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Abstract— In this paper, we investigate an energy
efficiency (EE) maximization problem in multiple input
single output broadcast channels. The optimization problem in
this system model is difficult to solve in general, since it is in
non-convex fractional form. Hence, conventional algorithms have
addressed the problem in an iterative manner for each channel
realization, which leads to high computational complexity.
To tackle this complexity issue, we propose a new simple method
by utilizing the fact that EE maximization becomes identical
to spectral efficiency (SE) maximization for the region of the
power below a certain transmit power termed as saturation
power. In order to calculate the saturation power, we first
introduce upper and lower bounds of the EE performance by
adopting a maximal ratio transmission beamforming strategy.
Then, we propose an efficient way to compute the saturation
power for the EE maximization problem. Once we determine
the saturation power in advance, we can transform the EE
maximization problem into a simplified sub-optimal EE problem,
which can be solved by the SE maximization schemes with
low complexity. The derived saturation power is parameterized
by employing random matrix theory, which relies only on the
second-order channel statistics. Hence, this approach needs much
lower computational complexity compared with a conventional
scheme, which requires instantaneous channel state information.
Numerical results validate that the proposed algorithm achieves
near optimal EE performance with significantly reduced
complexity.
Index Terms— Energy efficiency (EE), multiple-input
single-output broadcast channels, random matrix theory,
saturation power.

I. I NTRODUCTION

E

XPONENTIALLY increasing service demands for wireless communications have mainly required much higher
transmission rate, which leads to increased energy consumption [2], [3]. Recently, the energy consumption has been
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regarded as a crucial parameter when designing wireless networks, since low energy efficient transmission has a negative
impact on the environment and hamper sustainable development. Thus, from the perspective of green communications,
energy efficiency (EE) has received a lot of attentions for
future wireless communication systems [4]. The EE is defined
as the ratio of the sum rate to the total power consumption
measured in bit/Joule.
Many researches have addressed EE solutions for various
system model scenarios [5]–[13]. In [14], the EE problem
was formulated by exploiting dirty paper coding and the
uplink-downlink duality in broadcasting channels. While this
work presented a performance upper bound for broadcasting channels, many practical constraints exist due to high
complexity. For general scenarios with inter-user interference (IUI), the optimization problem for EE remains nonconvex, and thus it is difficult and more challenging to solve.
Recently, EE schemes based on linear beamforming were
studied for multiple-input single-output (MISO) interfering
broadcasting channels [10]. By transforming the fractional
programming into linear programming [5] and applying the
weighted minimum mean square error (WMMSE) approach
in [15], a local optimal solution was obtained in [10]. However,
this algorithm solved the EE problem in an iterative manner for
each channel realization that gives rise to high computational
complexity. Moreover, it is difficult to get insight on the system
performance without resorting to Monte Carlo simulations.
To tackle these issues mentioned above, we investigate a
simple and practical EE maximization scheme in MISO broadcast channels. First, we observe that the EE value obtained
from the EE maximization problem is saturated at a certain
transmit power, which will be referred to as saturation power.
Then, the problem of the EE maximization becomes identical
to that of the spectral efficiency (SE) maximization for the
region below. As a result, the EE maximization problem can
simply be computed from the SE maximization by identifying
the saturation power.
However, the local optimal saturation power for the EE
maximization scheme in considered system models is difficult
to compute. Hence, we first attempt to derive lower and
upper bounds of the EE performance by applying maximal
ratio transmission (MRT) beamforming in a large system
limit where the number of transmit antennas and users go
to infinity with a fixed ratio. It is worth noting that in the
asymptotic regime, the randomness according to instantaneous
channel realization disappears and the related parameters are
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deterministic. Then, the saturation power of the lower and
upper bounds of the EE are presented in closed form by
employing random matrix theory [16]–[19]. Here, based on
the relationship of the derived saturation power and the EE
performance, we can simply determine the saturation power.
It is noted that the saturation power in [10] is bounded by
the derived saturation power for the lower and upper bounds
of the EE in the large system limit. Also, by adopting a
large system analysis for the WMMSE algorithm in [20], suboptimal saturation power can be derived by virtue of its strictly
quasi-concavity. Consequently, utilizing the derived saturation
power, we can transform the EE problem into sub-optimal
EE maximization by only adopting the SE maximization
scheme. Numerical results validate that the proposed algorithm
achieves near sub-optimal EE performance with much lower
complexity.
The rest of the paper is comprised as follows: Section II
presents a system model and the problem formulation. In
Section III, the relationship between EE and SE is described
briefly. Then, we derive the saturation power based on large
system analysis and suggest a simplified scheme for the
EE maximization utilizing the derived saturation power in
Section IV. From the simulation results in Section V, we confirm the validity of the proposed method. Finally, this paper
is terminated with conclusions in Section VI.
Throughout the paper, we adopt lowercase and uppercase
boldface letters for vectors and matrices, respectively. The
superscript (·) H stands for conjugate transpose. In addition,
|| · ||, tr(·) and [·]i j represent Euclidean 2-norm, trace and the
(i, j )-th entry of a matrix, respectively. Also, Id denotes an
identity matrix of size d. A set of N dimensional complex
column vectors is expressed by C N .
II. S YSTEM M ODEL
In this paper, we consider a MISO broadcast channel with
system bandwidth W where a base station (BS) equipped with
M transmit antennas serves N users with a single antenna.
Also, we assume that all users are located at the same distance
from the BS and thus experience similar path-loss effect. Then,
the received signal yk at the k-th user (k = 1, · · · , N) is given
by
√
√
p j hkH v j s j + n k
(1)
yk = pk hkH vk sk +
j  =k

power per bandwidth consumed by
where pk is the transmit
N
pk ≤ P [Watt/Hz] in order to
the k-th user satisfying k=1
satisfy BS transmit power constraint PW , hk ∈ C M defines
the flat fading channel vector from the BS to the k-th user
with the coherence time T , vk means the beamforming vector
for the k-th user with ||vk ||2 = 1, sk ∼ CN (0, 1) represents
the complex data symbol intended for the k-th user, and
n k ∼ CN (0, σ 2 ) stands for the additive white Gaussian noise
1
√
at the k-th user. We denote hk as hk = MRk2 zk where Rk
is a deterministic transmit correlation matrix between the BS
and user k, i.e., Rk = E[hk hkH ] in [20] and zk equals a column
vector with independent and identically distributed (i.i.d.)
complex Gaussian entries of zero mean and variance 1/M.
This provides the correct scaling of the elements of the
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random channel vectors such that the large system limits
hold [21], [22].
For notational conveniences, we define {p} and {v} as a
set of all transmit power values and beamforming vectors,
respectively. The achievable rate of the k-th user is computed
as
Rk ({p}, {v}) = E[log2 (1 + SINRk ({p}, {v}))]

(2)

where SINRk ({p}, {v}) indicates the individual signal-tointerference-plus-noise-ratio (SINR) for the k-th user as
SINRk ({p}, {v}) = 

|hkH vk |2 pk
j  =k

|hkH v j |2 p j + N0

(3)

with N0 = σ 2 /W .
During a time-frequency block T W , the total amount of the
transmitted information is given by

TW
E[log2 (1 + SINRk )]. [bits]
(4)
k

We consider the power consumption for a BS [10], [23], where
the total power consumption is modeled as



pk + Pconst . [Joule]
(5)
PT ({p}) = T ξ W
k

Here, ξ ≥ 1 stands for an inefficiency of the power amplifier
and Pconst [Watt] equals Pconst = M Pc + Po where Pc is the
constant circuit power consumption proportional to the number
of radio frequency chains, and Po means the static power
at the BS which is independent of the number of transmit
antennas [24].
Then, the EE is defined as the ratio of the total amount
of the transmitted information to the corresponding power
consumption

T W k Rk ({p}, {v})
. [bit/Joule] (6)
EE({p}, {v}) =
PT ({p})
Therefore, the EE maximization problem can be formulated
by
max EE({p}, {v})

{p},{v}

s.t.

N


pk ≤ P.

(7)

k=1

It is noted that problem (7) is non-convex because of
coupled interference and the fractional form, and thus computing a solution of the problem is quite complicated. In [10],
a local optimal solution of the EE for interfering broadcasting
channels was obtained by two layer optimization adopting a
linear subtractive form. However, it should be solved in an
iterative manner for each channel realization, which gives rise
to high computational complexity. In what follows, we focus
on a simple algorithm which can solve the EE maximization
with reduced complexity.
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Fig. 1.
Comparison of SE and EE for equation (8) in terms of P
(a) SE performance and (b) EE performance.

since a sum rate gain cannot compensate for the increased
power consumption in the EE.
In Figure 1, we illustrate the performance curves of the
SE and EE for equation (8) with respect to the transmit
power constraint P with Pc = 20 dBm, Po = 30 dBm and
W = 1 MHz. In this example, the saturation power PE E W
is shown to be about 25 dBm. It can be observed that the
SE maximization is identical to the EE maximization when
the transmit power P is smaller than the saturation power
PE E . Also, PE E corresponds to the power which yields the
maximal EE. In Figure 1 (a), the EE scheme achieves the
same rate as the SE scheme for P ≤ PE E , while the rate of
the EE scheme becomes saturated for P ≥ PE E , since the
power of the EE scheme is fixed at PE E to maximize the EE.
Meanwhile, the SE algorithm always transmits at full power
for maximizing the SE even after the saturation power PE E . As
shown in Figure 1 (b), the SE scheme exhibits a performance
loss in terms of of the EE because a gain of the rate cannot
make up for the impact of the increased power consumption
as mentioned before.

III. P ROPERTIES OF E NERGY E FFICIENCY
In this section, we investigate the characteristics of the EE.
Based on the properties of the EE described in this section,
we will derive the saturation power in a simple manner. It is
interesting to note that the EE performance is saturated once
the total transmit power exceeds a certain point, which we call
saturation power. Then, the maximization of the EE becomes
identical to that of the SE for the region below the saturation
power. To explain this, we consider a simple EE model for
the transmit power per bandwidth P [Watt/Hz] as
EE(P) =

W · R(P)
W · P + Pst at ic

(8)

where R(P) = log(1 + P/N0 ) and Pst at ic indicates the static
power consumption as Pst at ic = Pc + Po .
From this EE expression (8), the optimal transmit power
PE E which maximizes the EE can be calculated in closed
form as [5]
   
Pst at ic /W −1
PE E = min N0 exp W0
+1 − 1 , P
(9)
e
where W0 (·) denotes the principal branch of the Lambert W
function defined as the inverse function of f (x) = xe x and P
means the maximum transmit power constraint at the BS.
For the transmit power region below PE E , full transmit
power should be applied to achieve the maximal performance
of the EE. This is due to the fact that when the total transmit
power is fully consumed at the region below the saturation
power, the consumed power becomes constant which does
not affect the EE optimization. In this case, the considered
problem becomes equivalent to the sum rate maximization.
This suggests that transmitting the maximum available power
is most energy efficient at this region. In the same way, the SE
performance can be maximized at the same region because the
rate R(P) is a monotonically increasing function with respect
to P. In contrast, for the region above the saturation power,
consuming full power at the BS degrades the EE performance,

IV. D ERIVATION OF S ATURATION P OWER
In this section, motivated by properties of the EE shown in
Section III, we first focus on determining the saturation power
which starts to yield the saturated EE performance. Unfortunately, the EE solution in [10] requires iterative methods,
and thus it is not possible to obtain the saturation power in
closed form. Alternatively, we address lower and upper bounds
of the EE performance to allow simple computations of the
saturation power. From the derived lower and upper bounds
of the EE, we can identify the saturation power corresponding
to each bound of the EE in a closed form solution. Then,
by utilizing the determined saturation power, we propose a
new sub-optimal EE maximization scheme only adopting the
SE maximization method with reduced complexity.
A. Saturation Power for a Lower Bound of EE
First, we start with obtaining a lower bound of the EE
performance. One simple precoding which can serve as a lower
bound performance is MRT beamforming which employs
vk,MRT = ||hhkk || with equal power allocation. In this case,
the EE for MRT ηMRT can be expressed as
N
E[log(1 + SINRk,MRT )]
(10)
ηMRT = k=1
ξ P + Pconst /W
where SINRk,MRT is given by
SINRk,MRT = 

|hkH vk,MRT |2 NP
j  =k

|hkH v j,MRT |2 NP + N0

.

(11)

It is clear that SINRk,MRT changes for every channel realization. To avoid calculating these instantaneous channel gains,
we apply random matrix theory when computing (11). It is
worth noting that in the asymptotic regime, the channel gain
values become deterministic which depends only on the second
order channel statistics and the randomness according to
instantaneous channel realization disappears. We will show
in the simulation section that although the parameters are
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calculated in the large system limit, the derived results are
well matched even for small dimensions.
To determine large system results, we utilize Theorem 3.4
in [25] which assumes that the number of users N and the
number of transmit antennas M grow large at a fixed ratio
c  M
N . We emphasize that the asymptotic analysis is used
only to derive the deterministic channel gain values, and the
system which we consider in this paper has a finite dimension.
From [25], we can identify the deterministic value for both
the desired signal power |hkH vk,MRT |2 and the interference
signal power |hkH v j,MRT |2 in (11). To apply the results of the
RMT with almost sure convergence, without loss of generality,
we divide the numerator and denominator of (11) by 1/M as
SINRk,MRT =

1
H
2P
M |hk vk,MRT | N
.

1
1
H
2P
j  =k M |hk v j,MRT | N + M N0

(12)

Then, after some mathematical manipulations, the desired
and interference signal term for user k are expressed by
M|zkH Rk zk |2
1 H
|hk vk,MRT |2 =
= |zkH Rk zk |
M
||hk ||2
∗

∗

1

(13)

1

zkH Rk2 R j2 z j z Hj R j2 Rk2 zk
1 H
 |kj |. (14)
|hk v j,MRT |2 =
M
z Hj R j z j
From (13) and (14), SINRk,MRT is rewritten as
SINRk,MRT = 

+

1
M N0

.

(15)

Using the trace lemma in [25] to the term (13) where
M, N → ∞ with fixed ratio c = N/M, we have the following
relation as
1
a.s.
zkH Rk zk − tr(Rk ) −−→ 0.
(16)
M
Also, by applying trace lemma to the numerator in (14) twice
with respect to zk and z j , we can show that the numerator and
denominator terms in kj converge almost surely as
∗

∗

1
a.s.
tr(Rk R j ) −−→ 0,
M2
1
a.s.
z Hj R j z j − tr(R j ) −−→ 0. (17)
M
Therefore, the interference signal term kj is calculated by
1

1

zkH Rk2 R j2 z j z Hj R j2 Rk2 zk −

∗

1

∗

ηL B =

NP
(ξ P + Pconst ){(1 + g)P + cN0 }

(21)

where g = (N − 1)Imax ° and Imax ° is given by
Imax ° = max{Ikj °} ∀k, j. Then, the saturation power PL B corresponding to the EE lower bound η L B is computed by
cN0 Pconst
.
(22)
ξ W (1 + g)
Proof: From the property of the correlation model Rk ,
the value of tr(Rk ) is equal to the number of Transmit
antennas M. By replacing all Ikj °’s into Imax °, the numerator
term of (20) is lower bounded by
PL B =

N


log(1 + SINRk,MRT °)

≥ N log 1 +

P
(N − 1)Imax °P + cN0

 R L B, . (23)

Then, the equation (23) can be reformulated as


P
P
= −N log 1 −
.
N log 1 +
g P + cN0
(1 + g)P + cN0
(24)
From the fact that the term (1+g)PP+cN0 is smaller than 1,
equation (24) can be bounded by adopting the relationship
log(1 + x) ≤ x for |x| < 1 as

P
NP
−N log 1−
 RL B .
≥
(1 + g)P + cN0
(1 + g)P + cN0
(25)

1

zkH Rk2 R j2 z j z Hj R j2 Rk2 zk
z Hj R j z j

−

1
a.s.
kj −−→ 0
M

(18)

tr(Rk R j )
tr(R j ) .

where kj is defined as kj =
By replacing the deterministic channel gain values in (16) and (18) into SINRk,MRT ,
we can present the asymptotic SINR for MRT, denoted by
SINRk,MRT °, as
SINRk,MRT ° = 
1
M tr(Rk )

We can note that the instantaneous EE for MRT in (10)
a.s.
converges almost surely to ηMRT °, i.e., ηMRT − ηMRT ° −−→ 0.
Also, SINRk,MRT ° is a function of P and is no longer
dependent on channel realization. As a result, ηMRT ° can be
identified based on the given system configuration. To obtain
the saturation power for a lower bound of the EE, we utilize
equation (20) in the following theorem.
Theorem 1: A lower bound of ηMRT °, defined by η L B ,
is expressed as

k=1

|zkH Rk zk | NP
P
j  =k |kj | N
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j  =k

Dk °P
,
Ikj °P + cN0
1
M kj ,

(19)

and Ikj ° =
respectively. Then,
where Dk ° =
we can present the asymptotic EE for MRT ηMRT ° as
N
log(1 + SINRk,MRT °)
.
(20)
ηMRT ° = k=1
ξ P + Pconst /W

Consequently, the lower bounded EE η L B is presented by
ηL B =

RL B
.
ξ P + Pconst /W

(26)

Then, the saturation power PL B can be determined by differentiating η L B in (26) with respect to P. Thus, PL B which
maximizes η L B is calculated from the following equation as
(1 + g)ξ PL2 B =

cN0 Pconst
.
W

(27)

From this equation, we arrive at (22).
According to the result in Theorem 1, the saturation power
for a lower bound of EE is obtained with a closed form
expression (22).
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B. Saturation Power for an Upper Bound of EE
In the previous subsection, a lower bound for the EE have
been found by applying MRT with equal power allocation.
Now, we derive an upper bound of the EE by ignoring the
effect of IUI. Then, the EE with no IUI, ηno-IUI , can be given
by
 
N
|hkH vk,MRT |2
pk
k=1 E log 1 +
N0

.
(28)
ηno-IUI =
ξ k pk + Pconst /W
When the IUI is not considered, the numerator term of ηno-IUI
is maximized by the MRT beamforming because the beam
is aligned with the channel for the intended user. Therefore,
the EE performance is upper bounded by ηno-IUI .
By employing the large system analysis as in Section IV-A,
the achievable rate of the k-th user in (28) is presented as

 

|hkH vk,MRT |2
Dk °
a.s.
pk −log 1+
P −−→ 0. (29)
E log 1+
N0
cNo
Since tr(Rk ) ∀k is equal to the transmit antennas M, the channel gain for each user has the same value as 1/cN0 . This result
indicates that the transmit power for k-th user pk can be evenly
allocated from the total power budget.
Therefore, in the large system limit, the numerator term of
ηno-IUI defined by RU B is rewritten as

1
P .
(30)
RU B  N log 1 +
cN0
Then, an asymptotic upper bound of the EE, denoted by ηU B ,
is expressed as
ηU B =

RU B
.
ξ P + Pconst /W

(31)

To compute the saturation power for the EE upper bound ηU B ,
we address the following theorem.
Theorem 2: The saturation power PU B which maximizes
ηU B is written by


 
1 Pconst
−1
− 1 . (32)
PU B = cN0 exp 1+W0
e cN0 W ξ
Proof: By differentiating ηU B with respect to the total
transmit power P, it follows
N
dηU B
=
dP
(ξ P + Pconst /W )2



1
1 ξ P + Pconst /W
− ξ log 1+
×
P . (33)
cN0
cN0
1+ cN1 P
0

To compute the saturation power PU B corresponding to ηU B ,
we set equation (33) to zero as
1
(ξ PU B + Pconst /W ) − ξ s log s = 0
cN0

(34)

where s = 1 +
PU B .
Then, we have
1
cN0

Pconst
− 1 = s(log s − 1).
cN0 W ξ

(35)

With the Lambert W function, this form can be solved by a
closed form expression as
 
1 Pconst
−1
.
(36)
log s = 1 + W0
e cN0 W ξ

 
−
1
≥ −1, which is guaranteed by
Since W 1e cNP0const
Wξ
s ≥ 1 for PU B ≥ 0, the principal branch of the Lambert W
function W0 is selected. From this equation, we can reach the
saturation power PU B in (32).
C. Relation Among PL B , PU B , and the Saturation Power P ∗
From the previous subsections, the saturation power for
lower and upper bounds of the EE have been derived.
In this subsection, we address the property of the local optimal
saturation power defined as P ∗ with relation to PL B and PU B .
Note that the average sum rate of the SE maximization scheme
denoted by RWMMSE is clearly bounded between R L B in (25)
and RU B in (30). To verify this, we adopt the large system
analysis on the WMMSE rate maximization algorithm.
As shown in [15], under finite antenna and user dimension,
the analysis of the system performance is extremely difficult. However, it becomes feasible in a large system regime,
since the randomness due to the channel disappears and the
related parameters can be quantified based on the deterministic
equivalent. The most important thing is that the analyzed
performance based on random matrix theory converges to the
actual rate performance almost surely in the large system limit
and the performance gap between the two is quite small even
in the finite dimension.
In what follows, we compute the EE performance of the
WMMSE algorithm in a large system limit, denoted by
ηWMMSE °. By adopting the random matrix theory in [26],
the asymptotic EE performance for ηWMMSE ° is given as


N
k=1 E log(1 + SINRk,WMMSE °)
(37)
ηWMMSE ° =
N
ξ k=1
pk + Pconst /W
where SINRk,WMMSE ° is obtained by
SINRk,WMMSE ° =

wk◦ (m k °)2

2
k ° + dk ° °
ρ (1 + m k °)

.

(38)

Here, the deterministic equivalent values wk °, m k °, k °,
dk ° and ° are derived in [20] and ρ = P/N0 . Also,
SINRk,WMMSE ° is calculated by a fixed point equation and
updated by adjusting the local optimal performance as in [15].
To simplify the derivation, we assume that the transmit
covariance matrix is identical, which makes the deterministic
equivalent for all users equal. Then, equation (37) can be
rewritten by ηWMMSE as
ηWMMSE =

RWMMSE °
ξ P + Pconst /W

where RWMMSE ° is expressed by

w°(m°)2 P
RWMMSE ° = N log 1 +
°P + d°°(1 + m°)2 N0

(39)

. (40)

From the above results, we will show that the saturation
power P ∗ lies between PL B and PU B almost surely in a large
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Fig. 2. Trade-off curves between sum rate and total consumed power with
Pc = 30 dBm and Po = 40 dBm.

system regime by adopting the linear parametric programming
approach. It can be seen that the optimization problem (7)
belongs to fractional programming. Hence, this problem can
be transformed into parametric programming as in [5]. We
consider the following equivalent form of the fractional program in (7) as
λ
max

s.t.
Rk ({p}, {v}) − λPT ({p}) ≥ 0.

{p},{v},λ∈R+

(41)

k

For a given parameter λ, it is noted that this optimization
problem becomes a feasibility problem in {p} and {v}. Therefore, the optimal parameter λ∗ can be found by using a
bisection method for the feasibility problem at each step of
the algorithm [27].
Defining a function F(λ) as

F(λ) = max
Rk ({p}, {v}) − λPT ({p}),
(42)
{p},{v}

k

it is obvious that F(λ) is convex and strictly decreasing
in λ. Moreover,
 this is regarded as bi-criterion optimization
such that
k Rk ({p}, {v}) is maximized while PT ({p}) is
minimized. The parameter λ determines the relative weight
of the total power consumption PT ({p}).
For this bi-criterion problem, a set of Pareto-optimal values
is called the optimal trade-off curve [5]. As presented in [10],
solving problem (7) is equivalent to finding the root of the
nonlinear function F(λ), i.e., F(λ) = 0. In other words,
λ equals the slope of the tangent for the trade-off curve and
the optimal λ∗ occurs when F(λ∗ ) = 0.
Then, by exploiting these properties of the linear parametric
programming, we can address the relationship among PL B ,
PU B , and P ∗ .
From the trade-off curves in Figure 2, we can identify the
slope of the tangent for R L B , RWMMSE °, and RU B . We can
see that the SE performance RWMMSE ° is certainly bounded
as R L B < RWMMSE ° < RU B for all PT . Here, PT ,L B , PT∗ , and
PT ,U B denote the total power consumption at the BS for R L B ,
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RWMMSE °, and RU B , respectively. In this figure, the trade-off
curve between the sum rate and the total power consumption
in (5) is illustrated with N = M = 3 and Pconst = 13 W .
Note that the optimal power consumption for each scheme is
defined as a contact point with each sum rate curve and the
corresponding tangent.
Then, the saturation power is calculated by subtracting Pconst from the optimal power consumption, e.g.,
PL B = PT ,L B − Pconst . As shown in the figure, the saturation power for each scheme has the relationship of
PL B < P ∗ < PU B . Accordingly, the achieved EE values
which equal the slope of the tangent for each sum rate are
related as η L B (PL B ) < ηWMMSE
(P ∗ ) < ηU B (PU B ) where
RWMMSE ( P ∗ )
∗
ηWMMSE (P ) = ζ P ∗ +Pconst represents the maximum EE
value for ηWMMSE corresponding to the saturation power P ∗ .
Utilizing this property, we can quantify the saturation power
P ∗ as a function of PL B and PU B in the following.
D. Proposed EE Scheme Based on the Saturation Power
In fact, it is not possible to obtain P ∗ directly from the EE
algorithm with the WMMSE scheme in [10]. Hence, from
the derived saturation power for lower and upper bounds
of the EE, we will estimate the saturation power P ∗ of
the EE maximization scheme. As shown in Section IV-C,
the saturation power P ∗ in [10] is bounded by the saturation
power PL B and PU B . Similarly, the maximal EE performance
also exists between η L B (PL B ) and η L B (PU B ). Therefore,
by employing an interpolation approach on the derived bounds
of the saturation power, P ∗ can be identified in an efficient
manner.
To this end, we adopt an interpolation method in a similar
way to [28]. Based on the results in the previous subsection,
we assume that there is a linear relationship in a small scale
between the saturation power and the EE performance. For
instance, if RWMMSE is close to RU B , the saturation power
P ∗ should be set near PU B and this behavior will be observed
in the simulation section. From this assumption, the proposed
saturation power Pprop can be computed as a point between
PL B and PU B .
In the large system limit, each rate performance has a
relation as
(43)
RWMMSE ° = α R L B = β RU B
where α and β can be readily determined as RWMMSE °, R L B
and RU B are given in (40), (25) and (30), respectively. After
some mathematical manipulation, RWMMSE ° can be expressed
with R L B and RU B by utilizing the method in [28] as
RWMMSE ° = w R L B + (1 − w)RU B

(44)

where w means the weight factor between R L B and RU B given
by
α(1 − β)
.
(45)
w=
α−β
Then, from the linear relation assumption, the proposed saturation power Pprop can be calculated with the same interpolation
weight w between PL B and PU B as
Pprop = w PL B + (1 − w)PU B .

(46)
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Now, we propose a simplified EE maximization scheme by
utilizing the derived saturation power Pprop . In the simplified
scheme, a solution of the SE maximization problem is adopted
for the original EE maximization problem. First, when the
available transmit power P is less than Pprop , the SE maximization scheme in [15] is conducted with full power P to
maximize the EE performance. On the contrary, if P is greater
than Pprop , the fixed transmit power Pprop is used with the
SE maximization method. In summary, once the saturation
power Pprop is calculated, the SE maximization algorithm is
processed with the transmit power given by min(Pprop , P) to
generate a beamforming solution.
Next, in order to examine the saturation power for the
accuracy of Pprop compared to P ∗ , we will derive the EE
performance ηWMMSE in the large system limit in (39). Note
that it is still difficult, since the deterministic equivalent terms
w°, m°, °, d° and ° are related to P and these terms
are calculated by the fixed point equation. To simplify the
derivation, we assume that the deterministic equivalent terms
are independent of P. Through this assumption, the saturation
power for ηWMMSE can be obtained by taking derivative of
ηWMMSE with respect to P. While this approximation leads to
a sub-optimal value of ηWMMSE , a performance loss of the proposed method is negligible compared to the actual saturation
power and this will be validated in the simulation section. To
calculate the saturation power of ηWMMSE , we introduce the
theorem in the following.
Theorem 3: The numerator of ηWMMSE is a strictly concave
function with respect to P.
Proof: The numerator of ηWMMSE in (40) denoted by
f (P) is simplified as

f (P) = log 1 +

AP
BP + C
= log((A + B)P + C) − log(B P + C)

(47)

where A, B and C are defined as A = w°(m°)2 , B = ° and
C = d°°(1 + m°)2 N0 , respectively. Then, the first derivative
of f (P) with respect to P is given as
AC
d f (P)
=
> 0.
dP
{(A + B)P + C}(B P + C)

(48)

It is shown that the first derivative is always positive. To check
that f (P) is a strictly concave function, the second derivative
of f (P) is calculated by
d 2 f (P)
−2 ABC(A + B)P − AC 2 (A + 2B)
=
.
d P2
{(A + B)P + C}2 (B P + C)2

(49)

Fig. 3.

EE difference with respect to M.

differentiated with respect to P as
dηWMMSE
 g(P)
dP
=

N AC
{(A + B)P + C}(B P + C)(ξ P + Pconst /W )

AP
ξ
.
− N log 1 +
B P + C (ξ P + Pconst /W )2
(50)

From the strictly quasi-concavity of ηWMMSE , the function
g(P) is monotonically decreasing with respect to P and
the equation g(P) = 0 has a unique solution. Therefore,
the saturation power PWMMSE ° for ηWMMSE can be computed
by one dimensional search for P.
Based on the above results, Figure 3 shows the difference
of the EE performance for Pprop and PWMMSE ° with respect
to P ∗ in [10] when M and N increase with M = N. This figure illustrates that all the differences get smaller as M grows.
Especially, when M equals 8 in this plot, the EE difference
for PWMMSE ° and Pprop are 3.5% and 5%, respectively. It is
noted that the proposed Pprop is given in closed form while
PWMMSE ° by utilizing the large system analysis where the
quantification of PWMMSE ° requires to solve a fixed point
equation with one dimensional search.
Also, it can be observed that the proposed saturation power
Pprop gets close to the optimal saturation power P ∗ when the
number of the transmit antennas M becomes large with the
fixed number of the users N. This can be attributed to the fact
that the EE performance of ηWMMSE becomes similar to that
of the upper bound ηU B because of high transmit antenna
dimension and the increased constant power consumption
term Pconst .
E. Computational Complexity

We can see that the second derivative of f (P) has a negative
value for any positive P.
From the above results, we can conclude that ηWMMSE
is a strictly quasi-concave function. Therefore, to determine
the maximum EE for WMMSE beamforming, ηWMMSE is

In this subsection, we briefly address the computational
complexity. The structure of the EE algorithm in [10] is
comprised by the inner and outer layer optimization. The outer
layer searches for the EE parameter η, while the inner layer
solves a non-fractional subtractive problem for a given η which
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is computed at the outer layer. Thus, the inner layer algorithm
should be executed whenever the EE parameter is updated at
the outer layer, which causes high computational complexity.
As a result, the inner layer computational complexity
is dominant in the overall computational complexity. The
computational complexity for the inner layer of the conventional scheme and the proposed method is the same as
O(M 3 N 2 ) [29]. In contrast, the outer layer of the conventional scheme consists of a bisection algorithm which
depends on the convergence threshold δ. Then, denoting the
complexity of the outer layer as Mout , the overall computational complexity
of the conventional scheme is calculated by

Mconv = O M 3 N 2 Mout .
Meanwhile, in the proposed EE algorithm, the inner
layer algorithm is carried out only once and the fixed
point equation is required to determine RWMMSE °. Note that
PL B and PU B are derived in a closed form, which does not
affect the computational complexity. Hence, the total computational complexity
of the proposed
scheme is determined


as M prop = O M 3 N 2 + Mfixed where Mfixed represents the
number of steps for solving the deterministic equivalents.
For example, for a system with M = 4, N = 4, δ = 10−3
and Mfixed = 80, the computational complexity becomes
Mconv = 25600 and M prop = 1104. Thus, we can see that
the proposed EE algorithm substantially reduces the computational complexity compared to the conventional algorithm.
Moreover, the complexity savings quickly grows large when
the system configuration increases. Simulation shows that the
computation time of the conventional algorithm takes about
18 times higher than that of the proposed scheme, while the
EE performance of the proposed scheme is quite close to that
of the algorithm in [10].
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Fig. 4.
Comparison of the saturation power with Pc = 30 dBm and
Po = 40 dBm.

V. N UMERICAL R ESULTS
In this section, we confirm the validity of our proposed
method through Monte Carlo simulations. The numbers of
users N and transmit antennas M are set to 3 unless specified
otherwise. Also, we adopt the bandwidth W = 1 MHz and
the noise spectral density N0 = −174 dBm/Hz, the noise
figure N F = 7 dB and the inefficiency of the power amplifier
ξ = 1. The circuit power per antenna Pc and the static power
consumed at the BS Po are set to 30 dBm and 40 dBm,
respectively. We assume the transmit correlation matrix Rk
following the exponential correlation model in [30] as
 j −i
i≤ j
ρk ,
[Rk ]i j =  j −i ∗
ρk
, i> j
where ρk = αk e j θk with αk ∈ [0, 1) and θk ∈ [−π, π].
First, we evaluate the saturation power derived in Section IV
in Figure 4. PL B and PU B are computed as the derived
saturation power shown in (22) and (32) Here, regular and
inverted triangles mean the maximum EE values in (21)
and (31) corresponding to PL B and PU B , respectively. Also,
circle and rectangular marks denote the EE performance of the
SE maximization scheme ηWMMSE obtained by the saturation
power P ∗ and Pprop , respectively. It is noted that the saturation
power for the lower and upper bounds of the EE is the same as

Fig. 5.
Comparison of the saturation power with Pc = 40 dBm and
Po = 50 dBm.

the values calculated by (22) and (32), respectively. Moreover,
Pprop is quite well matched with the true saturation power
P ∗ . This demonstrates that our approach of identifying the
saturation power generates an accurate estimate of the actual
saturation power.
Figure 5 exhibits the comparison of the saturation power
for Pc = 40 dBm and Po = 50 dBm. Again in this figure,
the saturation power derived by (22) and (32) agrees well
with the actual value. In this case, P ∗ is shown to be slightly
larger than Pprop . Despite the gap between the saturation
power, the EE performance corresponding to Pprop is very
close to the maximum EE in [10]. Moreover, the average EE
performance ηU B and η M RT ° obtained from the large system
analysis are quite close to that of ηno−I U I and η M RT for the
finite system case, respectively. Therefore, we can conclude
that even for a system with finite dimension, the analysis of
the EE performance with the large system limit provides an
accurate result.
Next, we validate the EE performance of the proposed
scheme based on the derived saturation power in Figure 6 with
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Fig. 6. EE performance of the proposed algorithm with Pc = 30 dBm and
Po = 40 dBm.

Fig. 8. The impact of the EE performance and the saturation power with
respect to constant power consumption Pconst .

the SE maximization scheme with Pconst = 5W and 15W ,
respectively. We can see that for a larger Pconst , the tradeoff curve is shifted to the right. Then, the optimal slope of
the tangent which accounts for the performance of the EE
becomes small. On the contrary, the required saturation power
is increased to achieve the optimal slope of the tangent. From
these results, we confirm that reducing the amount of Pconst
has a main impact on improving the performance of the EE
and saving the transmit power consumption.
VI. C ONCLUSIONS

Fig. 7. EE performance of the proposed algorithm with Pc = 40 dBm and
Po = 50 dBm.

N = M. In this figure, it is observed that the EE performance
becomes larger when M and N are increased with 3, 5 and 10.
Note that compared to the EE maximization algorithm in [10],
almost the same EE performance is achieved by the proposed
method with Pprop which utilizes the SE maximization scheme
with much reduced complexity.
Also, in Figure 7, we demonstrate the EE performance for
Pc = 40 dBm and Po = 50 dBm. It is remarkable that the
proposed scheme with Pprop produces the EE performance
quite close to the optimal EE solution in [10] for different
configurations. Furthermore, the derived saturation power provides insight for the BS power designs in terms of the EE.
Finally, we exhibit the effect of the EE performance with
respect to the constant power consumption term Pconst . Comparing Figures 6 and 7, when Pconst increases, the saturation
power for achieving the maximum EE also grows while
the performance of the EE is decreased. In Figure 8, this
phenomenon is illustrated by the trade-off curve of the sum
rate and the total consumption power. In the plot, the curves
with circular and rectangular marks denote the sum rate for

In this paper, we have proposed a simple scheme to
solve the EE maximization problem for MU-MISO channels.
Leveraging the relationship between EE and SE, the EE is
maximized by only utilizing the SE maximization scheme
based on the saturation power. From large system analysis,
we have determined the saturation power corresponding to
the maximal EE in closed form by exploiting the property
between lower and upper bounds of the EE. This asymptotic
result provides insight into the saturation power of the EE
for various system configurations. As a result, the proposed
EE scheme makes it possible to provide solutions for the EE
maximization efficiently. It is noted that a performance loss of
the proposed scheme is quite small compared to the optimal
EE maximization scheme in [10], and the computational
complexity of the proposed scheme is significantly reduced.
Also, the simulations demonstrate that the asymptotic results
are well matched even for the finite system case. Investigation
of the saturation power with different pathloss gains among
users will be an interesting future work.
R EFERENCES
[1] J. Jung, S.-R. Lee, and I. Lee, “Simple energy efficiency maximization
methods for MU-MISO systems based on saturation power,” in Proc.
IEEE ICC, Jun. 2015, pp. 2381–2386.
[2] S.-H. Park, H. Park, H. Sung, and I. Lee, “Regularized transceiver
designs for multi-user MIMO interference channels,” IEEE Trans. Commun., vol. 60, no. 9, pp. 2571–2579, Sep. 2012.
[3] H. Park, S. H. Park, J. S. Kim, and I. Lee, “SINR balancing techniques
in coordinated multi-cell downlink systems,” IEEE Trans. Wireless
Commun., vol. 12, no. 2, pp. 626–635, Feb. 2013.

JUNG et al.: SATURATION POWER-BASED SIMPLE EE MAXIMIZATION SCHEMES

[4] Y. Chen et al., “Fundamental trade-offs on green wireless networks,”
IEEE Commun. Mag., vol. 49, no. 6, pp. 30–37, Jun. 2011.
[5] C. Isheden, Z. Chong, E. Jorswieck, and G. Fettweis, “Framework
for link-level energy efficiency optimization with informed transmitter,” IEEE Trans. Wireless Commun., vol. 11, no. 8, pp. 2946–2957,
Aug. 2012.
[6] D. W. K. Ng, E. S. Lo, and R. Schober, “Energy-efficient resource
allocation in OFDMA systems with large numbers of base station antennas,” IEEE Trans. Wireless Commun., vol. 11, no. 9,
pp. 3292–3304, Sep. 2012.
[7] D. W. K. Ng, E. S. Lo, and R. Schober, “Energy-efficient resource
allocation in multi-cell OFDMA systems with limited backhaul capacity,” IEEE Trans. Wireless Commun., vol. 11, no. 10, pp. 3618–3631,
Oct. 2012.
[8] F. Héliot, M. A. Imran, and R. Tafazolli, “Energy-efficiency based
resource allocation for the orthogonal multi-user channel,” in Proc. IEEE
VTC, Sep. 2012, pp. 1–5.
[9] H. Kim, E. Park, H. Park, and I. Lee, “Beamforming and power allocation designs for energy efficiency maximization in MISO distributed
antenna systems,” IEEE Commun. Lett., vol. 17, no. 11, pp. 2100–2103,
Nov. 2013.
[10] S. He, Y. Huang, S. Jin, and L. Yang, “Coordinated beamforming for energy efficient transmission in multicell multiuser systems,” IEEE Trans. Commun., vol. 61, no. 12, pp. 4961–4971,
Dec. 2013.
[11] E. Bjórnson, M. Kountouris, and M. Debbah, “Massive MIMO and small
cells: Improving energy efficiency by optimal soft-cell coordination,” in
Proc. 20th Int. Conf. Telecommu., May 2013, pp. 1–5.
[12] H. Q. Ngo, E. G. Larsson, and T. L. Marzetta, “Energy and spectral efficiency of very large multiuser MIMO systems,” IEEE Trans. Commun.,
vol. 61, no. 4, pp. 1436–1449, Apr. 2013.
[13] S.-R. Lee, H.-B. Kong, H. Park, and I. Lee, “Beamforming designs
based on an asymptotic approach in MISO interference channels,”
IEEE Trans. Wireless Commun., vol. 12, no. 12, pp. 6430–6438,
Dec. 2013.
[14] J. Xu and L. Qiu, “Energy efficiency optimization for MIMO broadcast
channels,” IEEE Trans. Wireless Commun., vol. 12, no. 2, pp. 690–701,
Feb. 2013.
[15] Q. Shi, M. Razaviyayn, Z.-Q. Luo, and C. He, “An iteratively weighted
MMSE approach to distributed sum-utility maximization for a MIMO
interfering broadcast channel,” IEEE Trans. Signal Process., vol. 59,
no. 9, pp. 4331–4340, Sep. 2011.
[16] R. Couillet, S. Wagner, and M. Debbah, “Asymptotic analysis of
correlated multi-antenna broadcast channels,” in Proc. IEEE WCNC,
Apr. 2009, pp. 1–6.
[17] H. Huh, S.-H. Moon, Y.-T. Kim, I. Lee, and G. Caire, “Multi-cell MIMO
downlink with cell cooperation and fair scheduling: A large-system limit
analysis,” IEEE Trans. Inf. Theory, vol. 57, no. 12, pp. 7771–7786,
Dec. 2011.
[18] J. Hoydis, S. ten Brink, and M. Debbah, “Massive MIMO in the UL/DL
of cellular networks: How many antennas do we need?” IEEE J. Sel.
Areas Commun., vol. 31, no. 2, pp. 160–171, Feb. 2013.
[19] R. Zakhour and S. V. Hanly, “Min-max power allocation in cellular
networks with coordinated beamforming,” IEEE J. Sel. Areas Commun.,
vol. 31, no. 2, pp. 287–302, Feb. 2013.
[20] W. Tabikh, D. Slock, and Y. Yuan-Wu, “Weighted sum rate maximization of correlated MISO interference broadcast channels under linear
precoding: A large system analysis,” in Proc. IEEE VTC, May 2016,
pp. 1–5.
[21] H. Huh, A. M. Tulino, and G. Caire, “Network MIMO with linear zeroforcing beamforming: Large system analysis, impact of channel estimation, and reduced-complexity scheduling,” IEEE Trans. Inf. Theory,
vol. 58, no. 5, pp. 2911–2934, May 2012.
[22] H. Huh, G. Caire, H. C. Papadopoulos, and S. A. Ramprashad, “Achieving ‘Massive MIMO’ spectral efficiency with a not-so-large number
of antennas,” IEEE Trans. Commun., vol. 11, no. 9, pp. 3226–3239,
Sep. 2012.
[23] E. Björnson, L. S. J. Hoydis, and M. Debbah, “Optimal design of
energy-efficient multi-user MIMO systems: Is massive MIMO the
answer?” IEEE Trans. Wireless Commun., vol. 14, no. 6, pp. 3059–3075,
Jun. 2015.
[24] H. Holtkamp, “Enhancing the energy efficiency of radio base stations,”
Ph.D dissertation, Dept. Elect. Eng., Univ. Edinburgh, Edinburgh, Scotland, Nov. 2013.
[25] R. Couillet and M. Debbah, Random Matrix Methods for Wireless
Communications, 1st ed. Cambridge, U.K.: Cambridge Univ. Press,
2011.

6031

[26] S. Wagner, R. Couillet, M. Debbah, and D. T. M. Slock, “Large system
analysis of linear precoding in correlated MISO broadcast channels
under limited feedback,” IEEE Trans. Inf. Theory, vol. 58, no. 7,
pp. 4509–4537, Jul. 2012.
[27] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, U.K.:
Cambridge Univ. Press, 2004.
[28] J. Kim, K.-J. Lee, C. K. Sung, and I. Lee, “A simple SNR representation
method for AMC schemes of MIMO systems with ML detector,” IEEE
Trans. Commun., vol. 57, no. 10, pp. 2971–2976, Oct. 2009.
[29] S.-R. Lee, J. Jung, H. Park, and I. Lee, “A new energy-efficient
beamforming strategy for MISO interfering broadcast channels based
on large systems analysis,” IEEE Trans. Wireless Commun., vol. 15,
no. 12, pp. 2872–2882, Dec. 2015.
[30] S. L. Loyka, “Channel capacity of MIMO architecture using the
exponential correlation matrix,” IEEE Commun. Lett., vol. 5, no. 9,
pp. 369–371, Sep. 2001.
Jaehoon Jung (S’12) received the B.S. and
M.S. degrees in electrical engineering from Korea
University, Seoul, South Korea, in 2011 and 2013,
where he is currently pursuing the Ph.D. degree
with the School of Electrical Engineering. His
research interests include communication theory,
signal processing, and optimization for wireless
communication systems, such as MIMO wireless
network and green communications. He received
the Student Travel Grant at the IEEE International
Conference on Communications in 2013.
Sang-Rim Lee (S’06) received the B.S., M.S., and
Ph.D. degrees from Korea University, Seoul, South
Korea, in 2005, 2007, and 2013, respectively, all in
electrical engineering. From 2007 to 2010, he was a
Research Engineer with Samsung Electronics, where
he was involved in research on WiMAX systems.
From 2013 to 2014, he was a Post-Doctoral Fellow
with Korea University. In 2014, he joined LG Electronics, Seoul, South Korea, where he is currently
a Senior Research Engineer with the Advanced
Standard Research and Development Laboratory. His
current research interests are communication theory and signal processing
techniques applied for next-generation wireless systems. He was a recipient
of the Silver and Bronze Prizes in the Samsung Humantech Paper Contest
in 2012 and the Silver Prize in the Inside Edge Paper Contest held by Samsung
Electro-Mechanics in 2013.
Inkyu Lee (S’92–M’95–SM’01–F’16) received the
B.S. (Hons.) degree in control and instrumentation engineering from Seoul National University,
Seoul, South Korea, in 1990, and the M.S. and
Ph.D. degrees in electrical engineering from Stanford University, Stanford, CA, USA, in 1992 and
1995, respectively. From 1995 to 2001, he was a
member of Technical Staff with Bell Laboratories,
Lucent Technologies, where he studied high-speed
wireless system designs. From 2001 to 2002, he
was with Agere Systems, Murray Hill, NJ, USA,
as a Distinguished Member of Technical Staff. Since 2002, he has been
with Korea University, Seoul, where he is currently a Professor with the
School of Electrical Engineering. In 2009, he visited the University of
Southern California, Los Angeles, CA, USA, as a Visiting Professor. He
has authored over 140 journal papers in the IEEE. He has 30 U.S. patents
granted or pending. His research interests include digital communications,
signal processing, and coding techniques applied for next generation wireless
systems. He has served as an Associate Editor of the IEEE T RANSACTIONS
ON C OMMUNICATIONS from 2001 to 2011, and the IEEE T RANSACTIONS
ON W IRELESS C OMMUNICATIONS from 2007 to 2011. He has been a Chief
Guest Editor of the IEEE J OURNAL ON S ELECTED A REAS IN C OMMUNICA TIONS (Special Issue on 4G Wireless Systems) in 2006. He currently serves as
an Editor of the IEEE A CCESS . He was a recipient of the IT Young Engineer
Award at the IEEE/IEEK Joint Award in 2006, and of the Best Paper Award
at APCC in 2006, the IEEE VTC in 2009, and ISPACS in 2013. He was
also a recipient of the Best Research Award from the Korea Information and
Communications Society in 2011, and the Best Young Engineer Award from
the National Academy of Engineering in Korea (NAEK) in 2013. He has been
elected as a member of NAEK in 2015. He is an IEEE Distinguished Lecturer.

