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Abstract—This paper investigates the optimal transmit beamforming designs for simultaneous wireless information and power
transfer (SWIPT) in multiple-input single-output interference
channels (IFC). Based on cooperation level among transmitters
and receivsers, we classify the SWIPT IFC systems into two categories. First, we consider the IFC with partial cooperation, where
only channel state information (CSI) is available at transmitters
and receivers, but not the signal waveform. Second, we examine
the IFC with signal cooperation, where both the CSI and the signal
waveforms are known to transmitters and receivers. Then, for the
both scenarios, we identify the Pareto boundary of the achievable
rate-energy (R-E) region which characterizes the optimal tradeoff
between the information rate and the harvested energy. To this
end, the problems for maximizing the information rate are formulated with minimum required harvested energy constraint. To
solve these non-convex problems, we introduce parameterization
techniques for characterizing the R-E region. As a result, the
original problem is separated into two subproblems, for which
closed-form solutions are obtained by addressing the line search
method. Finally, we provide numerical examples for the Pareto
boundary of the R-E region through simulations.
Index Terms—Simultaneous wireless information and power
transfer (SWIPT), rate-energy region, multiple antenna techniques.

I. I NTRODUCTION

I

N recent years, energy harvesting (EH) communication
systems, where communication nodes harvest renewable
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energy from nature such as solar or wind, have attracted great
attentions owing to its capability for supplying additional power
to conventional energy-constrained systems [1]–[4]. However,
scavenging energy from nature may not be practical in some situations, for instance, when there are no energy sources around
the energy-demanding devices. In addition, for small wireless
devices such as sensor nodes or mobile phones, it would be
difficult to implement EH circuitries which gather energy from
solar or wind because of limited spaces.
To overcome these issues, radio-frequency (RF) signals have
been considered as a new energy source for wireless devices [5],
[6]. In EH systems relying on the RF signals, a transmitter sends
the RF signals to energy-demanding devices, and the energy of
the RF signals can be harvested at the device. In contrast to
other EH systems, such RF signal based EH techniques enable
to charge energy-demanding devices whenever it is necessary.
Recent experimental works have verified the feasibility of the
RF signal based EH systems (please see [7] and references
therein).
In conventional wireless communication systems, the role
of the RF signals has been limited to conveying information,
although the RF signal can carry both information and energy
concurrently. Recently, exploiting the nature of the RF signals,
simultaneous wireless information and power transfer (SWIPT)
methods have been introduced for various system configurations. In [8], the capacity-energy function was investigated for
single-input single-output (SISO) point-to-point communication systems. The results in [8] were extended to frequencyselective channels [9], and the non-trivial rate-energy (R-E)
tradeoff in the SWIPT system was studied through frequency
domain power allocation. The authors in [10] identified the
optimal R-E tradeoff curve in two-user multiple-input multipleoutput (MIMO) broadcast channels (BC). Also, for multi-user
multiple-input single-output (MISO) BC systems, the weighted
sum harvested energy was maximized under signal-to-noiseplus-interference ratio (SINR) constraint in [11], and transmission schemes for maximizing the secrecy rate was presented
in [12]. In [13] and [14], the SWIPT relay networks were
considered.
According to the cooperation level among transmitters and
the receivers in interference channels (IFC), the SWIPT systems can be classified into the following two categories: IFC
with partial cooperation (IFC-PC) [15]–[17] and with signal
cooperation (IFC-SC) [18]. In the IFC-PC, it is assumed that
only channel state information (CSI) is available at transmitters
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and receivers, but not the transmitted signal. On the other hand,
in the IFC-SC systems, both the CSI and the signal waveforms
are known at the transmitters and the receivers since the energycarrying RF signal can be determined in advance. Then, we can
improve the achievable R-E performance by constructing the
transmitted signals as a superposition of the information signal
and the energy signal components [11], [18]. Also, with the
pre-determined energy signal, the receivers can eliminate the
interference induced by the energy signal to improve data rate.
Therefore, the capability of SWIPT is significantly improved in
the IFC-SC at the expense of increased complexity for the additional signal processing and the non-linear receiver structure
for the interference cancellation. In a two-user MIMO IFC-PC,
[15] found a necessary condition for the optimal transmission
strategy in high signal-to-noise ratio regime. Based on this
necessary condition, practical SWIPT transmission schemes
and their achievable R-E regions were investigated in [15],
and were extended to a general K-user MIMO IFC-PC [16].
The weighted sum rate maximizing algorithms were provided
in [17] for the MISO IFC-PC, but the achievable R-E region
was not analyzed. Recently, the authors in [18] introduced the
collaborative signal transmission and interference cancelling
protocols for the general K-user SISO IFC-SC.
In this paper, we design the optimal linear beamforming
vectors for the SWIPT systems in two-user MISO IFC-PC
and IFC-SC, where each of two transmitters sends data or
transfers energy to its corresponding receiver. Since it is not
easy to simultaneously decode information and harvest energy
at the receiver due to implementation issues in practical systems
[10], [11], [15], we assume that receivers behave as either an
information decoding (ID) receiver or an EH receiver, but not
as both at the same time.
Then, in the two-user IFC, there exist three different scenarios depending on the receivers’ mode [15]. First, when there
are two ID receivers, the system is equivalent to a conventional
IFC, and thus existing methods for the IFC in [19]–[25] can be
applied. Second, for the case of two EH receivers, we can easily
find the optimal beamforming vectors which maximize the total
harvested energy at the EH receivers [15]. Third, if there are
one ID receiver and one EH receiver, it is not easy to design the
beamforming vectors which optimize both the information rate
and the harvested energy, since there exists a non-trivial tradeoff
between two quantities. In this paper, we focus on this case, and
investigate the optimal tradeoff between the information rate
and the harvested energy by characterizing the Pareto boundary
of the achievable R-E region.
For both the IFC-PC and the IFC-SC systems, we formulate
the information rate maximization problems under minimum
required harvested energy constraints to obtain the Pareto
boundary. As these are non-convex optimization problems, it is
difficult to obtain the globally optimal solution. To solve this
issue, we introduce new parameters, namely energy splitting
and power splitting parameters, for the IFC-PC and the IFCSC, respectively. The energy splitting parameter in the IFCPC divides the harvested energy constraint of the EH receiver
into two parts, and adjusts the amount of energy conveyed
from each transmitters. For the IFC-SC, the power splitting
parameter splits the transmit power constraints at transmitters,
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Fig. 1. Schematic diagram for the SWIPT system in two-user MISO IFC.

and enables the signaling cooperative transmission. By utilizing
these parameters, the original non-convex problems can be
separated into two connected subproblems in both of the IFCPC and the IFC-SC cases.
The first subproblem designs beamforming vectors, whereas
the second one finds the optimal parameter by a simple line
search method. Still, the first problem is a non-convex quadratically constrained quadratic program (QCQP), and it is difficult
to determine the globally optimal solution. Thus, we apply
the semi-definite relaxation (SDR) method to the non-convex
QCQP, and the optimal solution achieving the Pareto boundary
is obtained with a closed-form. Then, we present numerical examples for the achievable R-E region and attain some insightful
results on the optimal transmission schemes.
This paper is organized as follows: In Section II, we introduce the system model and formulate the problem for twouser MISO IFC-PC and IFC-SC. Section III characterizes the
achievable R-E region of the IFC-PC by utilizing the energy
splitting parameter, and Section IV provides the optimal beamforming designs achieving the Pareto boundary. For the IFCSC, the optimal transmission strategy is provided in Section V.
In Section VI, we observe insightful results on the Pareto
boundary through numerical simulations. Finally, the paper is
terminated with conclusions in Section VII.
Throughout this paper, we employ uppercase boldface letters, lowercase boldface letters, and normal letters for matrices,
vectors, and scalar quantities, respectively. A set of all complex
matrices of size m-by-n is denoted by Cm×n , and conjugate
transpose of a matrix or a vector is represented by (·)H . In
addition, tr(X) and rank(X) stand for trace and rank of a matrix
X, respectively. Im accounts for an identity matrix of size
m-by-m. The absolute value of a scalar is given by | · |, and
 ·  indicates the 2-norm operation of a vector. Also, the matrix
H
2
⊥
x = Im − xx /x denotes the projection matrix onto the
nullspace of a vector x ∈ Cm×1
II. S YSTEM M ODEL
In this section, we provide a system model for two-user
MISO IFC for the SWIPT system where two transmitters each
equipped with M antennas transmit the RF signals to single
antenna receivers as shown in Fig. 1. First, a system model
for the IFC-PC is explained, and then it is followed by the
description of the IFC-SC system.

4812

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 14, NO. 9, SEPTEMBER 2015

A. IFC-PC
In the IFC-PC system, we assume that only the perfect CSI is
available at the transmitters and the receivers, but not the transmitted symbols. In this configuration, the ID receiver decodes
data conveyed from the information transmitter, while the EH
receiver harvests energy1 of the RF signals transferred from
both the energy and information transmitters. Then, the RF
signal transmitted from the energy transmitter to the ID receiver
acts as interference, whereas the information transmitter helps
the EH receiver collect more energy.
For notational conveniences, we denote the information and
the energy transmitter as transmitter 1 and 2, respectively, and
the ID and the EH receiver as receiver 1 and 2, respectively.
Assuming frequency-flat fading, the channel vector from transmitter i to receiver j is expressed as hij ∈ CM×1 for i, j = 1, 2.
Also, we denote si as the scalar symbol transmitted from transmitter i with si ∼ CN (0, 1)2 (i = 1, 2), and it is assumed that
s1 and s2 are independent. Note that s1 is an information symbol
bearing the data of the ID receiver, while an energy symbol s2
carries energy to the EH receiver but not any information.
Then, the received signal at receiver i (i = 1, 2) is given by
H
yi = hH
ii wi si + hīi wī sī + ni ,

where we define ī = 1 for i = 2 and ī = 2 for i = 1, wi ∈
CM×1 represents the linear beamforming vector at transmitter
i with transmit power constraint wi 2 ≤ Pi , and ni indicates
the complex Gaussian noise at receiver i with zero mean and
unit variance.
In the IFC-PC, it is assumed that the ID receiver cannot
perform interference cancelation, and thus the energy signal
interference is treated as an additive noise [12], [15], [16].
Then, the achievable information rate at the ID receiver is
written by
RIFC-PC


= log2 1 +

 H 2 
h w 1 
11
 H 2 .

1 + h21 w2 

On the other hand, the EH receiver can harvest energy using the
RF signals transferred from both transmitters. Therefore, the
harvested energy at the EH receiver can be obtained as

 
2  H 2



EIFC-PC = E |y2 |2 = hH
22 w2 + h12 w1 ,
where the noise power is ignored in EIFC-PC , since it is practically mush smaller compared to that of the signal power [10].
Then, there exists a non-trivial tradeoff between the information
rate RIFC-PC and the harvested energy EIFC-PC , and this is the
topic which we focus on this paper.

1 For conveniences, we normalize the time slot duration to unity, and thus the
power and energy terms are interchangeably used throughout this paper.
2 In fact, we do not need to set s as Gaussian random variable since it does
2
not carry any information. However, in the IFC-PC systems, we assume that s2
is Gaussian for the tractable information rate expression.

To specify the tradeoff relationship between RIFC-PC and
EIFC-PC , let us denote the achievable R-E region for the IFCPC system as
CIFC-PC (P1 , P2 )

 H 2 


h w 1 
11
= (RIFC-PC , EIFC-PC ) : RIFC-PC ≤ log2 1 +
 H 2 ,

1+ h21 w2 

2  H 2

 + h w2  , w1 2 ≤ P1 , w2 2 ≤ P2 .
w
EIFC-PC ≤ hH
1
12
22

The Pareto boundary is defined as a R-E point (R, E) ∈
CIFC-PC (P1 , P2 ) which does not have another R-E point (R , E )
such that (R , E ) ≥ (R, E) and (R , E ) = (R, E), where the
inequality is componentwise [22], and this characterizes the
optimal tradeoff between RIFC-PC and EIFC-PC . Thus, in the following, we provide a method for obtaining all Pareto boundary
points of CIFC-PC (P1 , P2 ).
By finding the maximum information rate under minimum required harvested energy constraint, a Pareto point of
CIFC-PC (P1 , P2 ) can be identified, and the information rate maximization problem for given EH constraint Q is formulated by
 H 2 

h w 1 
11

(1)
RIFC-PC (Q) = max log2 1 +
 H 2
w1 ,w2

1 + h21 w2 
s.t. wi 2 ≤ Pi , i = 1, 2,
 H 2  H 2
h w1  + h w2  ≥ Q,
12
22

(2)

where (2) stands for the minimum required harvested energy
constraint at the EH receiver. If we solve the problem in (1) for
all valid EH constraint Q, then the all Pareto boundary points
(RIFC-PC (Q), Q) are completely characterized. However, it is
difficult to find the globally optimal solution since the problem
(1) is non-convex. Also, due to the EH constraint (2), existing
solutions for a conventional MISO IFC [19]–[25] cannot be
applied to this configuration. Note that before we solve the
problem (1), the valid region for Q should be identified. This
will be addressed in Section II-C.
B. IFC-SC
In this subsection, we describe a system model for the IFCSC scheme [18]. It is worth noting that since the energy symbol
s2 does not carry any information, we can pre-determine s2 as
an arbitrary random variable or a fixed symbol. Therefore, in
addition to the perfect CSI, this pre-determined energy symbol
s2 can be known at all the transmitters and the ID receiver in
advance.
At the information transmitter, we apply the signal splitting
approach [11], [18] which constructs the signal vector sent from
the information transmitter x1 ∈ CM×1 as a superposition of
the information symbol s1 and the energy symbol s2 . Denoting
g1,I ∈ CM×1 and g1,E ∈ CM×1 as the beamforming vectors at
the information transmitter for the information and the energy
symbol, respectively, x1 is expressed as
x1 = g1,I s1 + g1,Es2 .
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Then, for the IFC-SC, the received signal ri at receiver i (i =
1, 2) are written by
H
H
r1 = hH
11 g1,I s1 + h11 g1,E + h21 g2 s2 + n1 ,
H
H
r2 = hH
12 g1,I s1 + h22 g2 + h12 g1,E s2 + n2 ,

(3)
(4)

where g2 ∈ CM×1 stands for the beamforming vector at the
energy transmitter in the IFC-SC system.
With the energy symbol s2 at hand, to improve the information rate, the ID receiver can perfectly cancel the interference
H
caused by the energy symbol s2 , i.e., (hH
11 g1,E + h21 g2 )s2 in
(3). Thus, in the IFC-SC scenario, the achievable information
rate at the ID receiver is obtained as

2
 .
RIFC-SC = log2 1 + hH
11 g1,I
Meanwhile, the EH receiver harvests the energy of the received
RF signal (4), and the harvested energy in the IFC-SC can be
given by
 

2  H
2
H



EIFC-SC = E |r2 |2 = hH
22 g2 + h12 g1,E + h12 g1,I .
Similar to the IFC-PC systems, we will provide the optimal
tradeoff between RIFC-SC and EIFC-SC , which is characterized by
the Pareto boundary of the achievable R-E region CIFC-SC(P1, P2).
Here, the R-E region for the IFC-SC CIFC-SC (P1, P2) is defined as
CIFC-SC (P1 , P2 )


2
 ,
= (RIFC-SC , EIFC-SC ) : RIFC-SC = log2 1 + hH
11 g1,I
 H



2  H
2
EIFC-SC = h22 g2 + hH
12 g1,E + h12g1,I ,
g1,I 2 + g1,E 2 ≤ P1 , g2 2 ≤ P2 .

To find a Pareto boundary point of CIFC-SC (P1 , P2 ), we solve
the following information rate maximization problem for given
EH constraint U.

2
(U) = max log 1 + hH g1,I 
R
IFC-SC

s.t.

2
11
g1,I ,g1,E ,g2
2
2
g1,I  + g1,E  ≤ P1 , g2 2 ≤ P2 ,
 H



h g2 + hH g1,E2 + hH g1,I 2 ≥ U.
22
12
12

(5)

Note that, unlike the SISO IFC-SC [18], we should optimize
the beamforming vectors for both the information and the
energy signals. Therefore, a solution for (5) can be viewed
as a generalization of the two-user SISO IFC-SC systems
with one information transmitter-receiver pair and one energy
transmitter-receiver pair. Similar to the IFC-PC systems, the
Pareto boundary point (RIFC-SC (U), U) ∈ CIFC-SC (P1 , P2 ) can
be identified by solving problem (5) for valid EH constraint U,
which will be given in the following subsection.
C. Valid EH Constraints Q and U
Before solving the problems in (1) and (5), in this subsection,
we discuss the valid region for the EH constraints Q and U. To
this end, we first compute two special R-E boundary points,
namely the maximum harvested energy and the maximum
information rate points, for the BC, the IFC-PC, and the IFCSC systems. Then, the valid EH constraints Q and U will be
addressed.

Fig. 2. Pareto boundary and valid EH constraint.

1) BC Boundary Points: Note that the BC is a special case
of the IFC-PC with w2 = 0. Then, as illustrated in Fig. 2, we
BC
can define two Pareto boudnary points of the BC (RBC
EH , Emax )
BC
and (Rmax , EID ) as [10]
 H



h h12 2
11
BC
BC
2
REH , Emax = log2 1 + P1
,
P
h

,
(6)
1 12
h12 2
 H


h h11 2
12
BC
2
Rmax , EID = log2 1 + P1 h11  , P1
, (7)
h11 2
where the points (6) and (7) represent the maximum harvested
energy and the maximum information rate point in the BC,
respectively. The maximum energy point for the BC
can
√ in (6)
12
be obtained with the beamforming vector w1 = P1 hh12
 
EH
v1 which is aligned to the EH receiver, while the maximum
√
rate point in (7) can be achieved via w1 = P1 hh11
 vID
1
11 
which is aligned to the ID receiver.
2) IFC-PC Boundary Points: As shown in Fig. 2,
IFC-PC ) and
there exist two special Pareto points (RIFC-PC
, Emax
EH
IFC-PC
) in the IFC-PC. The maximum energy point of
(Rmax , EID
IFC-PC ) is calculated as
, Emax
the IFC-PC (RIFC-PC
EH
IFC-PC
RIFC-PC
, Emax
EH

2

 
2 

P1 hH
11 h12 /h12 
BC
2
, Emax +P2 h22  .
= log2 1+

2
2

1+P2 hH
21 h22 /h22 

It is easy to show that this point is computed
with the beam√
h22
EH
forming vectors w1 = vEH
and
w
=
P
2
2 h22   v2 , i.e.,
1
both the beamforming vectors are aligned to the EH receiver.
On the other hand, to achieve the maximum information
IFC-PC ), the information transmitter applies
rate point (Rmax , EID
the beamforming vector w1 = vID
1 , while the zero forcing (ZF)
⊥
√
h h22
beamforming vector w2 = P2 ⊥21 h  is utilized at the enh21 22

ergy transmitter not to interfere the ID receiver. As a result, the
IFC-PC
IFC-PC
is obtained as EID
=
corresponding energy point EID
BC
⊥
2
EID + EZF , where EZF = P2 h21 h22  indicates the energy
transferred from the energy transmitter to the EH receiver with
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Fig. 3. Graphical interpretation of the energy splitting parameter δ in the IFC-PC system.

the ZF beamforming vector. From Fig. 2, we can observe that
the Pareto boundary points of the R-E region CIFC-PC (P1 , P2 )
are corresponding to the boundary points (R, E) for RIFC-PC
≤
EH
IFC-PC ≤ E ≤ E IFC-PC . Therefore, by solving
R ≤ Rmax and EID
max
IFC-PC ≤ Q ≤ E IFC-PC , all Pareto boundary
problem (1) for EID
max
points for the IFC-PC can be identified.
3) IFC-SC Boundary Points: Similar to the IFC-PC
IFC-SC ) and
, Emax
case, two special Pareto points (RIFC-SC
EH
IFC-SC
IFC-SC
) can be computed as
(Rmax , EID


2
IFC-SC
BC + P h 
, Emax
= 0, Emax
,
(8)
RIFC-SC
2 22
EH
IFC-SC
BC
+P2h22 2 .
= log2 1+P1h11 2 , EID
Rmax , EID

(9)
Here, the maximum harvested energy point (8) in the IFC-SC is
EH
achieved with g1,I = 0, g1,E = vEH
1 , and g2 = v2 , while the
maximum information rate point (9) is attained by applying
EH
g1,I = vID
1 , g1,E = 0, and g2 = v2 . Thus, as illustrated in
Fig. 2, we set the EH constraint in the IFC-SC problem (5)
IFC-SC ≤ U ≤ E IFC-SC . Now, we can identify the Pareto
as EID
max
boundary for the IFC-PC and the IFC-SC with the valid Q and
U, respectively. We first investigate the optimal beamforming
designs for the IFC-PC in Sections III and IV, and then address
the IFC-SC in Section V.

BC )+ and δ
2
where δmin = (Q − Emax
max = min{Q, P2 h22  }
+
with (x) = max{0, x}. Here, R̃IFC-PC (δ, Q) is defined as
 H 2 

h w 1 
11
R̃IFC-PC (δ, Q) = max log2 1 +
(12)
 H 2
w1 ,w2

1 + h21 w2 
s.t. wi 2 ≤ Pi , i = 1, 2,
 H 2
h w1  ≥ Q − δ,
(13)
 12
2
H
h w2  ≥ δ.
(14)
22

Proof: We first show that the feasible range of the energy
splitting parameter δ is given by (11). From (13) and (14), δ is
bounded by
 H 2

2



(15)
Q − hH
12 w1 ≤ δ ≤ h22 w2 .
Denoting the feasible set of the problem (12) as

2

W̃(δ, Q, P1 , P2 ) = (w1 , w2 ) : hH
12 w1 ≥ Q − δ,

 H 2
h w2  ≥ δ, wi 2 ≤ Pi , ∀i = 1, 2 ,
22
the condition (15) should be satisfied for any (w1 , w2 ) ∈
W̃(δ, Ē, P1 , P2 ).
Thus, we have

2
w1  = Q − P1 h12 2 ,
(16)
δ ≥ Q − max hH
12
w
 H1
2
δ ≤ max h22 w2  = P2 h22 2 .
(17)
w2

III. C HARACTERIZATION OF THE PARETO
B OUNDARY F OR THE IFC-PC
In this section, we provide an approach to obtain the Pareto
boundary of the R-E region for the IFC-PC CIFC-PC (P1 , P2 ) by
reformulating the original non-convex problem in (1) into two
sequential subproblems. To this end, we introduce the energy
splitting parameter δ, which represents the amount of energy
transferred from the energy transmitter to the EH receiver as
illustrated in Fig. 3. For satisfying the EH constraint Q, the
energy transmitter sends the energy δ, while the information
transmitter provides the energy Q − δ to the EH receiver. The
details are presented in the following theorem.
Theorem 1: The optimal information rate RIFC-PC (Q) in the
original problem (1) is the same as that in the following
maximization problem:
ϒ(Q) = max R̃IFC-PC (δ, Q)

(10)

s.t. δmin ≤ δ ≤ δmax ,

(11)

δ

Since δ stands for the energy transferred from the energy
transmitter, δ is basically bounded by 0 ≤ δ ≤ Q. Combining
this with (16) and (17), the feasible range of δ is obtained
as (11).
Now, we prove that the optimal rate RIFC-PC (Q) in the
original problem (1) equals ϒ(Q) in (10), which indicates the
optimal value of the problem in (12). Let us define the feasible
set of the original problem in (1) as
2  H 2




W(Q, P1 , P2 ) = (w1 , w2 ) : hH
12 w1 + h22 w2 ≥ Q,

wi 2 ≤ Pi , ∀i = 1, 2 . (18)
It is worth noting that W̃(δ, Q, P1 , P2 ) ⊆ W(Q, P1 , P2 ) must
be true for any feasible δ, since any pair of beamforming vectors
(w1 , w2 ) on both constraints (13) and (14) always satisfies the
EH constraint (2), but not vice versa.
Using this fact, we will first show that RIFC-PC (Q) ≤ ϒ(Q).
Defining w1 and w2 as the optimal solution for the original
problem (1), we can always find at least one δ̂ such
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that (w1 , w2 ) ∈ W̃(δ̂, Q, P1 , P2 ), for example, by setting δ̂ =
 2
|hH
22 w2 | . Then, the optimal solution of the problem in
(12) with δ = δ̂ must be (w1 , w2 ) since W̃(δ̂, Q, P1 , P2 ) ⊆
W(Q, P1 , P2 ). Therefore, it follows:
RIFC-PC (Q) = R̃IFC-PC (δ̂, Q) ≤ max R̃IFC-PC (δ, Q) = ϒ(Q). (19)
δ

RIFC-PC (Q)

Next, to verify that
≥ ϒ(Q), we represent
(w̃1 (δ), w̃2 (δ)) as a pair of the optimal beamforming vector for
the problem (12) with a given δ. Denoting δ  as the optimal
solution for (10), we have W̃(δ  , Q, P1 , P2 ) ⊆ W(Q, P1 , P2 ),
which means that the feasible region of the original problem
(1) always contains (w̃1 (δ  ), w̃2 (δ  )). Then ϒ(Q) is bounded by
RIFC-PC (Q) ≥ R̃IFC-PC (δ  , Q) = ϒ(Q).

(20)

By combining (19) and (20), we conclude RIFC-PC (Q) = ϒ(Q).
This completes the proof.

Theorem 1 implies that the optimal information rate
RIFC-PC (Q) for a given EH constraint Q, which is originally
found by solving (1), can be equivalently obtained from
(10) and (12). In other words, the Pareto boundary point
(RIFC-PC (Q), Q) of CIFC-PC (P1 , P2 ) can be computed by performing the following two step approach: First, we identify
R̃IFC-PC (δ, Q) for all feasible δ, and then RIFC-PC (Q) is determined via one-dimensional line search over δmin ≤ δ ≤ δmax .
In Section IV, we will show that the optimal energy splitting
parameter δ  can be computed by the bisection method [26]
without loss of optimality.
IV. O PTIMAL B EAMFORMING V ECTOR
D ESIGN FOR THE IFC-PC
In this section, we provide methods for designing the optimal
beamforming vectors which attain the Pareto boundary points
of the achievable R-E region for the IFC-PC. As discussed in
Section III, we first obtain the optimal solutions w̃1 (δ) and
w̃2 (δ) in the problem (12) for a given δ, and then present the
algorithm to identify the optimal energy splitting parameter δ 
in the problem (10).
A. Optimal Beamforming Vectors
Since the EH constraints (13) and (14) depend only on
the one variable, the problem (12) is fully separated into the
following two subproblems:

2
I(δ) = min hH
w2 
21
w2

2

s.t. w2 2 ≤ P2 , hH
(21)
22 w2 ≥ δ,
and

 H 2
h w 1 

R̃IFC-PC (δ, Q) = max log2 1 + 11
w1
1 + I(δ)

2

s.t. w1 2 ≤ P1 , hH
w
12 1 ≥ Q − δ,

(22)

where I(δ) represents the interference power at the ID receiver
induced by the energy transmitter.
Since I(δ) does not affect the optimal solution for (22),
the problem (22) becomes the rate maximization problem for
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the MISO BC under EH constraint Q − δ, whose closed-form
solution is given as [10]
⎧
Q−δ
⎪
α h12
⎪
⎪
h12 2 h12 
⎪
⎨

⊥
h h11
w̃1 (δ) =
+ P1 − hQ−δ2  ⊥12  , for δmin ≤ δ < δ1 ,
12
⎪
h h11 
⎪
12
⎪
⎪√
⎩
P1 hh11
,for
δ
≤
δ
≤
δmax ,
1

11
where the complex number α is defined as α = hH
12 h11 /
|hH
12 h11 |. Here, the threshold δ1 determines the formula for
BC , P h 2 }.
w̃1 (δ), and can be written as δ1 = min{Q − EID
2 22
Note that the threshold δ1 is different from the BC case [10]
due to the parameter δ.3
Now, the remaining work is to solve (21), which is a nonconvex QCQP, and thus it is still hard to find the globally
optimal solution. To address the problem efficiently, we employ
the SDR techniques which obtain an approximate solution for
the non-convex QCQP. Defining the transmit covariance matrix
of the energy transmitter as S2 = w2 wH
2 and ignoring the rank
constraint rank(S2 ) ≤ 1, the problem (21) after applying the
SDR is transformed as
min hH
21 S2 h21

S2 0

s.t. tr(S2 ) ≤ P2 ,
hH
22 S2 h22 ≥ δ,

(23)
(24)
(25)

where X 0 indicates that a matrix X is positive semi-definite.
Since the problem in (23) is convex and satisfies the Slater’s
condition, the duality gap of (23) is zero, and thus it can be
solved by the Lagrange duality method. Let us define μ and λ
as the dual variables corresponding to the constraint (24) and
(25), respectively. Then, it is shown in the following theorem
that we can always find the rank one optimal solution S2 for
(23), and the structure of S2 is expressed by the optimal dual
solutions of the problem (23) μ and λ .
Theorem 2: The optimal solution for the problem (23) can be
given by
S2 = qvvH ,

(26)

where q represents a constant with 0 ≤ q ≤ P2 , v is a unit norm


H
vector such that Av = 0 with A = h21 hH
21 + μ IM − λ h22 h22 ,


and the optimal dual variables can be either μ = λ = 0 or
μ , λ > 0.

Proof: See Appendix A.4
Theorem 2 implies that the optimal S2 is a rank one matrix, and thus the optimal beamforming vector w̃2 (δ) can be
√
obtained as w̃2 (δ) = qv instead of solving the non-convex
problem (21). From Theorem 2, it is easy to verify that the
optimal dual variables of the problem (23), μ and λ , satisfy
either μ = λ = 0 or μ , λ > 0. When the optimal dual solutions of (23) equal μ = λ = 0, the matrix A in Theorem 2
H
becomes A = h21 hH
21 , and this leads to h21 v = 0. This means
3 w̃ (δ) is continuous at δ = Q− E BC , and thus is also continuous at δ = δ .
1
1
ID
4 Note that the rank one property of S can also be obtained from [27], but
2

additional rank reduction algorithms are required. Moreover, it does not provide
any insightful results on S2 . By examining Theorem 2, we attain important
consequences for deriving a closed-form expression of S2 , which will be given
in Lemma 1.
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that in the case of μ = λ = 0, the optimal transmission
strategy at the energy transmitter is ZF for the channel h21 .
⊥
Therefore, by setting q = P2 and v = ⊥
h21 h22 /h21 h22 , the
energy transmitter can transfer the extra energy up to EZF =
2
P2 ⊥
h21 h22  to the EH receiver without incurring any interference to the ID receiver. Note that the case of μ = λ = 0
occurs only when δ ≤ EZF , because if δ is greater than EZF ,
the energy transmitter cannot send energy δ to the EH receiver
without interference, i.e., I(δ) = 0.
Let us define the threshold δ2 which determines the formula
of w̃2 (δ) as
⎧
⎪
⎨δmin , for EZF ≤ δmin
δ2 = δmax , for EZF ≥ δmax = max{δmin , EZF },
(27)
⎪
⎩
EZF , elsewhere
IFC-PC >
where (27) comes from the facts that δmax ≥ Q ≥ EID
EZF . Then, for δmin ≤ δ ≤ δ2 , a closed-form expression of the
optimal beamforming vector w̃2 (δ) is written by

w̃2 (δ) =


⊥
h h22
P2  21   wZF
2 , for δmin ≤ δ ≤ δ2 .
 ⊥

h21 h22 

(28)

On the contrary, for δ2 < δ ≤ δmax , the optimal dual solutions become positive, i.e., μ > 0 and λ > 0. In this case,
the optimal beamforming vector w̃2 (δ) would be attained via
existing convex optimization methods [26], but it is hard to
obtain any insightful results. Instead, by reformulating the
problem (23), we arrive at the following lemma which reveals
a closed-form expression of w̃2 (δ) for δ2 < δ ≤ δmax .
Lemma 1: For a given δ with δ2 < δ ≤ δmax , the optimal
beamforming vector of the energy transmitter is given as


⊥ h21
δ
δ
h22
 h22  , (29)
w̃2 (δ) =
P
−
β
−
2

h22 2 h22 
h22 2 
⊥
h22 h21 
H
where β = hH
21 h22 /|h21 h22 |.
Proof: See Appendix B.5

From (29), we can see that w̃2 (δ) is expressed as a linear
combination of h22 and its orthogonal complement ⊥
h22 h21 . As
δ grows, the energy transmitter steers its beam direction towards
h22 , which is the channel vector between the energy transfer and
the EH receiver, to transfer more energy.

B. Optimal Energy Splitting Parameter δ
Now, based on the previous results, we can identify
R̃IFC-PC (δ, Q) for all feasible δ with a given Q. To obtain the
Pareto boundary point, it remains to find the optimal energy
splitting parameter δ  , which requires a line search algorithm
over δmin ≤ δ ≤ δmax . The following lemma enables an efficient identification of δ  without loss of optimality.
Lemma 2: Let us define the received SINR at the ID receiver
H
2
as SINR(δ, Q) = P(δ,Q)
1+I(δ) , where P(δ, Q) = |h11 w̃1 (δ)| . Then,
the function SINR(δ, Q) is pseudo-concave with respect to δ
for a given Q.
5 w̃ (δ) is continuous at δ = E , and thus is also continuous at δ = δ .
ZF
2
2

Proof: The function SINR(δ, Q) is pseudo-concave, provided that P(δ, Q) is non-negative concave and I(δ) is convex
on δ [28]. Since P(δ, Q) ≥ 0, it is sufficient to show the concavity and convexity of P(δ, Q) and I(δ), respectively. We first
prove that P(δ, Q) is concave on δ. P(δ, Q) is obtained as
⎧
 H

Q−δ h12 h11 
⎪
⎪
2
⎪
h12 
⎨ h
12 

 2

Q−δ  ⊥
P(δ, Q) =
+
P
−
h

 , for δmin ≤ δ < δ1,
1
11
2
⎪
h12
h12 
⎪
⎪
⎩P h 2 ,
for δ1 ≤ δ ≤ δmax .
1 11
One can verify that P (δ, Q) < 0 for δmin ≤ δ < δ1 . Since
P(δ, Q) is continuous at δ = δ1 , P(δ, Q) is a concave function
for all range of δ.
Next, we consider the interference power I(δ) =
2
|hH
22 w̃2 (δ)| , which is calculated as
⎧
⎪
0,
for δmin ≤ δ ≤ δ2 ,
⎪
⎪
⎨  δ hH h22 
21
I(δ) =
h22 2 h22 

 2
⎪

⎪


⎪
⎩
− P2 − h δ 2 ⊥
h
 , for δ2 < δ ≤ δmax .
21
h22
22

Similarly, we can easily check that I(δ) is convex on δ by
showing that I  (δ) > 0 for δ2 < δ ≤ δmax . This completes the
proof.

Lemma 2 indicates that the function SINR(δ, Q) is pseudoconcave on δ, and thereby any stationary point of SINR(δ, Q)

is a global
 maximum [28], i.e., the optimal δ satisfies
∂SINR(δ,Q) 
= 0. Since SINR(δ, Q) is non-decreasing for
∂δ
δ=δ 
δmin ≤ δ ≤ δ2 and is non-increasing for δ1 ≤ δ ≤ δmax, the optimal energy splitting parameter δ  lies in [δ2 , δ1 ].6 Within this
range, SINR(δ, Q) is strictly pseudo-concave since P (δ, Q) < 0
and I  (δ) > 0, and this implies that SINR(δ, Q) has at most
one maximum [28]. Therefore, the unique maximizer δ  can be
efficiently found by employing the bisection method [26], [29].
The Algorithm 1 for identifying the Pareto boundary of the
IFC-PC is summarized as follows:7
Algorithm 1 Optimal algorithm for the IFC-PC
IFC-PC ≤ Q ≤ E IFC-PC .
1. Set the EH constraint EID
max


 =
2. Find the optimal δ ∈ [δ2 , δ1 ] satisfying ∂SINR(δ,Q)
∂δ
δ=δ
0 via the bisection method.
3. Compute the optimal beamforming vectors as w1 =
w̃1 (δ  ) and w2 = w̃2 (δ  ).
4. Obtain the Pareto boundary point (RIFC-PC (Q), Q).

V. O PTIMAL B EAMFORMING V ECTOR
D ESIGN FOR THE IFC-SC
In this section, we provide the optimal transmission strategy
for the IFC-SC system which achieves the Pareto boundary of
the R-E region CIFC-SC (P1 , P2 ) by solving problem (5). To this
end, we first introduce a power splitting parameter θ , which
6 Since E IFC-PC ≤ Q ≤ E IFC-PC , δ ≤ δ is always true.
2
1
max
ID
7 Without time sharing (convex hull operation), the achievable R-E region
of the IFC-PC is not a convex set in general. In practice, RIFC-PC (Q) can

be computed in advance, and thus the time sharing can be employed via
conventional convex hull algorithms.
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IFC-PC )+ 2
(U−Emax
√
. Also, R̃IFC-SC (θ, U) is defined as
2 P2 h12 h22 
2


R̃IFC-SC (θ, U) = max log2 1 + hH
11 g1,I
g

where θmin =

1,I


2

s.t. g1,I 2 ≤ P1 −θ, hH
12 g1,I ≥ U−ε(θ ).

Fig. 4. Graphical interpretation of the power splitting parameter θ in the IFCSC system.

represents the transmit power of the energy signal at the information transmitter as illustrated in Fig. 4. Then, the information
transmitter allocates the power θ for the energy signal, while the
remaining power P1 − θ is utilized for the information signal.
The details are explained in the following subsections.
A. Characterization of the Pareto Boundary
In this subsection, we characterize the Pareto boundary of
the R-E region for the IFC-SC by putting the power splitting
parameter θ = g1,E 2 in the original problem (5). Denoting a
g
unit norm vector f ∈ CM×1 as f = √1,E , the original problem for
θ
the IFC-SC (5) is reformulated as

2

RIFC-SC (U) = max log2 1 + hH
(30)
11 g1,I
s.t.

g1,I ,θ,f,g2
g1,I 2 ≤ P1

− θ, g2 2 ≤ P2 , f2 = 1,

2
√
 H

h g1,I 2 ≥ U − hH g2 + θ hH f .
(31)
12
22
12

For a given θ , we first present the optimal solutions f and g2
of (30). Note that f and g2 do not affect the objective function
of (30), but the feasible set of g1,I , which is defined as

G(θ, f, g2 ) = g1,I : g1,I 2 ≤ P1 − θ,

2 
√
 H

h g1,I 2 ≥ U − hH g2 + θ hH f .
12
22
12
Therefore, the optimal f and g2 for the problem (30) should
enlarge the set G(θ, f, g2 ). This leads to the following maximization problem:

√ H 2

2
2
max hH
22 g2 + θ h12 f , s.t. f = 1, g2  ≤ P2 . (32)
f, g2

One can show that the objective
function
√ of (32) achieves
√
its maximum value ε(θ ) √
= ( P2 h22  + θh12 )2 with the
h12

22
optimal solutions g2 = P2 hh22
 and f = h12  , i.e., both
beamforming vectors are aligned to the EH receiver. Finally,
the original problem (5) can be recast to
RIFC-SC (U) =

max

θmin ≤θ≤P1

R̃IFC-SC (θ, U),

(33)

The proof is similar to Theorem 1, and thus is omitted for
brevity. It is remarkable that in the IFC-SC systems, the Pareto
boundary of the R-E region is characterized by the parameter
θ , which represents the transmit power of the energy signal
g1,Es2 at the information transmitter. Thus, similar to the IFCPC scenario, the Pareto boundary point (RIFC-SC (U), U) can be
computed by first identifying R̃IFC-SC (θ, U) for all feasible θ ,
and then RIFC-SC (U) is obtained by searching the optimal power
splitting parameter θ  which maximizes the information rate
R̃IFC-SC (θ, U) within θmin ≤ θ ≤ P1 .
B. Optimal Power Splitting Parameter θ
Now, the remaining part for finding the Pareto boundary
point (RIFC-SC (U), U) is solving problems (33) and (34). To
this end, we first derive the optimal solution g̃1,I (θ ) for problem
(34), and then prove that the optimal θ  can be obtained via the
bisection method. Note that problem (34) is equivalent to the
rate maximization problem for the BC [10]. Thus, similar to
problem (22), a closed-form solution can be written by
⎧
h12
⎪
⎪ U−ε(θ)
2 α h12 
⎪
12 
⎪
⎨ h
⊥ h11
 h12
 , for θmin ≤ θ < θ1,
g̃1,I (θ ) = + P1 −θ − U−ε(θ)

h12 2 
⎪
⊥
⎪
h12 h11 
⎪
⎪√
h11
⎩
P1 − θ h11  ,
for θ1 ≤ θ ≤ P1,
√
2 
2
,P1
where the threshold θ1 is defined as θ1 = min B +AC−B
A
BC −EBC
√
Emax
IFC-SC.
ID
with A =
, B = P2 h12 h22 , and C = U−EID
P1

Next, we present the method for identifying θ . By using the
2
solution (35), |hH
11 g̃1,I (θ )| can be computed as (35), shown at
the bottom of the page. One can prove that (35) is concave utilizing the fact that ε(θ ) is concave, and thus R̃IFC-SC (θ, U) is also
concave since the logarithm is non-decreasing concave. In addition, since R̃IFC-SC (θ, U) is decreasing for θ1 ≤ θ ≤ P1 , the optimal θ  lies in [θmin, θ1 ]. As a result, we can search the optimal θ 
by applying the bisection method [26] without loss of optimality.
We summarize the method which identifies the Pareto boundary of the IFC-SC as Algorithm 2 below.
Algorithm 2 Optimal algorithm for the IFC-SC
IFC-SC ≤ U ≤ E IFC-SC .
1. Set the EH constraint EID
max


(θ,U)
2. Find the optimal θ  ∈ [θ min, θ1] satisfying ∂ R̃IFC-SC
=
∂θ
θ=θ 
0 via the bisection method.
3. Compute
the optimal beamforming vectors as g1,I = g̃1,I (θ ),
√
√
g1,E = θ  hh12
, and g2 = P2 hh22
.
12 
22 
4. Obtain the Pareto boundary point (RIFC-SC (U), U).

⎧ 
 H




h h11 

U−ε(θ)  ⊥
12
 H
2 ⎨ U−ε(θ)
+
P
−
θ
−
h


1
11
h12
h g̃1,I (θ ) =
h12 2 h12 
h12 2
11
⎩(P − θ )h 2 ,
1

11

(34)

2

, for θmin ≤ θ < θ1
for θ1 ≤ θ ≤ P1

(35)
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formation transmitter does not send the energy symbol s2 . In
this case, the only difference with the IFC-PC is the interference cancelling protocol at the ID receiver. Then, the energy
transmitter can transfer the energy P2 h22 2 without sacrificing
the maximum information rate Rmax . Thus, the subregion S1
becomes the shifted version of the BC region CBC with the
enhanced energy of P2 h22 2 as shown in Fig. 5.
4) Transmission Strategy for Boundary of S2 : The region S2
contains the Pareto boundary points of the IFC-SC. To achieve
the Pareto boundary, the information transmitter should transfer
both the information and the energy symbols by identifying the
optimal power splitting parameter θ  > 0.
B. Numerical Examples

Fig. 5. Five subregions of the achievable R-E region for the IFC.

VI. G EOMETRICAL I NTERPRETATION
In this section, we geometrically describe the achievable
R-E region and provide insightful observations from the results
discussed in Sections III–V.
A. Transmission Strategy for Achievable R-E Region
According to value of the parameters δ and θ , we can
consider five different subregions of the achievable R-E region
for the IFC, which are illustrated in Fig. 5. Here, the subregion
CBC stands for the achievable R-E region for the BC [10], and
the boundary points are obtained with w2 = 0 in the IFC-PC.
Also, the boundary points of the subregions R1 and R2 is
achieved by the IFC-PC systems, while the subregions S1 and
S2 can be attained by the IFC-SC protocols. In the following,
we provide achievable transmission strategies for the boundary
of each subregions.
1) Transmission Strategy for Boundary of R1 : The subregion R1 coincides with δ = EZF in the IFC-PC. Then, we can
obtain the boundary points of R1 by employing the beamforming vectors w1 = w̃1 (EZF ) and w2 = wZF
2 defined in (28). Note
that when the energy transmitter employs the ZF beamforming
vector wZF
2 , the EH receiver harvests the additional energy EZF
without interfering the ID receiver. Therefore, the region R1
becomes the shifted version of the BC region CBC with the
enhanced energy of EZF as shown in Fig. 5.
BC
To achieve the vertical boundary points (Rmax , E) for EID
<
IFC-PC
, we introduce a power control factor 0 < γ < 1.
E < EID
Then, we can get the vertical boundary of the subregion R2
√ ZF
with w1 = wID
1 and w2 = γ w2 by setting the power control
BC
)/EZF . The horizontal boundary points
factor as γ = (E − EID
can be computed by using the similar approach in the BC [10].
2) Transmission Strategy for Boundary of R2 : As illustrated
in Fig. 5, the region R3 consists of the Pareto boundary points
of the IFC-PC, which are corresponding to the R-E points
IFC-PC ≤ E ≤ E IFC-PC . As we
(R, E) for REH ≤ R ≤ Rmax and EID
max
discussed before, the boundary of R3 can be obtained with the
energy splitting parameter δ  > EZF .
3) Transmission Strategy for Boundary of S1 : This region
corresponds to the case of θ = 0 in the IFC-SC, i.e., the in-

In this subsection, we provide numerical examples for the
Pareto boundary of the achievable R-E region and compare with
conventional methods. In the simulations, ab average signal
attenuation is assumed to be 60 dB for each pair of transmitter
and receiver. With M = 2 antennas at transmitters, the channel
vectors are given by
h11 = 10−3 × [−0.055 + 0.889j, 0.657 + 1.231j]T ,
h12 = 10−3 × [−1.081 + 1.202j, 1.298 − 1.006j]T ,
h21 = 10−3 × [−1.040 + 1.076j, −0.429 + 0.242j]T ,
h22 = 10−3 × [−0.657 + 1.299j, 0.667 + 0.296j]T .
Also, we set the transmit power constraint and the noise variance as P1 = P2 = 20 dBm and −50 dBm [18], respectively.
Fig. 6(a) presents the Pareto boundary for the achievable
R-E region of the IFC-PC and BC. For comparison, we also
plot the achievable R-E region for the maiximum-energy (ME)
beamforming [15], signal-to-leakage-and-harvested-energy ratio (SLER) maximizing beamforming [15], and the ZF beamforming8 where the energy transmitter fixes its beamforming
vector as w2 = wZF
2 . It is observed that the proposed Pareto
boundary for the IFC-PC generates a larger R-E region than
the conventional schemes.
In Fig. 6(b), we provide the Pareto boundary of the IFCSC and the IFC-PC systems. We can see that the achievable
R-E region becomes larger when the signaling cooperation is
additionally adapted in the IFC-PC.
VII. C ONCLUSION
This paper has investigated the SWIPT system for twouser MISO IFC where one receiver decodes information and
the other receiver opportunistically harvests energy from the
received signal. In this configuration, we have completely characterized the Pareto boundary of the achievable R-E regions for
the IFC-PC and the IFC-SC. To this end, we have constructed
an information rate maximization problems with the harvested
energy constraint, which are non-convex in general. To solve
these non-convex problems, parameters δ and θ have been introduced for the IFC-PC and the IFC-SC, respectively. Then, the
original problems for the IFC-PC and the IFC-SC are decoupled
into two sequential problems, and the Pareto boundary of the
8 Note that the minimum leakage beamforming proposed in the MIMO IFCPC [15] becomes ZF beamforming in the MISO IFC-PC.
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Now, it will be shown that we can always find a rank one
optimal solution for the problem (23) by using the derived
optimal conditions (36)–(39) and A 0 for the following four
cases on the optimal dual variables μ and λ . First, we consider
the case of μ > 0 and λ = 0. In this case, A reduces to


A = h21 hH
21 + μ IM . Since μ > 0, we always have A  0, and
thus the optimal solution for (23) is given by S2 = 0, which
contradicts the complementary slackness condition (38).
For the second case of μ = 0 and λ > 0, A becomes

H
A = h21 hH
21 − λ h22 h22 . Note that for any non-zero vector x ∈
M×1
C
, a positive semi-definite matrix A must satisfy xH Ax =
H
2
|h21 x|2 − λ |hH
22 x| ≥ 0. Then, for a non-zero vector x such
H
that h21 x = 0, it follows:
2


(40)
xH Ax = −λ hH
22 x ≥ 0.
Since the inequality (40) is obtained only when λ = 0, this
contradicts the assumption λ > 0.
Next, we consider the case of μ > 0 and λ > 0 with


H
A = h21 hH
21 + μ IM − λ h22 h22 . In this case, we will show
M − 1 ≤ rank(A) ≤ M. It is easy to prove that for any square
matrices X ∈ CM×M and Y ∈ CM×M , the rank of X + Y is
bounded by
rank(X + Y) ≥ rank(X) − rank(Y).

Fig. 6. The achievable R-E regions of various systems. (a) Comparison of the
proposed and conventional schemes. (b) Pareto boundary for the IFC-SC and
the IFC-PC.

achievable R-E regions have been identified by solving these
two problems. From geometrical interpretations, we have observed insightful results on the optimal transmission strategy
which achieves the Pareto boundary. Also, numerical examples
have confirmed that the proposed optimal beamforming provides a lager R-E region than conventional schemes.
A PPENDIX A
P ROOF OF T HEOREM 2
The Lagrangian of (23) is formulated as
H
L(S2 , μ, λ) = tr h21 hH
21 + μIM − λh22 h22 S2 −μP2 +λδ,

where μ and λ are the dual variables corresponding to the
constraints (24) and (25), respectively. Let us define μ and
λ as the optimal dual variables of (23), and A = h21 hH
21 +
μ IM − λ h22 hH
.
From
the
Karush-Kuhn-Tucker
conditions
22
of (23), we get
AS2
μ ≥ 0, λ

μ tr S2 − P2

λ δ − hH
22 S2 h22


= 0,
≥ 0,
= 0,
= 0.

(36)
(37)
(38)
(39)

Note that to ensure L(S2 , μ, λ) > −∞, A should satisfy A 0.

(41)

H


By setting X = h21 hH
21 + μ I and Y = −λ h22 h22 in (41), we
H


have rank(A) ≥ rank(h21 h21 + μ I)−rank(−λ h22 hH
22 ) = M−
1. Hence, the rank of A is bounded as M − 1 ≤ rank(A) ≤ M. If
rank(A) = M, the optimal solution of (23) is computed as S2 =
0 from (36), which violates the complementary slackness conditions (38) and (39). Therefore, in this case, rank(A) = M − 1
and rank(S2 ) = 1 are always obtained. Due to the condition in
(36), the optimal structure becomes (26).
Lastly, for μ = λ = 0, A is written as A = h21 hH
21 , and
thus the optimal solution of (23) is expressed by S2 = UQUH
[30], where columns of the matrix U ∈ CM×(M−1) forms an orthonormal basis for the nullspace of h21 and Q ∈ C(M−1)×(M−1)
is a positive semi-definite matrix. In the following, we will
show that a rank one solution satisfying the optimal conditions
(36)–(39) can always be found. Let us denote Q = q̃ṽṽH where
q̃ equals a non-negative constant and ṽ ∈ C(M−1)×1 indicates
a unit norm vector. Then, it is easy to verify that any unit
2
norm vector ṽ and q̃ such that δ/|hH
22 Uṽ| ≤ q̃ ≤ P2 always
satisfies the constraint (24) and (25) and the optimal conditions
(36)–(39), and thus we can always find a rank one solution for
(23) in the case of μ = λ = 0. This completes the proof.

A PPENDIX B
P ROOF OF L EMMA 1
Let us define singular value decomposition of the column
vector h22 as

 
 h 
h22 
h22
22
V
h22 = V̄
= h22 
,
(42)
0
0
where the unitary matrix V̄ ∈ CM×M contains the left singular
vectors of h22 , and the matrix V ∈ CM×(M−1) forms an
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orthogonal basis of the nullspace of h22 . We also respectively
represent the matrix S̄2 ∈ CM×M and the vector h̄21 ∈ CM×1 as
 
√  √  H
a
a
d
H
H
and h̄21= V̄ h21 
S̄2 = V̄ S2 V̄ 
, (43)
b
b
e
where a > 0 and b ∈ C(M−1)×1 equal the optimization variables
2
to be determined, and we have d = hH
22 h21 /h22  and e =
H
V h21 .
Applying (42) and (43) to (23)–(25), it follows:
√
H
H 2
hH
21 S2 h21 = h̄21 S̄2 h̄21 = | ad + b e| ,
tr(S2 ) = tr(S̄2 ) = a + b2 ,
H
H
2
h22 S2 h22 = hH
22 V̄S̄2 V̄ h22 = h22  a.
Then, the problem (23) can be expressed as
√
min | ad + bH e|2
a,b

s.t. a + b2 ≤ P2 ,
h22 2 a ≥ δ.

(44)
(45)
(46)

From the result of Theorem 2, for δ2 < δ ≤ δmax , the equalities in two constraints (45) and (46) always hold at the optimal
point, i.e.,
a + b 2 = P2 ,
h22 2 a = δ,

(47)
(48)

where a and b stand for the optimal solution of the problem
(44). Then, by using (48), we can reformulate problem (44) as

2


δ
δ
H 

d + b e , s.t. b2 = P2 −
. (49)
min 
2
b
h22 
h22 2
Denoting ν as the dual variable corresponding to the constraint (49), the Lagrangian is given by
2 




δ
δ
H 
2
d
+
b
e
+ν
b
−
P
+
L̄(b, ν) = 
.
2

h22 2
h22 2
Setting the gradient with respect to bH to zero yields

δ

H 
(ν IM−1 + ee )b = −
d∗ e,
h22 2

(50)

where ν  represents the optimal dual variable.
First, suppose that ν  = 0. Then, it follows:
|d|2
|eH b |2
δ
=
.
e2
h22 2 e2
Since |eH b |2 /e2 is less than b 2 , we have
δ
h22

2

|d|2
δ
< P2 −
.
e2
h22 2

(51)

However, one can show that (51) is not true for δ2 < δ ≤ δmax .
Thus, ν  cannot be 0, and the matrix ν  IM−1 + eeH in (50) is
always invertible.
Employing the matrix inversion lemma, b is computed as

δ
d∗

e.
(52)
b =−
2

h22  ν + e2

Then, to ensure the constraint in (49), we can obtain the optimal
ν  as

δ/h22 

ν =
(53)
|d|e − e2 .
P2 − δ/h22 
Applying (53) to (52), the optimal b is given by

d∗ e
δ
.
b = − P2 −
h22 2 |d| e
Hence, the optimal beamforming vector w̃2 (δ) for given
δ2 < δ ≤ δmax is expressed by
 √


h22
a
w̃2 (δ) =
V
b

h22 
⊥ h21
δ
h22
δ
 h22  ,
−
=
P
−
β
2

h22 2 h22 
h22 2 
⊥ h21 
h22

⊥
H
H
where β = hH
21 h22 /|h21 h22 | and h22 = VV .
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