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Abstract— This paper considers the maximization of total
throughput and device lifetime for point-to-point multiple-input
multiple-output communication systems, where a transmission
node has a battery which exhibits non-linear battery discharge
behaviors. We adopt a battery model called Peukert’s law to
render the non-linear battery characteristics and formulate the
battery constraint from Peukert’s law. Then, we prove that the
total throughput is a strictly concave function in terms of the
battery lifetime under the battery constraint. Also, we derive the
optimality conditions for the total throughput maximization and
device lifetime maximization problems from the strict concavity,
and compute the optimal solutions by a bi-section method.
Furthermore, we provide a solution based on asymptotic analysis
for the case, where the eigenvalue distribution of the channel
matrix is not available. In the simulation section, we conduct
accurate battery discharge simulations to validate this paper.
We confirm that the analysis matches well with the battery
simulations, and the derived optimal scheme outperforms the
baseline schemes, which neglect the non-linear battery discharge
properties. Also, the proposed solution based on asymptotic
analysis is shown to have almost the same performance compared
with the optimal solution.
Index Terms— MIMO systems, non-linear battery, total
throughput, device lifetime.

I. I NTRODUCTION

R

ECENT advances in communication systems have triggered the explosive growth of mobile devices and also
enabled more wireless devices to be connected to networks.
Since the mobile devices are generally powered by a limited
battery, the battery technology faces a challenge of increasing
the capacity density and decreasing the battery cost at the
same time [1]. Thus, delicate battery management is necessary
for the mobile devices to operate under stringent power
budget.
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Conventional applications with limited batteries often
assume an ideal battery model where the amount of the
remaining battery capacity decreases linearly with power consumption. However, the discharge behavior of practical batteries is actually non-linear and thus a performance degradation
may occur if the non-linear behavior is neglected. Particularly, two non-linear battery discharge properties called “rate
capacity effect” and “recovery effect” considerably affect the
battery capacity and the consequent battery lifetime [2]. The
rate-capacity effect refers to a phenomenon that the accessible
battery capacity decreases with the discharge current, and the
recovery effect stands for the battery characteristics where
a battery recovers its capacity when the discharge current
becomes low.
Due to the impact of such battery non-linear behaviors
on the battery lifetime, there have been several studies considering the non-linear battery properties in communication
systems. An energy efficient resource allocation method under
the rate capacity effect for device-to-device underlay cellular
systems was provided in [3]. The authors in [4] proposed a
node lifetime estimation technique including various battery
and device parameters for wireless sensor networks. A data
transmission control method which designs the pulse discharge
for efficient battery usage was presented in [5]. For wireless
sensor networks, the authors in [6] optimized the duty cycle
and presented a buffering strategy by harnessing the battery
recovery effect. Also, the optimal routing and energy allocation method for maximizing network’s lifetime maximization
was derived in [7].
In this paper, we investigate the maximization of the total
throughput and device lifetime for point-to-point multipleinput multiple-output (MIMO) communication systems in
the presence of the non-linear battery discharge behavior.
We adopt Peukert’s law as the non-linear battery model as
in [3]–[5] to render the rate capacity effect. In addition,
a battery state of charge (SOC) estimation method similar
to [8] is employed to compensate the estimation error due
to the recovery effect. Then, we derive the battery constraint
due to the finite battery capacity from Peukert’s law and
present a relaxed constraint which satisfies the causal channel
state information (CSI) condition. Also, we take the lifetime
constraint into account so that the minimum service time can
be guaranteed.
We formulate the total throughput maximization and the
device lifetime maximization under the battery constraint and
the lifetime constraint, respectively. We first decompose the
original problem into a sub-problem and recast the original
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problem as an equivalent master problem. Then, we identify
some properties on the solution for the sub-problem from
which we prove that the total throughput is a strictly concave
function in terms of the device lifetime. Also, we derive the
optimality conditions for the total throughput and device lifetime maximization problems by exploiting the strict concavity
of the total throughput. The derived optimality conditions
allow us to compute the optimal solutions by a bisection
method.
Although the optimal solutions can be obtained by a simple
bisection search, the eigenvalue distribution of the channel
matrix is required to compute the solution, which may be
difficult for practical communication systems. Also, even with
the knowledge of the eigenvalue distribution, there can be
no analytic expressions for the performance metrics and thus
the numerical integration is inevitable in the performance
optimization. To address this issue, we derive closed-form
approximations for performance metrics based on asymptotic
analysis and provide a solution which needs only the channel
variance. The derived solution is shown to exhibit almost the
same performance compared to the optimal solution.
In the simulation section, we validate the proposed
schemes by comparing with accurate battery simulations using
COMSOL Multiphysics software [9]. From the simulation
results, we confirm that the proposed schemes show negligible
difference compared to actual simulations and outperforms
the reference schemes which ignore the battery non-linear
discharge behavior. Also, we demonstrate that the performance
of the proposed solution based on asymptotic analysis is
almost identical to the optimal solution.
This paper is organized as follows: Section II briefly reviews
the non-linear battery discharge behavior. Section III introduces the system model and power constraints. In Section IV,
we derive the optimal solution for the total throughput and
device lifetime maximization problem. In Section V, we provide a solution based on asymptotic analysis. Section VI compares the performance through numerical simulations. Finally,
the paper is terminated with conclusions in Section VII.
Throughout this paper, the boldface capital letters represent
matrices. For a matrix A, A† and A0 stand for conjugate
transpose and the positive semi-definiteness of A, respectively. We designate (x)+ as max(0, x) and the expectation
operation on a random variable X is given as E X [·]. Also,
x and x indicate the floor function and the ceiling function, respectively.
II. N ON -L INEAR BATTERY D ISCHARGE B EHAVIOR
The battery capacity C is defined as the amount of electric
charges which a battery can deliver. For an ideal battery,
the battery capacity can be assumed to be fixed so that the
battery lifetime L and the discharge current I are related
as C = L I where the units of C, L and I and are Ah,
hours and A, respectively. However, practical batteries do
not show a linear relation between the battery capacity and
the discharge current. While the battery capacity of the ideal
battery does not change regardless of the discharge current,
that of an actual battery decreases non-linearly as the discharge
current increases. This non-linear phenomenon of practical
batteries is called “rate capacity effect” [10].
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Peukert’s law [11] captures the rate capacity effect by
expressing the non-linearity between the battery lifetime and
C
the discharge current as L = I bp where C p and b are the constant model parameters depending on battery characteristics.
Here C p is defined as the battery capacity at 1 A discharge
current, and the Peukert exponent b can be measured by
discharging a battery at various discharge currents. The values
of b of general batteries lie between 1.2 and 1.7 [12] and
increase with the battery age. Since the Peukert’s law exhibits
reasonably good accuracy in spite of its simple form and low
configuration effort, it has been widely used in many batteryaware system designs [3]–[5], [13]. The battery capacity with
Cp
from the definition
Peukert’s law can be expressed as C = I b−1
of battery capacity, and one can easily check that the battery
capacity non-linearly decreases with the discharge current
unless b = 1.
Although Peukert’s law only deals with the constant current,
the load profiles in most applications are generally timevarying. For such time-varying loads, the Peukert’s law can be
extended by substituting the discharge current with the average
discharge current [2]. Assuming a piece-wise constant load
profile and the fixed load epoch T in seconds, the extended
Peukert’s law can be obtained as
L=

Cp
τ
T 
It
3600L

b ,

(1)

t =1

where It and τ represent the discharge current during the
t-th epoch and the time index at the end of discharge (EOD),
respectively. Note that the EOD index τ depends on the battery
lifetime L with the relation τ = 3600L/T .
Another important non-linear battery discharge property
is “recovery effect”, which stands for the phenomenon that
the battery partially recovers its capacity when the discharge
current is idle or interrupted [14]. Unfortunately, Peukert’s law
does not consider the recovery effect and it has been reported
that it may produce an inconsistency of the battery lifetime
estimation for time-varying loads [15]. The experiment results
in [16] show that the extended Peukert’s law generally overestimates the battery lifetime.
To overcome the shortcoming of Peukert’s law, an accurate
SOC estimation method is required to estimate the remaining
battery capacity and determine timely EOD in the presence of
the recovery effect. To this end, we adopt a SOC estimation
method similar to the scheme in [8] which determines the SOC
based on the low-pass filtered battery voltage. Motivated by
the method in [8], the moving average of the battery voltage
is employed as the SOC estimator, since the moving average
can represent the discharge trend with the recovery effect.1
1 One may adopt a stochastic battery model which reflects the recovery
effect as a simplified Markov chain as in [6], However, the stochastic model
concentrates only on the recovery effect, but does not take the rate capacity
effect into account [11]. Furthermore, the model complexity highly depends
on the size of the state space, and thus it is difficult for the stochastic model
to handle large state space, i.e., long transmit durations, continuous transmit
power.
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III. S YSTEM M ODEL
Consider MIMO point-to-point systems where a transmitter and a receiver have NT and NR antennas, respectively.
This system can be characterized by the NR by NT channel
matrix H whose elements are independently and identically
distributed (i.i.d.) with zero mean where there is no line-ofsight. Also, the block fading is assumed where the channel
matrix remains constant during each load epoch and changes
independently from block to block. Also, we assume that CSI
and channel distribution are available at the transmitter. The
noise at the transmitter is a circularly symmetric complex
Gaussian random variable with zero mean and identity covariance matrix, i.e., CN (0, I).
The power source at the transmitter is a finite non-linear
battery, and the goal for this system model is to maximize the
total throughput or the device lifetime by utilizing the battery
characteristics. To this end, we first establish power constraint
related to the battery. The total power consumption model at
the transmitter follows the linear power consumption model
as [17]–[19]
Ptotal =

1
PT + NT PA + PC ,
ζ

(2)

where ζ ≤ 1 and PT represent the efficiency of the power
amplifier and the transmit power, respectively, PA denotes the
dynamic circuit power related to radio frequency (RF) chains
and PC is the static circuit power consumption term irrelevant
of the RF chain.
By plugging the total power consumption (2) into the
extended Peukert’s law (1), we have
L= 

T
3600LV0

τ 

t =1

Cp
1
Tr(Qt ) + NT PA + PC
ζ

b ,

(3)

where V0 and Qt indicate the operating voltage and the input
covariance matrix during the t-th epoch at the transmitter,
respectively. From (3), we can express the total transmit power
in terms of the EOD index τ as
τ

Tr(Qt ) = ατ 1−β − γ τ,
(4)

by τ and
 applying the weak law of large numbers, we have
lim τ1 τt =1 Tr (Qt ) = E [Tr (Q)] where Q represent the
τ →∞
input covariance matrix corresponding to random channel
process H, and the relaxed total transmit power for τ
1
becomes
EH [Tr (Q)] = ατ −β − γ .

Now, we deal with the relaxed total transmit power (5)
instead of (4) and we will refer to the relation (5) as the battery
constraint. Along with this battery constraint (5), we impose
additional constraint on the battery lifetime to guarantee
the minimum device lifetime. Denoting L R as the required
lifetime in hours,
the lifetime constraint can be expressed

3600L R
. For practical wireless communication
as τ ≥ τR 
T
systems, the EOD index τ is generally large with the lifetime
constraint, and (5) is highly likely to converge to (4) due to
the weak law of large numbers. In the next section, we aim at
maximizing the total throughput and the device lifetime under
the battery constraint and the lifetime constraint.
IV. M AXIMIZATION OF T OTAL THROUGHPUT
AND D EVICE L IFETIME
A. Total Throughput Maximization
The total throughput maximization problem under the battery and lifetime constraint can be formulated as
max τ EH log2 I + ηHQH†
τ,Q

subject to EH [Tr(Q)] = ατ −β − γ
Q0, and τR ≤ τ ≤ τE ,

1/b

36001/b C p V0 ζ
1
α=
, β = and γ = ζ (NT PA + PC ) .
T 1/b
b
Note that for b > 1, the total transmit power sub-linearly
increases as the average discharge current decreases by extending the EOD index. However, the power dissipated in the
circuit linearly grows and thus dominates the battery capacity
after all.
For our system model, the transmitter needs to determine the
EOD index τ and the input covariance matrices {Q1 , · · · , Qτ }
under the total transmit power (4), which requires the knowledge of all the channel matrices {H1 , · · · , Hτ }. However,
it is impossible for the transmitter to acquire the whole
channel matrices in advance, and thus we instead relax the
original expression (4). After dividing the left-hand side in (4)

(6)

where η represents the receiver signal-to-noise ratio (SNR),
and τE indicates the EOD index when the battery constraint
−β
becomes infeasible, i.e., ατE − γ = 0. Note that we have
dropped T in the objective function for simplicity and relaxed
the integer condition in (6) for the EOD index τ to make the
problem tractable.
We first decompose the optimization problem (6) into the
following equivalent master problem

t =1

where α, β and γ are given as

(5)

max

τR ≤ τ ≤ τE

R (τ )

(7)

where the R (τ ) indicates the optimal value for the following
sub-problem (7) for a given τ
R (τ ) = max τ EH log2 I + ηHQH†
Q0

subject to EH [Tr(Q)] = ατ −β − γ .

(8)

Let us denote singular value decomposition (SVD) of the
channel matrix H as UV† where  represents the singular
value matrix, and U and V are unitary matrices. The singular
values are assumed to have a continuous probability density
function supported on [0, ∞). Since the objective function is
concave with respect to Q, the optimal covariance matrix for
the sub-problem in (8) can be expressed by V V† where
defines a diagonal matrix whose diagonal elements are
{λ1 , · · · , λm } with m = min{NT , NR }. Then, the optimal
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power allocation on the eigenmodes is obtained by the following lemma.
Lemma 1: The optimal power allocation λi on the
i -th eigenmode for the sub-problem (8) is given by


1 +
λi = x −
for i = 1, · · ·, m,
(9)
ηρi
where
m
i=1

x
Eρi



equals
x−

1
ηρi

the
+ 

water
=

level

which

fulfills

ατ −β − γ and ρi defines
HH† .

the i -th largest eigenvalue of
Proof: Lemma 1 can be shown by applying the KKT
condition and the calculus of variations as in [20].
While Lemma 1 provides the optimal structure for the subproblem (8), it does not produce an explicit expression of
R (τ ) for problem (7) since the EOD index τ and the water
level x are implicitly coupled with the equality constraint
in (8). Thus it is hard to solve problem in (7) only with the
result in Lemma 1. To overcome this difficulty, we identify
some properties related to the water level x which allow us
to derive an explicit expression of R (τ ) in terms of τ , and
then obtain the optimal solution for problem (7).
Let us define the  average transmit power P(x) as

+
m
1
x
−
E
and the average throughput R(x)
ρ
i
i=1
ηρi
+

m
during one epoch, respectively.
as i=1 Eρi log2 (ηxρi )
Then, we first investigate the properties of P(x) and R(x).
Proposition 1: P(x) and R(x) have the following
properties.
(P1) P(x) is monotonically increasing and strictly convex for
x≥0.
(P2) R(x) is monotonically increasing but non-convex for
x≥0.
(P3) The identity P (x) = x R (x) log 2 holds.
Proof: See Appendix VII.
The property (P1) implies that there exists the inverse
function P −1 (x) for x≥0 and thus the water level in (9) can
be rewritten as x = P −1 (ατ −β − γ ), which enables us to
obtain an explicit expression for R (τ ) as



(10)
R (τ ) = τ R P −1 ατ −β − γ .
The following theorem states that the total throughput R (τ )
is strictly concave even though R(x) is non-convex.
Theorem 1: The total throughput R (τ ) is a strictly concave function for τ ≤ τE .
Proof: See Appendix VII.
Due to the strict concavity of R (τ ), the optimal EOD
index τT can be calculated as the maximum value of the
required lifetime τR and the unique maximum point τM which
satisfies the stationary condition R (τM ) = 0, i.e., τT =
max {τR , τM }. It is worth mentioning that the strictly concavity
of R (τ ) implies that the optimal integer EOD index can
be obtained by choosing τT  or τT . However, we do not
force the integer constraint in this paper since this makes
the problem complicated and the resulting water level is
almost the same whether the optimal EOD index is an integer or not. Let x R and x M be the water levels corresponding to
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τR and τM , respectively. Then, we can determine the optimal
water level by the following theorem.
Theorem 2: The optimal water level x T for the total
throughput maximization problem is given by
x T = min {x R , x M } ,

(11)

where x R and x M are the unique roots of the functions fR (x)
and f M (x) defined as
f R (x)  P(x) − ατR −β + γ ,

(12)

f M (x)  x R(x) log 2 − β P(x) − βγ , .

(13)

Proof: Since x can be seen as a monotonic decreasing
function with respect to τ from the relation P(x) = ατ −β − γ
and the property (P1) in Proposition 1, the optimal water level
is given by the minimum value of x R and x M . One can easily
see that the water level x R is the unique root of f R (x). Then,
to compute x M , we first manipulate R (τ ) as


β ατ −β − γ
−1
−β
R (τ ) = R(P (ατ − γ )) − −1
P (ατ −β − γ ) log 2
βγ
.
(14)
+ −1
P (ατ −β − γ ) log 2
After substituting x = P −1 (ατ −β − γ ) and P(x) = ατ −β − γ
into (14), we can rewrite R (τ ) = 0 as f M (x) = 0. Also,
f M (x) is a monotonic increasing function since f M (x) =
R(x) log 2 + (1 − β)P (x) is always positive for x > 0, and
f (0) < 0. Thus, it can be shown that x M is the unique root
of f M (x).
Note that the functions fR (x) and f M (x) are related to the
lifetime constraint and the stationary condition, respectively.
Also, x R and x M can be easily found by one dimensional
search such as a bisection method, since f R (x) and f M (x)
are monotonic increasing functions. Once x R and x M are
computed, we can obtain the optimal covariance matrix for
the total throughput maximization problem with (9) and (11).
B. Device Lifetime Maximization
Next, we consider the device lifetime which is one of critical
performance metrics when the power source is a finite battery.
The objective for these applications is an extended lifetime of
the device under the total throughput requirement, and the
device lifetime maximization problem can be stated as
max
τ,Q

τ

subject to τ EH log2 I + ηHQH†

≥ R̄

EH [Tr(Q)] = ατ −β − γ
Q0, and τR ≤ τ ≤ τE ,

(15)

where R̄ is the target total throughput.
Due to the concavity of the log determinant, the optimal
structure of the input covariance matrix Q becomes V V† as
in the total throughput maximization problem. A derivation
similar to Lemma 1 reveals that the optimal power allocation for the device lifetime maximization problem is the
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same as (9). Therefore, we can recast the device lifetime
maximization problem into the equivalent problem as
max

τR ≤ τ ≤ τE

τ

subject to R (τ ) ≥ R̄ .

(16)

Since the total throughput is the strictly concave function from the result of Theorem 1, there exist two EOD
indices which fulfill R (τ ) = R̄ if the target total throughput is achievable, and thus the optimal EOD index for
the device
lifetime maximization
problem is determined by


max arg R (τ ) = R̄ . Therefore, we can obtain the optimal
τ

water level for the device lifetime maximization problem as
follows.
Theorem 3: The optimal water level x D for the device
lifetime maximization problem is given by the unique root of
the function f D (x) in 0 ≤ x ≤ x M where f D (x) is defined as
R̄
(P(x) + γ )1/β = 0.
(17)
α 1/β
Proof: We rewrite the total throughput
R(τ ) in terms of

f D (x)  R(x) −

the water level x by substituting τ =
R̃ (x) =

α
P(x)+γ

1/β

as

α 1/β R(x)
.
(P(x) + γ )1/β

(18)

Then, we have the equivalent expression f D (x) = 0 for
R (τ ) = R̄ from (18). Since R̃ (x) has the maximum
value at x M , the optimal water level x D for the device lifetime
maximization problem should lie in the range 0 ≤ x ≤ x M .
Furthermore, if the target total throughput is achievable, f D (x) can be shown to be monotonic increasing for
0 ≤ x ≤ x M as
f

D (x)

= R (x) −

R̄

1

(P(x) + γ ) β

−1

P (x)

α 1/β β
1
R̃ (x M )
−1
≥ R (x) − 1/β (P(x) + γ ) β P (x)
α β


1
R̃ (x M )
(a)
−1
= R (x) 1 − 1/β (P(x) + γ ) β x log 2
α β



1
P(x) + γ β −1 x
(b)
= R (x) 1 −
>0
P(x M ) + γ
xM

where the equality (a) holds due to the property (P3),
and the equality (b) can be derived from R̃ (x M ) with
f M (x M ) = 0. Indeed, there exists the unique root in 0≤x≤x M ,
since f D (0) < 0 and f D (x M ) ≥ 0 and f D (x) > 0.
The monotonicity of f D (x) in 0 ≤ x ≤ x M allows us to calculate x D using the bisection method and compute the optimal
covariance matrix with (9). The procedure which compute the
optimal solution for the maximization of total throughput and
device lifetime is summarized in Algorithm 1.
V. S OLUTION BASED ON A SYMPTOTIC A NALYSIS
The optimal solutions provided in the previous section
requires a distribution of the eigenvalues of HH† to evaluate

Algorithm 1 Total Throughput/Device Lifetime Maximization
Algorithm
Initialize x 0 to an arbitrary large value.
Compute x M with (13) by the bi-section method on [0, x 0 ].
If τR > 0
Compute x R with (12) by the bi-section method.
Set x T = min {x R , x M }.
Else
Set x T = x M .
End
1) Total throughput maximization
Obtain the input covariance with x T and (9).
2) Device lifetime maximization
Compute x D with (17) by the bi-section method
on [0, x T ].
Obtain the input covariance with x D and (9).

P(x) and R(x). However, the acquisition of the distribution may be difficult for practical communications systems.
Furthermore, there can be no analytic expressions of P(x)
and R(x) even if the distribution is available. To tackle this
problem, we provide closed-form approximate expressions for
P(x) and R(x) based on asymptotic analysis which only
requires the channel variance.
The Marchenko-Pastur (MP) law describes the limiting
distribution of eigenvalues of N1T HH† [21]. Assume that NT
and NR →∞ with NNRT = c. Then, denoting H̄ = √1N H,
T
the distribution of the eigenvalue of H̄H̄† almost surely (a.s.)
converges to the MP distribution which is given by



1 +
(ρ − a)+ (b − ρ)+
,
(19)
fH̄H̄† (ρ) = 1 −
δ(ρ) +
c
2πσ 2 cρ
2
where δ(x) denotes the Dirac delta function,
√
√ σ2 is the channel
variance and a and b are defined as (1 − c) and (1 + c)2 ,
respectively.
From the MP law, the asymptotic transmit power and
throughput per antenna with water-filling structure are
expressed as

 ∞
1 +
1
a.s.
P(x) →
x−
f H̄H̄† (ρ)dρ,
(20)
m
ηρ
0
 ∞
+

1
a.s.
R(x) →
log2 (ηρx) f H̄H̄† (ρ)dρ.
(21)
m
0
Motivated by the fact that the asymptotic analysis provides
accurate and consistent approximations for even finite dimension systems [21]–[23], we will calculate solutions for the total
throughput and device lifetime maximization problems with
the asymptotic expressions (20) and (21) instead of the exact
expressions of P(x) and R(x).
Since the MP law holds for any random matrices whose
elements are i.i.d. random variables, we can calculate approximate transmit power and throughput from the asymptotic expressions (20) and (21) without a knowledge of
channel distribution. Unfortunately, the analytic expressions
1
[24], and thus
of (20) and (21) exist only when x > ηa
we cannot utilize (20) and (21) to find the optimal water
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1
level, as the optimal water level can lie in 0 ≤ x ≤ ηa
.
To resolve this problem, we approximate the MP distribution
by some mathematical manipulations, and then derive closedform approximations of P(x) and C(x) in the following.
Without loss of generality, we assume unit channel variance
and NR ≤NT . Then, the asymptotic eigenvalue distribution of
HH† can be obtained by scaling f H̄H̄† (ρ) by NT as

(ρ − NT a)+ (NT b − ρ)+
.
(22)
f HH† (ρ) =
2π NR ρ
√
Using
that the power series of 1 − x is given
∞the fact
(2k)!
k
by
k=0 ck x with ck = (1−2k)(k!)2 4k for |x| ≤ 1, (22) for
NT a ≤ ρ ≤ NT b can be rewritten as

√

∞ ∞
NT b   ci c j (NT a)i j −i− 1
2
ρ
2π NR
(NT b) j
i=0 j =0
√

∞
∞
 a k1 1 
1
NT b
c̃k2
=
ck21
ρ− 2 +
ρ k2 − 2
k
2π NR
b
(NT b) 2
k1 =0
k2 =1

∞

k3 −k3 − 12
+
c̃k3 (NT a) ρ
(23)

f HH† (ρ) =

k3 =1

where the second equality can be derived by rearranging suml
∞
cl ck+l ab .
mation in terms of the order of ρ, and c̃k = l=0
Since c̃k ≥ ck for k ≥ 1 and the term c̃k − ck diminishes fast
as k increases, we can establish a lower bound f˜HH† (ρ) by
substituting c̃k with ck in (23). Then, by adopting f˜HH† (ρ)
instead of f HH† (ρ), we have a closed-form approximation
of P(x) as
⎧
if 0 ≤ x < NT1bη
⎪
⎨0
(24)
P̃(x) = P̃1 (x) if NT1bη ≤ x < NT1aη
⎪
⎩ P̃ (x) if 1 ≤ x
2
NT aη
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Similarly, we can obtain a closed-form approximation
of R(x) as
⎧
if 0 ≤ x < NT1bη
⎪
⎨0
(25)
R̃(x) = R̃1 (x) if NT1bη ≤ x < NT1aη
⎪
⎩ R̃ (x) if 1 ≤ x
2
NT aη
where R̃1 (x) and R̃2 (x) are defined as



NT bd1
2 NT b
1 NT bηx−1
log (NT bηx)+
R̃1 (x) =
d0+
π log 2
log 2 ηx
4 NT bηx
√
   

NT bηx
1
1
1
1
−1
+
sin √
+3 F2
,
;
4
2
2 2 NT bηx
NT bηx
 3
   
3
2NT bd3
1
+ 3 F2 −
,
; NT aηx
−
,
2 3 2 2
π log 2
√
 √
√
NT b
d1 NT b − d2 NT a
log (ηx)
R̃2 (x) =
π log 2
√
 √
√
NT b
2 d3 NT b − d4 NT a
−
π log 2
√
 √
√
d1 NT b log (NT b)− d2 NT a log (NT a) NT b
.
+
π log 2
Here, p Fq stands for the generalized hypergeometric
function [25], {a}n is a constant sequence of length n with
term a, and the constants d3 and d4 are defined as

  

π
1
a
1
d3 = d0 + (1 + log 4) + 3 F2
,
;
−
,
8
2 3 2 2 b



1 b −1 a
π
a
1
sin
1− +
d4 = d0 + (2 − log 4) +
4
4
b 4 a
b
   

3
a
1
+ 3 F2
,
;
.
2 3 2 2 b

The detailed derivations of (24) and (25) are provided in
Appendix VII. It is important to note that the derived closedform approximation (24) and (25) have analytic expressions
where the definitions on P̃1 (x) and P̃2 (x) are given by
for a general water level x unlike the asymptotic expres

 sions (20) and (21), which allows us to leverage the asymp
1 3
1
1
NT bd1 2 NT bx
totic analysis.
x−
d0 + 2 F1 − , − ; ;
P̃1 (x) =
π
π
η
2
2 2 NT bηx
For the special case when NT = NR , it follows a = 0 and


b
=
4 and the expressions (24) and (25) reduce to
1 3
d2
1
,
+ 2 F1 − , − ; ; NT aηx
+
⎧
2
2 2
πη
0
if 0≤x< 4N1T η
⎪
√
 √
√
⎪
⎪
⎨
NT b
d1 NT b − d2 NT a



x
P̃2 (x) =
P̃(x)
=
4 NT x
1
1 3
1
π
N
x−
F
,
−
,
;
−
⎪
2
T
1
1
√
⎪


π η
2
2 2 4NT ηx if
⎪
⎩ 1
4NT η ≤x
d2
d1
NT b
+ 2η
+
− √
.
√
πη
NT b
NT a
⎧
0
if 0≤x< 4N1T η
⎪
⎪
⎪
⎪
Here, 2 F1 denotes the Gauss hypergeometric function [25],
⎪
⎪

⎪
⎪
NT
NT
and the constants d0 , d1 and d2 are defined as
⎪
4
⎨log
log NTeηx + π log
2
2
ηx




   
 if 1 ≤ x.
R̃(x) =
4NT η
1
a
1
4N
bηx−
1
1
3
1
⎪× 1 T
⎪
− 2,
d0 = 2 F1 − , − ; 1;
⎪
4 4NT bηx +3 F2 2 3, 2 2;4NT ηx
⎪
⎪
2
2
b

⎪
⎪



⎪
1√
1
⎪
−1
√
a
a
π
a
⎩
+ 4 4NT ηx sin
4NT ηx
d1 = d0 + + 1 − +
sin−1
,
4
b
b
b



Finally, we substitute P̃(x) and R̃(x) for P(x) and R(x)
1
1 b
a
π
a
sin −1
.
d2 = d0 + +
1− +
in
(12), (13) and (17), and compute solutions for the total
2
2
b 2 a
b
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TABLE I
S IMULATION PARAMETERS

Fig. 2. Comparisons of the average performance metrics and the closed-form
approximations (24) and (25) with NR = 3.

Fig. 1. Battery lifetime for the constant discharge simulation with various
discharge currents.

throughput and device lifetime maximization problem with the
same procedure in Algorithm 1.
VI. S IMULATION R ESULTS
In this section, the performance of the proposed scheme
is evaluated by numerical simulations. We conduct the battery
simulation via COMSOL Multiphysics software to validate the
effectiveness of the proposed scheme. We adopt the lead-acid
battery model in COMSOL Multiphysics based on the model
in [26]. We set the battery parameters related to the battery
capacity and the rate capacity effect [27] as listed in Table I.
The channel coefficients in a channel matrix follow an i.i.d.
Gaussian distribution with zero mean and unit variance. For
this channel model, we calculate the optimal solution with the
analytic expression of P(x) and R(x) derived in [28].
We first identify the Peukert’s parameters C p and b by
constant discharge simulations for the battery model with
parameters in Table I. Fig. 1 depicts the battery lifetime with
respect to various discharge currents. We can clearly observe
the rate capacity effect in Fig. 1 where the battery lifetime
non-linearly decrease with respect to the discharge current.
The Peukert’s parameters C p and b can be determined by the
least square fitting for simulation data. In Fig. 1, C p and b are
computed as 930 mAh and 1.21, respectively.
Fig. 2 evaluates the accuracy of the expressions (24)
and (25) for P(x) and R(x), respectively. In this figure,

Fig. 3. Performance gain of the optimal scheme compared to various schemes
when NT = NR = 3.

we can check that the derived closed-form expressions based
on asymptotic analysis show negligible error compared to the
true value for all x even with small antenna dimension.
Next, we evaluate the performance of the total throughput maximization schemes. For reference, we consider the
following two schemes. One scheme is the naive method
that calculates the water level with the optimal solution in
Section IV by fixing b as 1 and adopting a simple SOC method
based only on the battery voltage. Another reference scheme
is a uniform power method where the input covariance matrix
is fixed to NPTT I and PT is optimized by a numerical method
with the average throughput expression in [29].
Fig. 3 exhibits a performance gain of the optimal scheme
compared to various schemes in terms of SNR when
NT = NR = 3. First, we can observe that for both the
optimal scheme and the uniform power method, the analytical
results match well with the simulation. Also, the optimal
scheme outperforms reference schemes. For example, the performance gains of 19% and 48% at SNR=5 dB are achieved
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Fig. 4. Total throughput performance in terms of NT when SNR=0 dB
and NR = 5.

Fig. 5. Total throughput performance in terms of the required device lifetime
when SNR=5 dB and NT = NR = 4.

compared to the naive scheme and the uniform power method,
respectively. We can observe a considerable performance gain
as SNR decreases, which implies that the battery non-linearity
and channel condition are critical factor. On the other hand,
the performance gain at high SNR reduces to 17% since the
power allocation of the optimal scheme tends to be uniform
allocation at high SNR. In addition, it is interesting that the
proposed solution based on asymptotic analysis shows almost
the same performance as the optimal scheme, which accords
with the results in Fig. 2.
Fig. 4 represents the average total throughput performance
in terms of NT when SNR=0 dB and NR = 5. As the
number of transmit antennas grows, the total throughput of
the optimal scheme and the naive method increases until
NT = 4 since the number of eigenmodes also grows and the
maximum eigenvalue is more likely to get large. However,
the performance increments gradually become smaller since
the RF-chain power consumption becomes dominant in total
power consumption as NT becomes larger. On the other

Fig. 6.

7781

Device lifetime performance when SNR=5 dB and NT = NR = 4.

Fig. 7. Device lifetime performance in terms of NR when SNR=10 dB
and NT = 3.

hand, the performance of the uniform power method just
degrades as NT increases. This is because the uniform power
method inefficiently utilizes the increased transmit antennas
by uniformly allocating transmit power.
In Fig. 5, we show the average total throughput by varying
the required device lifetime to investigate the trade-off between
the total throughput and the device lifetime. The naive scheme
is not included since it cannot meet the required device
lifetime. As seen in the figure, the optimal scheme achieves
the rate region much larger than the uniform scheme for
all the required device lifetimes. This is due to the fact that
the uniform scheme transmits data regardless of the channel
condition and thus the battery budget is wasted.
Next, we verify the performance of the proposed device
lifetime maximization scheme. The simulation result in Fig. 6
presents the average device lifetime performance for various total throughput requirements when SNR=5 dB and
NT = NR = 4. The naive scheme is also omitted here
since it fails to satisfy the total throughput requirement,
and the uniform scheme cannot achieve the total throughput
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over 9 kbits/Hz. In this figure, we can check that the device
lifetime of the uniform scheme more rapidly decreases than
the optimal scheme as the target total throughput increases
and the optimal scheme prolongs the device nearly twice as
much as the uniform scheme at the target total throughput
of 9 kbits/Hz.
Finally, we examine the effect of the number of receive
antennas on the device lifetime performance. Fig. 7 plots
the device lifetime performance in terms of NR when
SNR=10 dB and NT = 3 under the target total throughput
of 10 kbits/Hz. In the figure, we can observe that the average
device lifetime performance can be improved by increasing
the number of receive antennas and the performance gap
between the optimal scheme and the uniform power method
decreases. However, the performance improvement diminishes
when NR > NT since the number of eigenmodes does not
increase.

Next, for the property (P2), similarly to the derivations
in (P1), the first and second derivatives of R(x) become
 

1
m− m
F
i=1 ρi ηx
,
R (x) =
x log 2


 

m
1
1
m− m
i=1 f ρi ηx
i=1 Fρi ηx
R (x) =
−
.
(27)
ηx 3 log 2
x 2 log 2
R (x) is shown to be always positive for x > 0. However,
R (x) can have a positive or negative value which shows the
non-convexity of R(x). Finally, for the property (P3), we can
easily check that the expressions in (26) and (27) yield the
identities in (P3).
A PPENDIX B
P ROOF FOR THE C ONCAVITY OF R (τ )
We take the derivative of R (τ ) as

VII. C ONCLUSION
In this paper, we have investigated the total throughput
maximization and the device lifetime maximization for MIMO
systems with the consideration of non-linear battery discharge
properties. We have adopted the Peukert’s law as a battery
model to capture the battery non-linearity and have formulated
the power constraint by extending Peukert’s law for the timevarying load case. Then, we have derived the optimal solution
for the total throughput maximization problem and the device
lifetime maximization problem. Also, we have provided a
solution based on asymptotic analysis which requires only
the channel variance. In numerical simulations, we have confirmed that the proposed schemes agree well with simulations
and outperform the reference schemes with respect to both
the total throughput and the device lifetime. In addition,
the proposed solution based on asymptotic analysis has been
shown to produce almost the same performance as the optimal
scheme, which confirms the effectiveness of the proposed
solution.
A PPENDIX A
P ROOF FOR THE P ROPERTIES OF P(x) AND R(x)
First, we present the proof for the property (P1). We have
+
m
∞
P(x) =
f ρi (ρ)dρ from the definition
x − ηρ1 i
i=1 0
of P(x). Applying the Leibniz integral rule [25], the first
and second derivatives of P(x) are given as
 
m

1
Fρi
P (x) = m −
,
ηx
i=1

P (x) =

m

i=1

1
fρ
ηx 2 i




1
,
ηx

(26)

where Fρi (ρi ) is the cumulative density function of ρi . One
can see that both P (x) and P (x) are always positive
for x > 0 from the assumption on the singular values.
Thus P(x) is a monotonic increasing and convex function
for x≥0.

αβτ −β R (P −1 (ατ −β − γ ))
P (P −1 (ατ −β − γ ))
αβτ −β
,
− γ )) − −1
P (ατ −β − γ ) log 2
(28)

R (τ ) = R(P −1 (ατ −β − γ )) −
= R(P −1 (ατ −β

where the first equality
derivative of the
 from the
 comes
1
, and the second
inverse function, i.e., P −1 (x) = P ( P −1
(x))
equality follows from the property (P3) in Proposition 1.
Then, the second derivative of R (τ ) becomes
R

αβ 2 τ −β−1
αβτ −β−1R (P −1 (ατ −β −γ ))
+
P (P −1 (ατ −β −γ ))
P −1 (ατ −β −γ ) log 2
2
2
−2β−1
α β τ
−
−1
−β
P (P (ατ − γ ))P −1 (ατ −β − γ )2 log 2
αβ(1 − β)τ −β−1
= − −1
P (ατ −β − γ ) log 2
α 2 β 2 τ −2β−1
.
−
P (P −1 (ατ −β − γ ))P −1 (ατ −β − γ )2 log 2
(29)

 (τ )=−

For τ < τE , the first term in (29) is always non-positive since
0 < β ≤ 1 and P −1 (ατ −β − γ ) > 0. Also, the second term
in (29) is always negative since P (P −1 (ατ −β − γ )) > 0 for
τ < τE . Therefore, the second derivative of R (τ ) is always
negative for τ < τE , which completes the proof.
A PPENDIX C
D ERIVATIONS OF P̃(x) AND R̃(x)
To make the initial summation indices the same, we first
rewrite f˜HH† (ρ) as
⎛
⎞
√
 
∞


k
1
NT b ⎝
a 1
ck21
− 2⎠ρ − 2
f˜HH† (ρ) =
2π NR
b
k1 =0

∞
∞


ck2
k2 − 12
k3 −k3 − 12
.
+
ρ
+
c
(N
a)
ρ
k3
T
(NT b)k2
k2 =0

k3 =0

(30)
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Since the non-zero eigenvalue falls within NT a ≤ ρ ≤ NT b in
f˜HH† (ρ), approximations of P(x) and R(x) have conditional
expressions with respect to the water level x as
⎧
0
if 0≤x< NT1bη
⎪
⎪

⎨ N NT b 
R
ηx − ρ1 f˜HH† (ρ)dρ if NT1bη ≤x< NT1aη
1
P̃(x) =
η
ηx


⎪
⎪
⎩ NR NT b ηx − 1 f˜ (ρ)dρ if 1 ≤x
HH†
η NT a
ρ
NT aη
⎧
1
0
if
0≤x<
⎪
⎪
NT bη
⎨
NT b
1
1
R̃(x) = NR 1 log (ηxρ) f˜HH† (ρ)dρ if NT bη ≤x< NT aη
ηx
⎪
⎪
⎩ N NT b log (ηxρ) f˜ † (ρ)dρ if 1 ≤x< 1 .
R
HH
NT a

NT bη

NT aη

By computing the integrations in P̃(x) and R̃(x), one can
see that P̃(x) and R̃(x) can be represented in terms of the
infinite series as


∞

1
1
2 k
(31)
ck x = 2 F1 − , − ; 1; x
2
2
k=0

∞

k=0
∞


ck
k−

1
2

√
√
√
x k = −2 1 − x − 2 x sin−1 x

√
√
1
1 − x + √ sin−1 x
x
k+2
k=0


∞

1 3
ck
1
k
x = −42 F1 − , − ; ; x
2
2 2
(k − 12 )(k + 12 )
k=0
 



∞

ck
1
1
k
x
=
4
F
,
;
x
−
3 2
2 3 2 2
(k − 12 )2
k=0
∞

k=0

ck

xk =
1

ck
(k +

1 2
2)

xk =

√
√
1
1 − x + √ sin−1 x
x
   

1
3
+ 23 F2
,
;x .
2 3 2 2

(32)
(33)
(34)
(35)

(36)

From the properties of the Pochhammer symbol [30],
the power series of sin−1 x and the definition of the hypergeometric function [25], we can express the infinite series
in terms of analytic functions. Then, we can derive (24)
and (25) by manipulating P̃(x) and R̃(x) with the results
in (31)–(36).
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