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New Beamforming Designs for Joint Spatial
Division and Multiplexing in Large-Scale
MISO Multi-User Systems
Younghyun Jeon, Changick Song, Sang-Rim Lee, Seungjoo Maeng, Jaehoon Jung, and Inkyu Lee, Fellow, IEEE
Abstract— In this paper, we study a joint spatial division
multiplexing (JSDM) beamforming scheme, which enables largescale spatial multiplexing gains for massive multi-input multioutput downlink systems. In contrast to the conventional
JSDM, which employs a block diagonalization method as a
pre-beamformer, we aim to maximize sum-rate by applying
minimum-mean-squared error (MMSE) approaches when designing a pre-beamformer and a multi-user precoder sequentially.
First, to suppress inter-group interference, we design the prebeamformer, which minimizes an upper bound of the sum
mean-squared-error in the large-scale array regime. Then, to
mitigate same-group interference, we present the multi-user
precoder based on the weighted MMSE (WMMSE) optimization
method, which requires the same channel state information
overhead as the conventional JSDM. Also, in order to reduce the
computational complexity, we compute deterministic equivalents
of the WMMSE beamforming parameters to generate the beamformers by employing asymptotic results of large system analysis.
Through simulation results, we confirm that the proposed
two-step beamforming methods bring substantial performance
gains in terms of sum-rate over the conventional JSDM schemes
especially in a low and medium signal-to-noise ratio regime with
comparable complexity.
Index
Terms— Massive
MIMO
beamforming, weighted MMSE.

systems,

two-stage

I. I NTRODUCTION

M

ULTI-INPUT multi-output (MIMO) systems have
drawn a lot of attention due to their great potential
to achieve high throughput in various wireless communication
systems [1]–[4]. In response to the explosive increase in data
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traffic for 5G wireless systems, wireless standards such as
3GPP have focused on a large scale array system, often called
“massive MIMO”, which enables high spectral efficiency in
spatial dimensions by adopting a large number of transmitting
antennas.
To fully exploit the massive MIMO gain, however, proper
channel state information at transmitter (CSIT) should be
available. In time division duplex (TDD) systems, the CSIT
can be obtained through uplink training by utilizing the channel reciprocity. In contrast, in frequency division duplex (FDD)
systems, the downlink training resources required to collect
the CSIT may become prohibitively large as the number of
antennas at a base-station (BS) increases.
To reduce the training overhead while maximizing the
throughput in the FDD massive MIMO downlink systems,
joint spatial division and multiplexing (JSDM) has been
recently proposed in [5]. The main idea of the JSDM is to
partition users into multiple groups each of which experiences
the same transmit antenna correlation, and then exploit the
reduced dimension of the effective channel matrix by eliminating inter-group interference (IGI) based on long-term channel
state information (CSI).
The JSDM adopts a two-step beamforming strategy. First,
a pre-beamformer depends only on long-term CSI and takes
responsibility for group-wise user separation by using block
diagonalization (BD) methods. Then, a multi-user precoding manages same-group interference (SGI) with short-term
CSI to improve the performance. For the JSDM strategy,
Nam et al. [6] proposed several user selection and scheduling
schemes. In addition, the JSDM algorithm was extended in [7]
to realistic millimeter wave channels. In [8], the idea of JSDM
was applied to multi-polarized multi-user massive MIMO
downlink systems to further reduce the feedback overhead.
Conventional JSDM schemes confront the limitation due
to a noise enhancement issue and thus the sum-rate of the
conventional JSDM is degraded in a low and medium signalto-noise ratio (SNR) regime. To solve this problem, different pre-beamformer design criteria were studied in [9] to
minimize the total interference power minus the weighted
total desired group signal power for multi-cell interference
networks. Also, a pre-beamforming optimization problem was
examined in [10] in terms of the average signal-to-leakagenoise ratio (SLNR) by adopting a zero-forcing (ZF) multiuser precoder. In order to derive a final solution of the SLNR
pre-beamformer, [10] employs several approximations with
the assumption of the ZF precoder, which may contribute to
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additional performance losses. Moreover, the iterative nature
of these algorithms [9], [10], generally results in a high
computational cost.
In this paper, we propose a new JSDM beamforming
method in FDD multi-input single-output (MISO) downlink
systems by applying minimum-mean-squared error (MMSE)
approaches. Our goal is to improve the sum-rate performance while maintaining the required CSI feedback and the
computational complexity comparable to the original JSDM.
To this end, we first suppress IGI by adopting the regularized BD (RBD) scheme based on statistical CSI. We note
that Stankovic and Haardt [11] formulated the regularization
problem for multi-user MIMO channels in order to handle
multi-user interference (MUI). However, as the RBD precoder
in [11] does not exploit the channel covariance (long-term
CSIT) and requires every users’ short-term CSIT, it may not
be suitable for FDD massive MIMO systems. In this paper,
we propose a new RBD pre-beamforming scheme that can
be implemented with the knowledge of only the second order
channel statistics such as channel covariance by utilizing the
results of large system limit.
Then, to mitigate SGI and thus maximize the sumrate effectively, we present a multi-user precoder using the
weighted MMSE (WMMSE) optimization method [12]–[14],
which requires the same CSI overhead as the conventional
JSDM. Also, in order to reduce the computational complexity,
we present a technique which obtains deterministic equivalents of beamforming parameters to generate low-complexity
WMMSE beamformers by applying asymptotic results of large
system analysis developed in [15]–[18]. As a result, the proposed methods exhibit complexity comparable to conventional
schemes, while the received signal-to-interference-plus-noise
ratio (SINR) is improved at each user in low and medium
SNR regime. Through simulation results, we demonstrate that
the proposed two-step beamforming scheme shows a sumrate gain over existing methods in various configurations with
comparable complexity.
The rest of this paper is organized as follows: The system
model is described in Section II. In Section III, the prebeamformer is derived based on the MMSE approach in the
large scale array regime. Section IV presents an iterative
WMMSE algorithm with reduced CSI overhead and then
proposes a low complexity WMMSE scheme by exploiting
asymptotic results of random matrix theory. In Section V,
we discuss the complexity issues of the proposed schemes.
Section VI confirms performance gains of the proposed
schemes through simulation results. Finally, in Section VII,
this paper is terminated with conclusions.
Throughout the paper, we adopt uppercase boldface letters for matrices and lowercase boldface for vectors. The
superscripts (·)T and (·)H stand for transpose and conjugate
transpose, respectively. In addition,  · , Tr(·), [·]k and [·]i j
represent 2-norm, trace, the k-th element of a vector and the
(i, j )-th entry of a matrix, respectively. {·} represents the real
operator which returns a real part of an input matrix. Also, Id
denotes an identity matrix of size d.For m j ×mj matrices A j ,
A = diag(A1 , · · · , An ) denotes an nj =1 m j × nj =1 m j block
diagonal matrix. A set of N dimensional complex column

Fig. 1. Multi-group large-scale MISO downlink systems with a one-ring
local scattering model.

vectors is defined by C N and |S| indicates the cardinality of
the set S.
II. S YSTEM M ODEL
We consider a multiuser FDD MISO downlink systems
where a BS equipped with a large number NT of antennas
serves K single antenna users. Let x ∈ C NT ×1 be the transmit
signal vector at the BS and n ∼ CN (0, σ 2 I K ) be the additive
white Gaussian noise (AWGN) at the users. The transmit
signal vector x is obtained from x = Fd where F ∈ C NT ×S
and d = [d1 , . . . , d S ]T ∈ C S×1 represent the linear precoding
matrix and the data symbol vector with E[|dk |2 ] = 1 for
k = 1, . . . , S, respectively.
Then, the received signal vector y ∈ C K ×1 at K users can
be expressed by
y = HH x + n = HH Fd + n,

(1)

where H  [h1 , . . . , h K ] ∈ C NT ×K with hk ∈ C NT ×1 being
the channel vector from the BS to the k-th user. Also, the
precoding matrix F must satisfy


(2)
Tr FFH ≤ PT ,
where PT denotes the total power budget at the BS. Assuming
the Rayleigh correlated channel, we have hk ∼ CN (0, Rk )
where Rk is a positive semi-definite channel covariance matrix
whose eigenvalue decomposition is given by Rk = Uk k UkH
with a tall unitary matrix Uk ∈ C NT ×rk and a diagonal matrix
k ∈ Rrk ×rk with rk non-zero positive eigenvalues. Thus,
the k-th channel vector hk can be written without loss of
generality by
1/2

hk = Uk k wk ,

(3)

where wk ∈ Crk ×1 ∼ CN (0, Irk ).
As shown in Fig. 1, we also consider the one-ring scattering
model [19], i.e., each user in the g-th cluster with azimuth
center angle θg and AS g experiences the channel covariance
matrix Rg whose (m, n)-th element represents the correlation
between the channel coefficients of the m-th antenna and the
n-th antenna as
 θg +g
 
D
1
e− j 2π λc (m−n) sin θ dθ,
(4)
Rg m,n =
2g θg −g
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where λc is the carrier wavelength and D represents the
distance between adjacent antennas.
Thus, denoting K g by the number of users in group g,

total K = G
g=1 K g users in a cell can be separated into G
groups according to the channel covariance matrices {Rg }G
g=1 .
Note that Rg is assumed to be perfectly known to the BS and
do not change frequently as a long-term CSI. For simplicity,
we assume that all users in the same group g have the same
covariance matrix Rg = Ug g UH
g , with rank r g and dominant
eigenvalues r g∗ ≤ r g . Based on this assumption, the gk -th user’s
channel vector hgk can be rewritten as

1/2
h gk = N T R g z gk ,
(5)
where zgk ∈ C NT ×1 ∼ CN (0, N1T I NT ).
We adopt the two-stage beamforming strategy with prebeamformers {Qg ∈ C NT ×Bg } for spatial division (group
separation) and multi-user precoders {Vg ∈ C Bg ×Sg } for
spatial multiplexing in each group [5] for g = 1, . . . , G. Here,
Bg denotes a design parameter that determines the effective
channel dimension seen by the multi-user precoder Vg with
G
Sg ≤ Bg ≤ r g∗ and B =
g=1 Bg , and Sg standsfor the
G
number of data streams for group g with S =
g=1 Sg
which satisfies S ≤ B ≤ NT . Thus, the effective precoder
is given by F = QV where Q = [Q1 , . . . , QG ] ∈ C NT ×B and
V = diag{V1 , . . . , VG }.
When the BS employs massive antenna array, the required
feedback or the channel estimation overhead may become
prohibitively large. To resolve the problem, we design the prebeamforming matrix Qg which depends only on the statistical
CSI, i.e., the set of second order statistics {Rg , g = 1, . . . , G}.
In contrast, the multi-user precoder Vg is allowed to exploit
the effective (instantaneous) CSIT.
Let us define the channel matrix of group g as Hg =
g−1
[hg1 , hg2 , · · · , hg K g ] where the index gk =
g  =1 K g + k
indicates the k-th user in group g for k = 1, . . . , K g .
Then, the overall channel matrix H is expressed by H =
H1 , H2 , · · · , HG . For given channel correlation matrices {Rg }, the dimension of the stacked channel matrix H in (1)
can be reduced to H̄H = HH Q as
⎤
⎡ H
H1 Q1 H1H Q2 · · · H1H QG
⎢ H H Q1 H H Q2 · · · H H Q G ⎥
2
2
⎥
⎢ 2
H̄H = ⎢ .
(6)
.. ⎥.
..
..
⎣ ..
.
. ⎦
.
HH
HH
· · · HH
G Q1
G Q2
G QG
The CSI of the whole effective channel H̄ is difficult to
obtain at the BS in FDD systems due to the large overhead of
pilot signaling and channel feedback. Hence, a more practical
approach would be to estimate and feed back only G diagonal
blocks H̄g = HH
g Qg of size K g × Bg for group g = 1, . . . , G
and treating each group separately. In this case, IGI caused by
HiH Q j with i = j must be properly taken care of.
For given beamforming vectors, the received signal vector
for users in group g is expressed by

H
Qc Vc dc + ng ,
(7)
yg = HH
g Q g Vg dg + H g
c =g
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where dg = [d1 , . . . , dg K g ]T ∈ C Sg ×1 and ng =
[n 1 , . . . , n g K g ]T ∈ C K g ×1 indicate the g-th subvector of d =
[d1 , . . . , dG ] and n = [n1 , . . . , nG ], respectively. Denoting
Vg = [vg1 , . . . , vg K g ], the received signal of user k in group
g is obtained by

H
Qg vg j dg j
y gk = h H
gk Q g v gk d gk + h gk
+hH
gk


c =g

j =k

Qc vc j dc j + n gk

(8)

j

where the second and third terms in (8) stand for SGI and IGI,
respectively.
Assuming an infinite length Gaussian codeword at the BS
and single user detection at the receiver, the sum-rate R is
given by
R ({Qg }, {vgk }) =

Kg
G 




log2 1 + sinr gk ,

(9)

g=1 k=1

where sinr gk =



2
|hH
g Q g v gk |

(c, j )=(g,k)

k

2
2
|hH
g Qc vc j | +σ

indicates the individ-

k

ual SINR for given pre-beamformer {Qg } and multi-user
precoder {vgk }.
In this work, our goal is to find the beamforming matrices
{Qg } and {Vg } with sum transmit power constraint and thus
the problem can be mathematically formulated as
max

{Qg },{vgk }

R ({Qg }, {vgk }) s.t.

Kg
G 


|Qg vgk |2 = PT .

(10)

g=1 k=1

Note that the pre-beamformers {Qg } play a role of group-wise
spatial separation and dimensional reduction of the channel
matrix, while the multi-user precoders {Vg } take responsibility
for enhancing the throughput in each group. Thus, we aim to
find efficient solutions for JSDM to maximize the throughput,
while maintaining the implementation complexity as low as
possible.
III. P ROPOSED MMSE-BASED
P RE -B EAMFORMER D ESIGNS
For
group-wise
user
separation
in
JSDM,
Adhikary et al. [5] adopted the BD method. However,
the BD-based pre-beamformer, which focuses only on
interference nulling, typically raises a noise enhancement
problem. To tackle the problem, a regularized BD (RBD)
scheme has been investigated in conventional multi-user
MIMO systems to suppress the noise power as well as the
interference power [11], [20]. In this section, we introduce a
new RBD solution in the context of the JSDM and show that
the proposed scheme requires only the second order statistics
of channel, i.e., long-term CSI {Rg , ∀g} in the large scale
array regime.
Let Qtar,g  be an arbitrary target beamforming matrix for the
g  -th group users. Then, the proposed RBD beamformers {Qg  }
can be computed by solving the following MMSE optimization
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problem
G


min

{Qg  },β

s.t.

E[HH
g  Qtar,g  Vg  dg  −

g  =1

G


1
yg  2 ]
β

H
Tr(VH
g  Qg  Qg  Vg  ) = PT ,

g  =1
QH
g  Qg 

= I, ∀ g  ∈ {1, . . . , G},

(11)



where HH
g  Qtar,g Vg represents the target channel matrix for
the g  -th group users, β indicates a positive scaling factor,
and yg  defined in (7) includes Qg  . The resulting solution of
problem (11) mitigates the interference plus noise power while
making the desired signals as close as possible to the target
beamforming matrix.
As a matter of fact, it is not easy to directly solve the MMSE
minimization problem due to the orthogonality constraints
in (11). To tackle the problem, we employ a two-step method.
First, we relax the orthogonality constraint that requires Qg 

to be a tall unitary matrix to meet QH
g  Qg = I. Then, a
final unitary solution can be obtained by applying the QR
decomposition to a solution of the relaxed problem. Then, the
relaxed MMSE minimization problem can be reformulated as

G


min

{Qg  },β

s.t.

E[HH
g  Qtar,g  Vg  dg 

g  =1

G


(12)

g  =1

Applying this to the cost function in (12), the unconstrained
ˆ =
MSE minimization problem on Q̄g is written by Q̄
g
arg min f (Q̄g ) where
Q̄g


E HH
g  Qtar,g  Vg  dg  −

g  =1

G


Lemma 2 [22, Th. 3.4]: Let {A1 , A2 , · · · , A∞ } with A N ∈
C N×N be a series of matrices with uniformly bounded spectral
norm. Also, let {x1 , x2 , · · · , x∞ } with x N ∈ C N be random
vectors with independent and identically distributed (i.i.d.)
entries of zero mean, variance 1/N, and the eighth order
moment of order O(1/N 4 ), independent of A N . Then, we
almost surely have

HH
g  Q̄ j V j d j

j =1
G

Adopting the trace-norm transformation and ruling out the
ˆ =
constant terms with respect to Q̄g , it follows that Q̄
g
¯
arg min f (Q̄g ) where

= ζ Tr

G


(15)

H
H
HcH Q̄g Q̄H
g Hc − Hg Q̄g Qtar,g Hg

c=1
H
−HH
g Qtar,g Q̄g Hg +

c=1 j =1

Kg


H H
− HH
g Q̄g Vg Vg Qtar,g Hg

c=1
H H
−HH
g Qtar,g Vg Vg Q̄g Hg +

Kσ2
PT


H
VH
g Q̄g Q̄g Vg .
(14)


1/2
1/2
H
Q̄
zH
R
Q
R
z
}
,
g
g
g
g
j
gj
tar,g

(16)

with ζ equal to Tr(Vg VH
g ).
Next, we apply Lemma 2 in the large scale array regime,
i.e., NT → ∞. Then, it is easily shown that f u (Q̄g ) −
NT →∞

gu (Q̄g ) −−−−→ 0 where
gu (Q̄g ) = ζ Tr

G


H
K c Q̄H
g Rc Q̄g − 2{K g Q̄g Rg Qtar,g }

c=1

+
H
HcH Q̄g Vg VH
g Q̄g Hc

Kσ2 H 
Q̄ Q̄g
PT g

Kc
G 


Kσ2 H
1/2
H 1/2
Q̄ Q̄g
zH
= ζ Tr NT
c j Rc Q̄g Q̄g Rc zc j +
PT g

Q̄g

G


1
N→∞
Tr(A N ) −−−−→ 0.
N


First, from Lemma 1, the MSE in (14) is upper-bounded by
f¯(Q̄g ) ≤ f u (Q̄g ) where

j =1

1/2 2
1 
−√
Tr(VHj Q̄Hj Q̄ j V j )
ng   .
PT j =1

f¯(Q̄g ) = Tr



where m is a positive integer.

−2{NT
G



Tr(A)2m Tr(B)2m

f u (Q̄g )

To address this problem, we first convert it into an unconstrained minimization problem. Setting Qg  = β Q̄g  , the
scaling parameter β equals

PT
β = G
.
(13)
H H
g  =1 Tr(Vg  Q̄g  Q̄g  Vg  )

f (Q̄g ) =

Tr(AB)m ≤

xH
N AN xN −

1
− yg  2 ]
β

H
Tr(VH
g  Qg  Qg  Vg  ) = PT .

We now observe that the cost function (14) still contains the
multi-user precoders Vg . In fact, this may cause a difficulty in
finding the optimal solution of Q̄g , because the solutions for
the pre-beamformer and subsequent precoder will eventually
be inter-connected, which deviates from the goal of the JSDM
strategy. To avoid this, we formulate the MSE upper-bound
minimization problem whose solution is independent of Vg .
Before we proceed further, let us introduce the following
two lemmas that will be useful for our derivations.
Lemma 1 [21]: For two positive semi-definite matrices A
and B, the following inequality holds

Kσ2 H 
Q̄ Q̄g .
PT g

(17)

Thus, by taking a Wirtinger derivative of (17) with respect to
Q̄g and setting it to zero, we have
ˆ =K (
Q̄
g
g

G

c=1

K c Rc +

Kσ2
I NT )−1 Rg Qtar,g .
PT

(18)
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Finally, a unitary RBD solution Qg is obtained through the
QR decomposition
ˆ = Q R̃
Q̄
g
g g

user gk as
e gk

(19)

where R̃g is a Bg × Bg upper triangular matrix and the matrix
ˆ .
Qg is composed of Bg orthonormal basis vectors of Q̄
g
In comparison to the BD methods in [5], each orthonormal
vector of Qg takes the noise into account, and thus the
proposed RBD pre-beamformer is able to overcome the noise
enhancement problem, which gives rise to a performance gain
in a low and medium SNR region.

IV. WMMSE M ULTI -U SER P RECODING S CHEMES
In this section, we design the multi-user precoders {Vg }G
g=1
based on the WMMSE criteria to maximize the sum-rate
performance for given the pre-beamformers {Qg }G
g=1 . In the
original problem (10), the sum rate R ({Qg }, {vgk }) is nonconvex with respect to the multi-user precoder {vgk }. Moreover, both the approximate BD pre-beamformer in [5] and
the proposed RBD pre-beamformer generate residual IGI in
addition to SGI and noise power. In this case, the RZF postbeamformer (multi-user precoder) in [5] is not an optimal
multi-user precoder in terms of sum-rate, because the normalization and regularization factors are optimized with respect
to only SGI and noise power under the assumption of perfect
nulling of IGI.
To circumvent non-convexity of the problem and find
an efficient solution, we introduce new WMMSE designs
that can be applied to the JSDM as the per-group processing (PGP) schemes, namely, short-term CSI based WMMSE
(S-WMMSE) and deterministic equivalent channel gain based
WMMSE (D-WMMSE) designs. Based on the equivalent structure between sum-rate maximization and weighted
MMSE minimization, the proposed S-WMMSE scheme considers residual IGI as well as SGI and noise. In specific, the proposed S-WMMSE optimizes the beamforming
parameters sgk and u gk , relevant to beam direction and
power, to achieve a locally optimal sum-rate in an iterative
manner.
On the other hand, the D-WMMSE scheme also obtains
the deterministic equivalent beamforming parameters sg◦k
and u ◦gk by applying large system analysis to the channel
gain matrix  under the same beamforming structure as
S-WMMSE. The S-WMMSE exhibits good performance at the
expense of calculating sgk and u gk for every short-term channel
realization, and requires high complexity. In contrast, it will be
shown that the D-WMMSE scheme maintains low complexity
comparable to the conventional RZF [5] while improving the
performance substantially.
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H 
u gk
u gk
= Ed,n
y gk − d gk
y gk − d gk
γ
γ

2

2
Kg

 u gk H

 u gk H




h gk Q g v gk − 1 +
hgk Qg vg j 
=

γ
γ
j =1, j =k

2 

Kc 

 u gk H

 u g k 2 2




+
 γ h gk Qc vc j  +  γ  σ ,

where γ indicates a scaling factor and u gk denotes a scalar
MMSE
weight
2 for user gk . Here, the IGI term can be rephrased


 H
1/2
1/2
as hgk Qc vc j  = NT zgHk Rg Qc vc j vcHj QH
c R g z gk .
As explained in Section II, the whole effective channel
H̄H = HH Q in (6) is difficult to obtain at the BS due to a
large feedback overhead. Thus, one may adopt a more practical
method to feed back only G diagonal blocks of H̄H to the BS,
H
which is given by H̄H
g = Hg Qg for g = 1, . . . , G. Then,
within each block, the precoding matrix Vg can be designed
as the PGP multi-user precoder without taking into account
G(G − 1) off-diagonal channel blocks, i.e. HH
g Qc for c = g.
In our PGP precoding strategy, since the c-th group’s
multi-user precoder Vc does not depend on instantaneous
effective CSI of other groups, i.e. HH
g Qc for c = g,
the precoding vector vc j is independent of zgk . There2



fore, we can apply Lemma 2 to obtain hH
gk Qc vc j  −
NT →∞

Tr(vcHj QH
g Rg Qg vc j ) −−−−→ 0. Specifically, the 6-th moment
6



E |hHgk Qc vc j |2 − Tr(vcHj QHg Rg Qg vc j ) vanishes as NT →
∞ [22, Th. 3.12], which implies that the IGI term in (20)
asymptotically holds as NT → ∞. In that sense, although
it may not be true for a finite NT , we can approximate the
MSE as ẽgk for the WMMSE optimization in massive MIMO
systems as

2

2
Kg

 u gk H

 ug




h
Q
v
−
1
+
Q
v
ẽgk =  k hH
gk g gk
gk g g j 


γ
γ
+

j =1, j =k


2


 u g k 2 H H

 v Q R g Qc vc +  u gk  σ 2 .

j
 γ  cj c
 γ 

Kc 

c =g j =1

(21)

This approximation allows us to reduce the feedback overhead
of our scheme to the level of BD pre-beamforming cases [5]
and thereby help us implement a multi-user precoder for JSDM
based on WMMSE design.
Then, utilizing the equivalence relationship between the
sum-rate maximization and the WMMSE problem [12], [13],
we can find a WMMSE solution by solving the following
problem
min

γ ,{vgk },{u gk },{sgk }

A. S-WMMSE Scheme
In this subsection, we present the S-WMMSE scheme.
Using the expression in (8), we define the MSE at

(20)

c =g j =1

s.t.

KG
G 

g=1 k=1

Kg
G 

(sgk ẽgk − log2 sgk )
g=1 k=1



Qg vg 2 = PT ,
k

∀ j,

(22)
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where {sgk } is an auxiliary variable related to the
MSE weight.
Since the cost function in (22) is convex with respect to
each of the optimization variables {vgk }, {sgk } and {u gk }, we
can solve the problem by updating one parameter after fixing
the other two. For example, for given γ and {vgk }, the optimal
u gk and sgk are calculated by
u gk =

γ hH
gk Q g v gk

2  
Kg 
Kc

 H

2
vcHj QH
hgk Qg vg j  +
c Rg Qc vc j +σ

s gk =

1
=
ẽgk
1−

1
u gk
γ

H
vH
gk Q g h gk

.

(24)

Then, we compute γ and vgk for given sgk and u gk as
v gk = γ s gk u gk


Kg

H
β g j QH
g hg j hg j Q g

+ Cg + λI

−1

⎡

|h1H1Q1v11 |2
⎢ |hH Q v |2
⎢ 11 1 12
⎢
..
=⎢
⎢
.
⎢ H
⎣|h1 QGvG K  |2
1

QH
g h gk

c =g j =1

k

g=1 k=1

(26)
As a result, we determine {vgk }, {sgk } and {u gk } in an
alternating fashion until convergence. Detailed derivations are
skipped for brevity and referred to [13] and [23]. Although the
S-WMMSE requires the same CSI feedback overhead as the
per-group processing RZF in [5], the iterative beamforming
computation for every short-term channel realization could
be a burden especially for the BS with a large scale array
antennas.

K

(29)

2
|γ hH
g j Qg v̄gk |


2


−1 H
= |γ u gk sgk |2 hH
g jQgg Qg hgk  , ∀ j = k, (30)

and c j ,gk  |γ hcHj Qg v̄gk |2

2


H
= |γ u gk sgk |2 hcHjQg−1
Q
h
∀c = g. (31)
g
k ,
g
g
where gk ,gk , g j ,gk , and c j ,gk indicate the channel gain
of the desired signal at user gk , the leakage interference from
user gk to the same group user g j ,and the leakage interference
from user gk to other group user c j , respectively. Now, in the
following lemma, we examine the asymptotic behavior of the
channel gain matrix  in (29) in the large scale array regime.
Lemma 3: As the number of transmit antennas NT and the
dimension of the effective channel Bg go to infinity, we almost
surely have
NT →∞

 − ◦ −−−−→ 0,

(32)

where ◦ designates the deterministic equivalent matrix of ,
whose elements are defined in the following.

B. D-WMMSE Scheme
In this subsection, we propose the D-WMMSE precoder which reduces the computational complexity of the
S-WMMSE scheme by pre-calculating the beamforming parameters sgk and u gk in (25) based on the long-term CSI which
does not change frequently. For mathematical simplicity, let
us express vgk in (25) as
H
vgk = γ v̄gk = γ u gk sgk −1
g Q g h gk

and γ equals



γ = 

g j ,gk 

βc j Q H
g Rc Qg , and γ

and λ are, respectively, expressed by

G Kg

PT
σ2 

γ =
and λ =
|u gk |2 sgk .
Kg 

G 
P

T g=1

k=1
Qg v̄g 2

where g is defined as g =

⎤
2
|hH
G K Q1v11 |
2 ⎥
|hH
G K Q1v12 | ⎥
⎥
..
⎥
⎥
.
⎥
2⎦
|hH
Q
v
|
G
G

G 
K

2
gk ,gk  |γ hH
gk Qg v̄gk |

2


−1 H
= |γ u gk sgk |2 hH
gkQgg Qg hgk  ,

(25)
Kc
 

···
···
..
.
···

where the (c j , gk )-th off-diagonal element of  accounts for
the element-wise interference power at the j -th user in the
m-th group generated by the two-step beamformers {Qg vgk },
and the diagonal elements stand for the desired signal power
of user gk .
Generally, we can classify each element of the channel gain
matrix  into three types

j =1

where βg j = |u g j |2 sg j and Cg =

|h1H2Q1v11 |2
|h1H2Q1v12 |2
..
.
|h1H2QGvG K  |2

(23)

c =g j =1

j =1

we 
can denote the channel gain matrix  of size
Then,
G
G
K
×
g
g=1
g=1 K g as

Kg

j =1

.

(28)

The deterministic equivalent of γ in (26) is obtained by


PT

◦

 ,
γ =
(33)
K g |u s |2 m ◦ − λ
G 

gk gk
g
k
B̄


2
g=1 k=1 B̄ 1+βgk m ◦gk (− B̄λ )

(27)

H
β g j QH
g hg j hg j Qg + Cg + λI

PT
G Kg
−2 H
2 H
g=1
k=1 |u gk sgk | hgk Qg g Qg hgk

•

•

where m ◦gk (z) and m ◦
gk (z) can be calculated according
to (43) and (44), respectively.
The (gk , gk )-th diagonal element ◦gk ,gk of ◦ is
expressed as
◦gk ,gk



2



m ◦gk − B̄λ


◦
2

  .
= |γ u gk sgk | 
 1 + βgk m ◦gk − λ 
B̄

(34)
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The (g j , gk )-th off-diagonal element ◦g j ,gk of ◦ is
represented as

•

◦g j ,gk =

|γ ◦ u

gk s gk

|2

B̄
×

m̄ ◦
g j ,gk (0)

1 + βgk m ◦gk (− B̄λ )

2 ,

(35)

where m̄ ◦g j ,gk (z) and m̄ ◦
g j ,gk (z) can be computed from
(50) and (51), respectively.
The (c j , gk )-th off-diagonal element of ◦c j ,gk of ◦ is
denoted by

•

m̄ ◦
|γ ◦ u gk sgk |2
c j ,gk (0)
2 ,

B̄
1 + β m ◦ (− λ )

◦c j ,gk =

gk

gk

(36)

where
(z) is determined from (55).
Proof: See Appendix.
Now, based on the above results (33)-(36), we can identify
the deterministic equivalent expression of the SINR at the
gk -th user as
NT →∞

sinr gk − sinr ◦gk −−−−→ 0,
where sinr◦gk

=

(37)

. With this result, the

◦
=
sum rate is also deterministically
obtained as R


◦
log2 1 + sinr gk . Meanwhile, by the continuous mapg

◦,(n)
1: Initialize n = 0, R
= 0, sgk = 1, u gk = 1 and  = PK for
T

2: repeat
3: Set n ← n + 1
4: Calculate ◦,(n) using (33)-(36) for ∀g, k.

◦,(n)
5: Compute R
=
log2 (1 + sinr◦gk ) using (37) for ∀g, k.
g,k
6: Update u gk = u ◦gk and sgk = sg◦k using (39)-(41) for ∀g, k.
Kg
2 G
◦ 2 ◦
7: Update βgk = |u ◦gk |2 sg◦k and λ = σP
g=1 k=1 |u gk | sgk
T
8: for ∀g, k.
◦,(n)
◦,(n−1)
9: until |R
− R
| ≤ , where > 0 is a given error

tolerance.

10: Compute vgk using (27) for ∀g, k.

B̄

m̄ ◦
c j ,gk

◦
 gk ,g◦k
g ,c +σ 2
k j
(c, j )=(g,k)

Algorithm 1 D-WMMSE Scheme
∀g, k.


2
1 + βg j m̄ ◦g j ,gk (0)
1
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Thus, we can calculate each element ◦ , {u ◦gk } and
in an alternating fashion until convergence as shown
in Algorithm 1. Then, we finally compute the beamforming
vectors {vgk }. It is worthwhile noting that in contrast to the
S-WMMSE scheme, the deterministic equivalent values ◦ ,
u ◦gk and sg◦k depend only on the statistical information such as
channel covariance Rg . Therefore, the iteration in Algorithm 1
is performed only when the second order statistics changes
which occur over much longer coherence time than that of the
short-term CSI.
{sg◦k }

k

ping theorem [24], the deterministic equivalent mean square
NT →∞
error eg◦k is defined as egk − eg◦k −−−−→ 0, where
 
2
 
2
◦


 
 u g ◦

  u gk gk ,c j   u gk 2


k
gk ,gk
◦
 2





− 1 +
e gk = 

 + γ ◦  σ .
γ◦
γ◦


 (c, j )=(g,k)
(38)
Setting the derivative of eg◦k with respect to u gk to zero, we
obtain the optimal u gk as

γ ◦ ◦gk ,gk
u ◦gk =
.
(39)
Kc
G 

◦
gk ,c j + σ 2
c=1 j =1

Then, by substituting u ◦gk into eg◦k in (38), we achieve the
u ◦g 
relationship eg◦k = 1 − γ ◦k ◦gk ,gk .
Next, to exploit the WMMSE optimization approach in the
large system limit, the problem (22) can be asymptotically
given by
min

{sgk }

Kg
G 


(sgk eg◦k − log2 sgk ).

(40)

g=1 k=1

For given ◦ and u ◦gk , the optimal sgk is calculated by
sg◦k =

1
=
eg◦k
1−

u gk
γ◦

1


◦gk ,gk

.

(41)

C. Convergence of the Proposed WMMSE Schemes
The convergence proof of the proposed two WMMSE
designs can be made as follows: First, for “S-WMMSE”, it
is easily seen that the WMMSE problem in (22) is convex
with respect to each of variables {vgk }, {u gk } and {sgk },
which means that each of (23), (24), and (25) represents an
optimal solution obtained by the Karush-Kuhn-Tucker (KKT)
optimality conditions when the other two variables are given.
Therefore, in each iteration to update {vgk }, {u gk } and {sgk },
the weighted sum-MSE in (22) monotonically decreases. In
addition, since the MSE is bounded by zero, the S-WMMSE
algorithm indeed converges at least to stationary points of
{vgk }, {u gk } and {sgk }, which fulfill a local optimum of the
weighted sum-MSE problem.
In a similar manner, the convergence of “D-WMMSE”
can also be proven with an additional consideration of the
deterministic equivalent (DE) of the channel gain matrix ◦ ,
whose elements are calculated based on the fixed {vgk } and
converge to certain values with fixed point equations [15].
First, we simultaneously update both ◦ and {vgk } that minimize the weighted sum-MSE by leveraging a large system
assumption while {u gk } and {sgk } are fixed. Then, {u gk } is
updated as usual from (39) when {sgk }, {vgk }, and ◦ are
held constant. Lastly, we obtain an optimal {sgk } from (41) by
fixing the rest, and the process is repeated until convergence.
It should be noted that the weighted sum-MSE (40) in the large
system limit monotonically decreases with the obtained KKT
stationary points {vgk }, {u gk } and {sgk } at each alternation.
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In addition, since eg◦k is lower bounded by zero, we conclude
that the proposed alternating algorithm in the D-WMMSE also
converges to a local optimum.
V. C OMPARISON OF C OMPLEXITY
In this section, we compare the required floating point
operations (flops)1 of the proposed schemes and the prior
works in [5] and [10]. For simplicity, we assume K g = K̄
and Bg = B̄ for all g. Then, the resulting number of flops
required to obtain each scheme is computed as in Table I-(a),
where the parameters CRBD , CRMT , and CD-WMMSE are found
in Table I-(b). Note that the SLNR pre-beamformer in [10]
requires I0 iterations to achieve a desired performance and
the proposed D-WMMSE scheme needs some inner (I1 ) and
outer (I2 ) loop iterations to find deterministic equivalent values
of u gk and sgk as in Algorithm 1.
For detailed comparison, let us consider an example where
B̄ = 12, K̄ = 8, G = 8, NT = 100. We set the iteration
parameters as I0 = 4, I1 = 8, and I2 = 6 to obtain
converged performance.2 Meanwhile, it is often assumed that
the coherence time of the large scale fading is 1000 times
greater than that of the small scale fading as specified in [26].
Thus, we compute u gk and sgk in D-WMMSE as well as
all long-term based pre-beamformers once for 1000 shortterm channel realizations. Then, the average complexity of the
conventional JSDMs in [5] and [10], and the proposed scheme
is calculated as C̄BD + CRZF = 4.32 × 105 , C̄SLNR + CRZF =
7.26 × 105 , and C̄RBD + C̄RMT + CD-WMMSE = 5.64 × 105 ,
SLNR
respectively, where C̄BD = C10BD3 , C̄SLNR = C10
3 , C̄ RBD =
C RBD
C RMT
, and C̄RMT = 103 . The result implies that the proposed
103
beamforming scheme combined with D-WMMSE attains comparable complexity with existing designs with much improved
rate performance.
VI. S IMULATION R ESULTS
In this section, we demonstrate the efficiency of the proposed beamforming methods through simulation results. For
all simulations, we assume a single-cell massive MISO system
where the BS is equipped with NT = 100 uniform linear
array (ULA) antennas. All K = 64 users are equipped with a
single antenna and are separated into G groups. Then, all K g
users in the g-th group experience the same transmit antenna
correlation Rg as in (4). Unless specified otherwise, we set the
15
π(g−1) and
azimuth angle of the g-th group as θg = − π3 + 180
5
π.
assume the same angular spread for all groups as  = 180
With this setting, the correlation matrix Rg has the dominant
rank r g∗ = 12 ∀g so that all significant eigen-modes are
1 We have used the following computation rules in [25]:
• SVD of an m × n matrix (m ≥ n): 4m 2 n + 8mn 2 + 9n 3
• QR decomposition of an m × n matrix (m ≥ n): 2n 2 (m − n/3)

• Multiplication of an m × n matrix and an n × p matrix: 2mnp
• Inversion of an m ×m matrix with a Gauss-Jordan elimination methods:
4m 3 /3
• When the result of inversion is m×m Hermitian matrices, we can reduce

the complexity proportional to (m + 1)/2m.

2 The complexity induced by the iterations will be averaged out as the
coherence time of the long-term CSI increases, and thus is insignificant in
our simulation setting.

Fig. 2. Average sum-rate comparison with different Qtar,g in multi-user
MISO systems.

supported, and we set Bg = B̄ = 12 and K g = Sg = 8, ∀g
for ease of presentation.
For performance comparison, we consider the following
schemes. The “Full-CSI RZF” indicates the RZF scheme
in [1] based on the feedback of every short-term CSI without
any pre-beamforming process, and requires the largest amount
of feedback overhead among all reference schemes. Thus, this
will serve as a performance upper bound. The “BD RZF [5]”
and the “SLNR RZF [10]” schemes represent the conventional
JSDM designs where the pre-beamformers are computed by
the BD and SLNR methods, respectively, while adopting the
RZF scheme for the multiuser precoding stage. The proposed
“S-WMMSE” determines its beamforming vectors based on
the parameters sgk and u gk in (23) and (24) using short-term
CSI. Also, the proposed “D-WMMSE” decides the beamformer’s direction and power utilizing deterministic equivalent
beamforming parameters sg◦k and u ◦gk in (39) and (41) based
on long-term CSI.
In (18), the proposed RBD pre-beamformer Qg is determined according to the target pre-beamformer Qtar,g , and thus
choosing a proper Qtar,g is an important issue. In Figure 2,
we compare the sum-rate performance of different target prebeamforming matrices Qtar,g , assuming the same RZF multiuser precoder (post-beamformer). For the comparison, we
define the Eigen pre-beamformer QEig,g ∈ C NT × B̄ , which
consists of the set of principal B̄ eigen-vectors of Ug . For
the target matrix Qtar,g , we consider the conventional prebeamformers, e.g., BD [5], SLNR [10], and the Eigen. It is
shown that the BD-based target matrix outperforms the Eigen
case. This is because the BD pre-beamformer almost becomes
interference-free over a wide range of SNR, while the Eigen
case exhibits noticeably interference limited performance at
medium to high SNR range. However, BD and SLNR show
the same performance as the target matrix over the wide range
of SNR. As BD requires lower complexity than SLNR, we
adopt the BD-based beamformer as the target matrix Qtar,g
for the rest of this paper.
Figure 3 exhibits the performance of both S-WMMSE and
D-WMMSE with different pre-beamformers. It is seen that
the RBD pre-beamformer achieves better performance than
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TABLE I
C OMPLEXITY C OMPARISON OF E XISTING S CHEMES AND THE P ROPOSED S CHEMES

Fig. 3. Average sum-rate comparison of S-WMMSE and D-WMMSE with
different pre-beamformers.

BD and SLNR based schemes for S-WMMSE and
D-WMMSE post-beamformers. When the same prebeamformer is adopted, the S-WMMSE outperforms the
D-WMMSE, which is a natural result since the S-WMMSE
updates sgk and u gk using short-term CSI.
Figure 4 illustrates the average sum-rate performance of
various schemes as a function of SNR. First, we confirm
that the proposed RBD scheme achieves the improved rate
performance than the conventional BD and SLNR based
pre-beamformers. Moreover, it is worthwhile noting that the
proposed RBD prebeamformer combined with the proposed
WMMSE multiuser precoder exhibits the performance close
to the “Full-CSI RZF” at low SNR with significantly reduced
feedback overhead. We can check that the proposed JSDM
“RBD + D-WMMSE” substantially improves the performance

Fig. 4.

Average sum-rate comparison in multiuser MISO systems.

over the conventional JSDMs with comparable complexity as
shown in Table I.
Figure 5 presents the average sum rate performance as a
function of the number of transmit antennas for G = 8 and
K g = 8 at SNR 10 dB. First, for the case of the RZF
post-beamformer, our proposed regularized pre-beamformer,
i.e., “RBD + RZF” exhibits non-negligible sum-rate gain
over the conventional pre-beamformer designs such as “BD +
RZF” and “SLNR + RZF” for all number of transmit antennas.
Also, the figure validates that the proposed S-WMMSE and
D-WMMSE post-beamformer designs combined with RBD
pre-beamformer show advantages over the “RBD + RZF”.
From this result, we can conclude that the proposed “RBD
+ D-WMMSE” scheme could be the best combination among
the various JSDM precoding strategies.
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γ =


G

Kg

PT

g=1

k=1

|u gk sgk |2

gk

=

1

B̄

, in which

gk

is defined as

gk

−2 H
3
hH
gk Qg g Qg hgk . Due to the matrix inversion lemma (MIL),

we have
Kg

n=1,n =k

β gn
B̄

h̃gn h̃H
gn +

1 H ¯ −2
h̃ 
h̃
B̄ gk g,{k} gk
2
β gk
−1
H
¯
h̃g g,{k} h̃gk
1+
k
B̄

1
C
B̄ g

+

¯ g,{k} =
, where 

λ
I.
B̄

¯ −1
¯ −2
and 
Since h̃gk is independent of 
g,{k}
g,{k} ,
we can apply Lemma 2 to the denominator term
1/2 ¯ −1
1/2
1 H ¯ −1
h̃ 
h̃ = z̃H
gk g g,{k} g z̃gk and the numerator
B̄ gk g,{k} gk

term

1 H ¯ −2
h̃ 
h̃
B̄ gk g,{k} gk

1/2 ¯ −1
1/2
z̃H
gk g g,{k} g z̃gk

Fig. 5. Average sum-rate comparison as a function of NT in multiuser MISO
systems.

To further enhance the performance of the conventional
JSDM, we have studied a new JSDM beamforming method
for MISO downlink systems by applying MMSE approaches.
First, to suppress IGI, we have designed the RBD based
pre-beamformer which takes into account both noise and
the statistical channel information by minimizing an upper
bound of the sum-MSE in the large-scale array regime. Then,
we have presented the WMMSE based multi-user precoder
which requires the same CSI overhead as the conventional
JSDM. Also, in order to reduce the computational complexity,
we have adopted deterministic equivalents of the WMMSE
beamforming parameters to generate the beamformers by
applying asymptotic results of random matrix theory. Through
simulations, we have verified that the proposed beamforming schemes outperform the conventional JSDM scheme in
low and medium SNR regime with comparable complexity.
A study on a practical user grouping method based on the
proposed JSDM approach is an interesting future work.
A PPENDIX
P ROOF OF L EMMA 3
Our derivation is based on the large system analysis developed in [15]–[18]. For notational simplicity, denoting Rg ∈
C NT ×NT as the channel covariance for user gk ’s channel hgk ,
H
we define the effective channel QH
g hgk as h̃gk = Qg hgk ∈
C Bg ×1

whose covariance matrix equals g = E

h̃gk h̃H
gk

=

For mathematical ease, we set Bg = B̄, ∀g and
1 ¯ −1
1 ¯ −2
−2
¯
denote g = B̄1 g , −1
g = B̄ g and g = B̄ 2 g , where
g is defined by (27). Also, the user set of group g yields
the set Gg = {g1 , . . . , g K g }. Without loss of generality, the
instantaneous
effective channel h̃gk can be rewritten as h̃gk =
√
1/2
B̄g z̃gk where g = QH
g Rg Qg is the effective channel
covariance matrix of user gk and z̃gk ∼ CN (0, B̄1 I B̄ ). Then,
one can obtain the following deterministic equivalent (DE)
elements.
1) DE of the Normalization Factor γ in (33): For
given u gk , sgk and λ, we need to compute the DE of
QH
g Rg Q g .

1/2 ¯ −2
1/2
z̃H
gk g g,{k} g z̃gk

yields


1
¯ −2

Tr

g
g,{k}
1
NT →∞
B̄
− 

2 −−−−→ 0.
β
−1
g
B̄ 1 + k Tr  
g ¯ g,{k}
B̄

respectively. Thus,

VII. C ONCLUSION

gk

1/2 ¯ −2
1/2
z̃H
gk g g,{k} g z̃gk to have
 N →∞

T
¯ −1
− B̄1 Tr g 
−−−−→ 0 and
g,{k}


NT →∞
¯ −2
− B̄1 Tr g 
−−−−→
0,
g,{k}

=

gk

(42)

Then, as a function of variable z, we define
m gk (z) =
!
−1
 
Kg
β gn
1
, whose struch̃ h̃H + B̄1 Cg − zI
Tr g
B̄
B̄ gn gn
n=1,n =k

ture can be applied by [15,
 Th.1]. The trace in the denominator of (42) equals m gk − B̄λ . By adopting the approach
NT →∞

of [15, Th. 1], it follows that m gk (z) − m ◦gk (z) −−−−→ 0,
where the DE of m gk (z) is given by
m ◦gk (z) =
with Tg,{k} (z) =



1
B̄


1 
Tr g Tg,{k} (z) ,
B̄
Kg

n=1,n =k

β gn  g
1+δn (z)

+

Cg
B̄

(43)
− zI B̄

−1

and

unique positive solutions
of the fixed-point equations δn (z) =

β gn
Tr

T
(z)
.
g
g,{n}
B̄
Meanwhile, the numerator term in (42)
 isequal to the deriv
ative of m gk (z) at z = − B̄λ , i.e., m gk − B̄λ , in which m gk (z)


is defined as the derivative of mgk (z) such that m gk (z) =
d
1
d
d z m gk (z) = B̄ Tr g d z Tg,{k} (z) . Therefore, adopting the


NT →∞

approach of [16, Th. 2], we obtain m gk (z) − m ◦
gk (z) −−−−→ 0
where

1 

Tr

T
(z)
(44)
=
m ◦
(z)
g
gk
g,{k}
B̄
−1



1  βgn g δn (z)
with Tg,{k} (z) = Tg,{k} (z) B̄
Tg,{k} (z).
2 + I B̄
Here,

δn (z)

n =k

(1+δn (z))

can be computed by solving the following fixed

3 Matrix inversion lemma [27] : Let A ∈ C N ×N be Hermitian invertible.
Then, for any vector x ∈ C N and any scalar τ ∈ C such that A + Ï"xxH is
invertible,

xH (A + τ xxH )−1 =

xH A−1
1 + τ xH A−1 x
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point equation as


−1



δ (z) = [δ1 (z), . . . , δ|S| (z)]T = I|S| − J|S| (z)
v|S| (z),
(45)

where we define S = Gg /{gk } as a set of users in group g
except the gk -th user, and J|S| (z) and v|S| (z) indicate


βn βi Tr g Tg,{k} (z)g Tg,{k} (z)
[J|S| (z)]n,i =
for n, i ∈ S,
B̄ 2 (1 + δi (z))2
"
#

β|S| T 
β1
Tr gT2g,{k} (z) for i ∈ S,
v|S| (z) =
,...,
B̄
B̄
(46)
respectively. Finally, combining all previous results, we
obtain (33).
2) DE for the Desired Signal Component gk ,gk in (34):
By applying the MIL to the term hH
gk Qg v̄gk in (34), the
following equality holds as
2



1 H ¯ −1
h̃

h̃


g
k
g
g,{k}
k
B̄
2 
  .
(47)
gk ,gk = |γ u gk sgk | 
βgk H −1
¯ g,{k} h̃gk 
 1+
h̃gk 
B̄

Utilizing the result of (43), we simply achieve (34).
3) DE for the SGI Term g j ,gk in (35): Substituting
|γ u gk sgk |2 1 H −1
¯ g h̃g j h̃H
¯ −1
g j ,gk =
h̃g 
g g h̃gk and then applying
the MIL to
we have

B̄
B̄ k
g j ,gk with

g j ,gk =

1 H ¯ −1
¯ −1 h̃
h̃ 
h̃ h̃H 
B̄ gk g,{k, j } g j g j g,{k, j } gk
χ gk 
2
βg
−1
¯
h̃
1 + B̄j h̃H

g
g j g,{k, j } j

×

¯ g,{k, j } =
where 
|γ u gk sgk |2
.
B̄

1
1+

Kg

n=1,n =k, j

β gk
B̄

¯ −1
h̃H
gk g,{k} h̃gk

β gn
B̄

h̃gn h̃H
gn +

2

1
C
B̄ g

(48)

+

λ
I
B̄



1
NT →∞
×
2 −−−−→ 0.
β gk
−1
¯ g,{k} )
1+ B̄ Tr(g

β gi
B̄



n = j,k

n



T̄g,{k, j } (z) with δ̄i (z) =
Tr(g T̄g,{k, j } (z)). Here, δ̄ (z) =


[δ̄1 (z), . . . , δ̄|S| (z)]T is determined for S = Gg /{gk , g j } by
applying the similar steps from (45) and (46) and adopting
the elements
of the vector v|S|(z) in (46) with v i (z) =

βi
Tr

T
g g,{k, j } (z)g Tg,{k, j } (z) . Finally, combining all the
B̄
above results, we arrive at (35).
4) DE for the IGI Term c j ,gk in (36): Reminding c j ,gk =
|γ u gk sgk |2 1 H
H ¯ −1 H
¯ −1
hc Qg 
g h̃gk h̃g g Qg hc j , the IGI term c j ,gk
B̄

B̄

j

k

in (36) can be written as
c j ,gk =

1 H
¯ −1 h̃ h̃H 
¯ −1 QH h
h Q 
B̄ c j g g,{k} gk gk g,{k} g c j
χ gk

2
βg
¯ −1
1 + B̄k h̃H
gk g,{k} h̃gk

,

(52)

where the equality comes from the MIL with respect to h̃gk .
First, applying Lemma 2 to c j ,gk reduces to


1
HR Q 
¯ −1
¯ −1
Tr
Q


c
g
g
g
g,{k}
g,{k}
NT →∞
B̄
−−−−→ 0.
c j ,gk − χgk 
2

β gk
−1
¯ g,{k}
1 + B̄ Tr g 
(53)

and χgk =
For the numerator term in (53), we have

Employing Lemma 2 to g j ,gk leads to


−1
−1
1
¯
¯


Tr


g g,{k, j } g g,{k}
B̄
g j ,gk − χgk 
2
βg j
¯ −1
1+ B̄ Tr(g
)
g,{k, j }
(49)

First, as a function of variable z, we denote m̄ gk ,g j (z) =
!

Kg
−1

β gn
1
1
λ
H
to
h̃ h̃ + B̄ Cg + B̄ I − zg
Tr g
B̄
B̄ gn gn
n=1,n =k, j


¯ −1
calculate the DE of the denominator term 1 Tr g 
g,{k, j }
B̄

in (49), which is equal to m̄ gk ,g j (z) at z = 0. Taking a
similar approach described in (43), one can show m̄ gk ,g j (z) −
NT →∞

 
−1
Cg
β gn  g
1
λ
+
+
I
−
z
with T̄g,{k, j } (z) =
g
1+δ
(z)
n
B̄
B̄
B̄
n =k, j


β gn
and δn (z) = B̄ Tr g Tg,{k,n} (z) .
Similar to (44), the trace term in the numerator of (49) is
the derivative of m̄ g j ,gk (z) as m̄ g j ,gk (z) = ddz m g j ,gk (z) =


d
1
Tr

T
(z)
at z = 0. By adopting [16, Th. 2]
g
g,{k, j }
B̄

 dz
−1
¯ g,{k, j } g 
¯ −1
to B̄1 Tr g 
g,{k, j } to the trace in the numerator
of (49), it follows

1 

m̄ ◦
(51)
Tr g T̄g,{k, j } (z) ,
g j ,gk (z) =
B̄
−1
 


βgn g δ̄n (z)
where T̄g,{k, j } (z) = T̄g,{k, j } (z) B̄1
+

g
2
(1+δ̄ (z))

j

respect to h̃gk and h̃g j , respectively,
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m̄ ◦g j ,gk (z) −−−−→ 0 where the DE of m gk ,g j (z) is expressed
as

1 
m̄ ◦gk ,g j (z) = Tr g T̄g,{k, j } (z)
(50)
B̄

1 H
H ¯ −1
H
¯ −1
hc Qg 
g,{k} h̃gk h̃gk g,{k} Qg hc j
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−1
−1
T
¯
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− Tr QH
R
Q

(54)
c
g
g
g
g,{k}
g,{k} −−−−→ 0.
B̄
Note that the trace in the numerator in (53) has a similar
form as the trace in the numerator in (49). Therefore, similarly
in (51), m̄ ◦
c j ,gk (z) can be calculated as

1  H

Tr
Q
T̄
R
Q
=
,
(55)
m̄ ◦
(z)
(z)
c
g
g,{k}
c j ,gk
g
B̄

−1


1  βgn g δ̄n (z)
T̄g,{k} (z),
where T̄g,{k}(z) = T̄g,{k}(z) B̄
2 +g
δ̄n (z))
n =k (1+




β gi
=
Tr g T̄g,{k} (z)
and T̄g,{k} (z)
=
δ̄i (z)
B̄
−1
 

C
β
gn g
g
1
λ
. Finally, by evaluating
1+δn (z) + B̄ + B̄ I − zg
B̄
n =k

(55) at z = 0, and (43) at z = − B̄λ respectively, we compute
the DE for c j ,gk as (36) and this concludes the proof.
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