms of EE compared to the
EE maximization when Pmax is large.
Fig. 6 illustrates the performance comparison with N = 3,
and we can make similar observations. As shown in the figure,
our proposed scheme achieves the optimal EE performance
identical to the exhaustive search, and the performance of the
simplified method is almost the same as that of the optimal
schemes. Compared to Fig. 5, we observe that the performance
gap between the proposed power allocation methods and the
SE maximization method increases as the number of DA ports
grows.
To illustrate the tradeoff between EE and SE, we compare
the proposed scheme with the conventional SE maximization
scheme [15] in terms of the SE and the total consumed transmit
power in Fig. 7(a) and (b), respectively. As expected, the SE
performance of our proposed scheme is eventually saturated as
Pmax increases, since each DA port does not use the transmit
power over a certain level, as shown in Fig. 7(b). Thus it is clear
that the proposed scheme achieves high EE with less transmit
power, and the obvious tradeoff between SE and EE can be
identified.
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demonstrates that DAS has a benefit with respect to EE as well
as SE [6], [15] compared to CAS. It should be emphasized again
that our proposed power allocation scheme in Section III produces the optimal performance, and the simplified scheme also
provides the EE performance almost identical to the optimal
scheme with significantly reduced complexity.
VI. C ONCLUSION

Fig. 7. Performance comparison with different power allocation schemes.
(a) Spectral efficiency comparison. (b) Transmit power comparison.

In this paper, we have studied the optimal power allocation
for EE maximization in DAS under per DA port power constraint. We have derived the optimal closed form solution by
solving the KKT conditions. The obtained optimal expression
is applicable to DAS with arbitrary numbers of DA port and
general power constraint for each DA port. To provide useful
insights, several observations and further analysis have been
presented for the proposed EE maximizing power allocation
scheme, and a simplified method based on the DA port selection for DAS has also been proposed. Simulation results
confirm that our proposed scheme produces the optimal EE
performance with significantly reduced complexity compared
to the exhaustive search method. Also, the simplified scheme
provides the performance very close to the optimal scheme
with a significant reduction in the system overhead and the
computational complexity.
A PPENDIX A
P ROOF OF L EMMA 2

Fig. 8. Energy efficiency comparison between DAS and CAS.

In Fig. 8, we plot the EE curve for DAS and CAS with
EE maximizing power allocation methods in terms of N with
Pmax = 2 W and pc = 1 W. We can see that performance for
the DAS with the proposed schemes improves as the number
of DA ports N increases, and the proposed simplified power
allocation method yields the EE performance almost identical
to the optimal scheme regardless of the number of DA ports N.
The reason for this EE performance gain can be explained from
the DAS structure having geographically distributed antenna
ports throughout a cell. Since DA ports within the cell become
denser as N grows large, the access distance between a user and
the selected DA port based on the proposed simplified scheme
can be decreased as well as the consumed transmit power as
N increases for the DAS, and thus a EE gain can be achieved
as N grows. Furthermore, the EE performance gap between
DAS and CAS also gets bigger as N increases, and DAS with
the proposed schemes provides a performance gain of 56%
compared to CAS with the EE maximization when N = 7. This

• Property 1: For f j < 0, fk = −λ∗k + ν∗k < 0 holds for k > j
from (4) and (7). This means λ∗k > 0, and it can be inferred
that p∗k = 0 by the complementary slackness condition
in (5).
• Property 2: For f j > 0, fk > 0 holds for k < j due to (7).
From (4) and (5), fk = −λ∗k + ν∗k > 0 is satisfied if and
only if p∗k = Pmax,k , since at least one of λ∗k and ν∗k should
be zero.
• Property 3: Since f j = 0, we have fk > 0 for k < j and
fl < 0 for l > j from (7). Then, based on the above two
properties, the optimal solution can easily be obtained as

p∗k = Pmax,k for k < j and p∗l = 0 for l > j.
A PPENDIX B
P ROOF OF L EMMA 3
The derivative of g(x) with respect to x is written as
∂g(x) − ln(ax + b)
a
=
+
∂x
(x + c)2
(ax + b)(x + c)
=

f (x)
(ax + b)(x + c)2

(16)

where f (x) is defined as −(ax + b) ln(ax + b) + a(x + c).
Since the denominator of (16) is always positive, the sign of
∂g(x)
∂x is determined by the numerator. Then, g(x) is a strictly
increasing function if f (x) > 0. Otherwise, if f (x) < 0, g(x)
strictly decreases. In addition, when f (x) = 0, a solution based
on the zero-gradient condition is derived.
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Moreover, for the case of ac − b < −1, x̂ cannot be expressed
with the Lambert ω function any more, and there does not exist
X ∗ which satisfies f (X ∗ ) = 0 for X ≥ −1. As shown in Fig. 9,
for ac − b < −1, f (X) always has a negative value and thus
g(X) is a strictly decreasing function for the whole range of X.
Utilizing the property of logarithm as an increasing function for
X = ln(ax + b) − 1, we can notice that x∗ = 0.
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Fig. 9.
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