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Abstract— Recently a number of transmission schemes have
been introduced to achieve sum capacity for multiuser multi-
input multi-output (MIMO) broadcast channels (BC). A block
diagonalization (BD) is an attractive method which operates
only a few dB away from the sum capacity. This scheme is
a generalization of the zero-forcing channel inversion to the
case where each receiver is equipped with multiple antennas.
One of the limitation of the BD is that the sum rate does
not grow linearly with the number of users due to the noise
enhancement. In this paper, we propose a generalized minimum
mean-squared error (MMSE) channel inversion algorithm for
users with multiple antennas to overcome the drawbacks of the
BD for multiuser MIMO systems. Simulation results confirm
that the proposed scheme achieves performance improvement
over the conventional BD scheme. Also, we present a precoding
method for systems with channel estimation errors and show
that the proposed algorithm is robust to the channel estimation
errors.

I. INTRODUCTION

Multi-input multi-output (MIMO) systems have drawn a lot
of attention in the past few years due to their great potential to
achieve high throughput in wireless communication systems
[1]. It is well known that in a single user case the capacity
scales linearly with the minimum number of transmit and re-
ceive antennas in Rayleigh fading channels [2]. More recently,
the investigation of the capacity region has been of concern in
multiuser MIMO broadcast channels (BC), where each user
has possibly multiple receive antennas [3][4][5].

In [6], it was shown that the maximum sum rate in multiuser
MIMO BC can be achieved by using dirty paper coding
(DPC), the DPC is difficult to implement in practical systems.

For linear processing systems where the base station has
multiple antennas but all users employ a single antenna,
several practical precoding techniques have been proposed
[7]. A zero-forcing channel inversion (ZF-CI) [7] is one of
the simplest precoding techniques for this case. However
its performance is rather poor for all signal-to-noise-ratios
(SNRs) due to a transmit power boost issue. Although a
minimum mean-squared error channel inversion (MMSE-CI)
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method [7] overcomes the drawback of the ZF-CI, this is still
confined to a single receive antenna case.

For the case where the users in the network have multiple
antennas, a block diagonalization (BD) algorithm, which can
be considered as a generalization of the ZF-CI, is a well-
known precoding algorithm for this case [8]. The key idea of
the BD is to eliminate the multi-user interference (MUI) by
placing all the unintended users at nullspace of the intended
user’s channels. As it attempts to completely eliminate the
MUI without any consideration on the noise, the BD is inferior
to the DPC in terms of sum capacity especially for the case
of a large number of users.

In this paper, we propose a generalized MMSE-CI (GMI)
algorithm which supports multiple data stream transmission
to each user in multiuser MIMO BC based on a noniterative
method. Unlike the conventional BD algorithm, our GMI
algorithm takes the noise into account for finding each user’s
precoding matrix to increase the signal-to-interference-plus-
noise ratio (SINR) at each user’s receiver. In addition, we in-
troduce a design method when the transmitter has incomplete
channel state information (CSI).

The following notations are used throughout the paper. We
employ uppercase boldface letters for matrices and lowercase
boldface for vectors. For any general matrix A, A’ and A"
denote the transpose and the conjugate transpose, respectively.
Tr (A) indicates the trace and the Frobenius norm of matrix
A is |[A]|% = Tr(AA™). For m x m matrices A;, A =
diag {A; --- A, } denotes an mn x mn block diagonal matrix.

II. SYSTEM MODEL

We consider multiuser MIMO downlink systems where the
base station is transmitting to K independent users simulta-
neously. In this system, the base station is equipped with N;
transmit antennas and user j has n; > 1 receive antennas,
referred to in the following as {ny,--- ,nx} X Ny. The total
number of receive antennas at all users is defined as N, =
Zle n;. In the discrete-time complex baseband MIMO case,
the channel from the base station to the jth user is modeled
by the n; x N; channel matrix H;. We assume that H; has
full row rank and independently and identically distributed
(i.i.d.) entries according to N.(0,1). Also, we assume that
the full rank channel matrix H, = [H] Hj ---Hy |7 is
known perfectly at the base station.
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We define the transmitted data symbol vector s, the noise
vector w, and the precoding matrix P for all users as

ss = [s{ s3 - sl
we = [wi wy - wrl]l,
P, = [P, P, Px]

where s; = [s;1---8;,,]7 € C% and w; =
[wj1 - wjn,]T € C™ are the jth user’s data and noise vec-
tors, respectively and P represents the associated precoding
matrix. Here the symbols s; ; are assumed to be independently
generated with unit variance and the components w; ; of the
noise vector w; are i.i.d. with zero mean and variance o2.

Then, the total received signal can be expressed as
vy, =HPgss +wg

and the received signal vector at the jth user is given by

K

y; =H;P;s; + H; Y Prsi +w, (1)
k#j

where y; denotes the corresponding received signal vector as

Y; =1 yim,]" € C". Let §; = P,s, denote the signal

vector actually transmitted at the base station, it satisfies the

total power constraint E[||Ss/|?] < Piotai-

Denoting the overall receive filter M as

M, = diag{M; M, Mg}

where M; represents the jth user’s receive filter, the receive
filter output vector of the jth user x; can be written as

K
Xj = MjHijSj + MjHj Z PkSk —+ Mjo (2)
k#j
where x; = [2;1 - xj,,]T € C™.

III. GENERALIZATION OF ZERO-FORCING CHANNEL
INVERSION

In this section, we represent an alternative way of represent-
ing the conventional BD [8] by extending the ZF-CI method
[7] for the case where each user has more than a single
antenna. This new ZF-CI method achieves the performance
equivalent to the conventional BD scheme [8] with reduced
complexity. This will be referred to as the generalized zero-
forcing CI (GZI).

A. Generalized Zero-Forcing Channel Inversion

The key idea of the GZI algorithm is to identify the
precoding matrix P which make all MUI zero. To eliminate
all the MUI, we impose a constraint such that

H;P, =0 forall j#k

In order to compute the orthogonal vectors of ij, we define
the pseudo-invserse of the channel matrix Hy as

H, = Hf(HstI)’

and 1<j,k<K. (3

L= [H, Hy---Hg]. 4)

Consider the QR decomposition of I:Ij as

(1)
~ (0)
%
A (1)

A1) . . .
where R; " is an n; x n; upper triangular matrix and Q;
is an IVy >< nj matrix of which columns form an orthonormal

4 A (1) A (1) (1)
Hj = [Qj

= Qj Rj &)

basis for H Smce we obtam H from the inverse opera-
tion, we have H, Q R m = 0 from (5). Thus, it follows

A (1
Hij = 0. Here, we can see that the columns of Q; )

form an orthonormal basis for nullspace of H so that the jth
user’s precoder of the GZI which is constructed by a linear

L. A (1) . . .
combination of QJ(- ) is also satisfy the zero MUI constraint
in (3). If each user has a single receive antenna, this reduces

to the ZF-CI solution with unit norm precoding vectors.
By multiplying the matrix Q to the channel matrix HS,

the jth user has the non-interfering block channel H; Q
for j =1,---, K. In order to decompose the block channel

A
H;Q;
operation of H vQ(-l) as

A (1)
H;Q,

where V§-q<1)) denotes the set of right singular vectors cor-

into parallel subchannels, we now apply the SVD
_ U(Q)A(Q) [V(q(l)) V(q(O))}

responding to non-zero singular values and U'Y is the left

A (1) 1
- Q; V§q( )
and M; = U;q)H, the jth user’s receive filter output vector
of the GZI scheme x; in (2) is given as

singular matrix. Defining P; and M; as P;

x; = AVs; + UDMw,, ©6)

Let us denote ®; as the power allocation matrix for the jth
user, the achievable sum rate of the GZI can be expressed as

A(Q) 2(1)
Rozn = Inaxz log, det (I + (02)>

1]1 w

subject to Z Tr(®
Jj=1

< Ptotal (7)

and the optimal power loading matrix ®; can be calculated by
using the water-filling (WF) method [9]. Finally, the precoding
matrix and the overall receive filter are defined as

A (1) 1)) AD 1
_ @i gyt
diag {UV" Ui
where ® = diag {®; ®5-- Px}.

1

Q )V(q(”)] B3,
H
U

B. Complexity Analysis

As for the computational complexity of the GZI algorithms
with K users, the proposed GZI needs to compute an inverse
operation in (4) and the QR decomposition of Ny X n; matrix
ﬂj in (5) K times, while the conventional BD requires to
perform the SVD operation of (N, — n;) x N; other user’s
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channel matrix K times. The complexity of the SVD of
(N, —nj) x Ny matrix is O(NZ(N, — n;)) [10]. The QR-
decomposition of N; x n; matrix H ; has O(Ntn?) complexity
[10] and the complexity of the Moor-Penrose pseudo-inverse
HY (HHT)~! follows O(N,*), where 2 < w < 3 [11].
Consequently, the proposed GZI algorithm has lower compu-
tational complexity than the conventional BD in [8].

IV. GENERALIZATION OF MMSE CHANNEL INVERSION

In this section, we propose a generalized MMSE-CI (GMI)
algorithm. Based on the new interpretation of the GZI made
in the previous section, we outline a procedure for identifying
the GMI precoding matrix which could balance the MUI and
the noise for each user.

A. Generalized MMSE channel inversion
In the GMI scheme, the precoding matrix can be determined

by applying the MMSE-CI introduced in [7]. We denote H,
as

H, = (HfHS +al)” 1HH [H, H, - Hg] (®)

where « represents the ratio of the total noise variance to
the total transmit power [7]. We assume the unit variance

data symbol and N; = N,, a can be denoted by a . For
orthogonalization of H;, we can employ
5 (1)
- ~(1) &(0 , =(1)5 (1
w=M)%w%]=®ﬁ$ ©)

where R;l)
matrix Q;l)

is an n; X m; upper triangular matrix and the
is composed of n; orthonormal basis vectors of
j.
Similar to the GZI in the previous section, we can construct
the precoding matrix P; for the jth user using a linear

combination of columns of Q( ). In comparison with the

GZI, the columns of Q( ) in the GMI span the nullspace
of other users’ effectlve channel matrix while taking the
noise into account. This leads to an increase of SINR at
each user’s receiver. However, the jth user’s precoder of
the GMI generates the residual interference. Thus, a proper
whitening or interference-suppression process is needed. In
the following, we introduce the noise whiting process.

In order to compute the whiting matrix which is employed
to the precoding matrix, we define the transmit combining
matrix T as

T, =

d1ag{T1 T2 TK}

where T; is an n; X n; square matrix. Denoting P as

1) /(1 1
Q) Q- Q.

P, =[P, ,Py---Pg] = Qi (10)

the corresponding received signal vector of the jth user can
be written from (1) as
_ = (1)~ = (1)~
yi= H]Q§ )Tij + Hj Z Q,E. )Tksk + wj.
k#j

(1)

From (11), the transmit combining matrix affects other users’
interference, thus we define the power of other users’ inter-
ference induced by the jth user’s precoder plus the total noise
power of its receiver as

s
QST 1% + ny0?,
= (T Q" H QY + 021,,)T)).

2
O0IN,j

. . AMHH = 2 (1 . .
Since the matrix Qg H H; Hng- ) + ailnj is Hermitian
and positive definite, we can decompose this matrix using
Cholesky factorization as

= H -~
Q"""

Then, oy ; can be expressed by ogy ; = Tr (Tff,fij T;).
We can obtain the jth user’s transmit combining matrix which
minimizes oy ; as T; = L

Multiplying the P in (10) to the network channel matrix
H,, each user has the interference suppressed block channel.
Before we decouple the block channel, we find the whiting
matrix which is employed to each user’s receive filter. Let us
define the receive combining matrix R, as

Ri}
and M, as M, = R, the corresponding receive filter output
vector of the jth user X; is written from (2) and (10) as

THQY 4021, =1L, (12)

Rs = dlag{Rl RQ

)2] = Rjijij + RjHj Z Pksk + RjW]‘. (13)
k#j
Then, from (13), the SINR of the jth user is given by
SINR; = ———— g ——. (4
angr(R R )+Tr(RjHijPj H/R; )
where f’j = [P; - -~Pj,1Pj+1 ---Pg]. As the denominator

of (14) represents the total power of the interference plus noise
of the jth user, this can be expressed as

_ ~ ~H _
ok = Tr(R;(H;P;P; HI + 521, )R]). (15)

Since the receive combining matrix R; which minimizes o3 j

in (15) can maximize the SINR; in (14), we decompose
H,P,P, H + 021, as

H,;P,P; HH+012UI,L 7L L;. (16)

Then, we can obtain the jth user’s receive combining matrix
R,=L,"

Note that, when SNR increases, the transmit and receive
combining matrices converge to S, where (3 is a constant.
Also, P can be scaled to satisfy the power constraint, i.e.,
= (P'P,) < N,.

In order to decompose the jth user’s block channel
Rj H; Pj in (13) into the parallel subchannels, we denote the
SVD of RjHij as

5 T r r(1l r(0
R,H,P; = U AN VD) v
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where V§r(1)) denotes the set of right singular vectors and
U§-r) is the left singular matrix. Thus, the precoding matrix
and the overall receive filter of the GMI scheme are obtained
as

PS;MI _ [plv(lr(l)) szg(”)~-PKV§§“”L
MM diag{U{""R; UMR, - UD"Ry).

Finally, the receive filter output signal vector at the jth user
can be written as

x; = AWs; + MPH; ST PMs, + MPMw,. (17)

ki

Let )\grz) denote the ith diagonal element of Agr). Each
received signal in (17) contains in part the signal of interest
with the channel gain ()\grl) )2 and in part the interference from
the other users plus Gaussian noise. The SINR of each stream
can be expressed as

2
(A"
G
02 my ;2 + 3y, my P2

where my; ; is the ith row vector of M?MI. Then, the sum rate
of the proposed GMI scheme is given by

K nj

=" log, (1+SINR; ;).

j=1i=1

Row 19)

B. Design with imperfect channel information

So far, we have assumed that the base station has knowledge
of full CSI. However, in practical downlink systems the CSI
available at the transmitter is generally imperfect. In this
section, we illustrate how the GMI algorithm can overcome
such cases where the CSI at the base station is inaccurate.

We consider the channel estimation error model introduced
in [12]

Hs = Hest + Her'r (20)

where H,, H.s; and H,,., represent the true channel matrix,
the estimated channel matrix and the estimation error matrix,
respectively. We assume that H.,; and H,,.,. are uncorrelated,
and that H,,.. in (20) has i.i.d. elements with zero mean and
the estimation error variance 03, - The entries of H, are also
i.i.d. with zero mean and unit variance. We also assume that
H.,, is independent of the data vector s,, and that ag p 18
known to the base station. ’

In this system model, the received signal vector is given by

Ys = HestPsSs + HerrPsSs + W (21)

where H.,,.Psss in (21) results from the estimation error.
Defining the error term as e = H,,,.Pss; + w,, the mean
square error (MSE) can be computed as

o2 =E[|le[|’] = N, o2, Tr (PIP,) + N, 02, (22)

Sum rate as a function of K at 10dB
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Fig. 1. Comparison of the sum rate as a function of K for SNR = 10dB

From (8) and (22), the precoding matrix can be obtained
by applying the MMSE-CI of the estimated channel matrix
with the above MSE. We denote H.,; as

ﬂest = (HgtHest "l‘aeI) 1Hit
[Hest,l I:Iest,2 Hest,K] (23)
where a, is given by a. = 02/Pita = Nragh + 02

and employ the QR-decomposition to Heg; as Heg; =
QSS% g i)t _j- Then, the Cholesky factorizations in (12) and
(16) are given as

(VH H

— ~ 7H —

Qest,j Hest j thest,g ert i +ael n; = Lest,jLCStJ?
- 51 s(WH =1 cH o =
HESt,j Pest ]Pest j Hest JJ + aeI’ﬂ = Lest7j Lesbj-

Finally, the transmit and receive combining matrices are com-

puted as T, = Lest J and R4t g = f;e_st’j, respectively. A
performance gain over the conventional BD in the presence
of channel estimation errors will be verified in the following

simulation section.

V. NUMERICAL RESULTS

In this section, we present the performance of the proposed
GMI scheme comparing with the BD scheme in [8] through
Monte carlo simulations.

In Fig. 1, we compare the sum capacity and sum rates for
the proposed GMI and BD schemes in terms of the number
of users K for the case where each user has two receive
antennas and the base station has IN; = 2K antennas. The sum
capacity is obtained by calculating the sum power iterative
water-filling (SP-IWF) algorithm in [13], and the sum rate of
the GMI scheme is computed using (18) and (19). Unlike the
conventional BD scheme, the sum rate slope of the GMI is
much steeper than the BD scheme and exhibits a linear growth
with K. It is clear from the plot that the capacity gain of the
GMI over the BD grows as the number of users increases.
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Coded FER performance over block—fading channels
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Fig. 2. FER with turbo codes for {2,2} x4 and {2, 2, 2} X 6 in block-fading
MIMO channels

{2,2}x4 systems with channel estimation errors
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Fig. 3. BER with turbo codes for {2, 2} x 4 in block-fading MIMO channels
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with various e h

In Fig. 3, we show the simulation results of coded systems
for various channel models in terms of FER with respect to
SNR in dB for the {2,2} x 4 and {2,2,2} x 6 cases. For
all FER simulations, a rate-1/2 turbo code based on parallel
concatenated code with polynomial (15,13) in octal notation
is employed. The number of decoding iterations is set to 6
for the turbo code. We employ 4-QAM with Gray mapping
in both cases. The network channel H, is generated by an
ergodic random process at each frame and is fixed during the
transmission of the frame. A 3dB SNR gain at 1% FER for the
{2,2} x 4 case is observed in Fig. 3. Also, the figure shows
that the proposed GMI algorithm outperforms the BD by more
than 5dB at 1% FER for the {2,2,2} x 6 case. Note that, as
shown in the sum rate comparison, the FER performance gap

increases as the number of users grows.
Finally, in Fig. 3, we evaluate the performance in the block
fading channels with various channel estimation error variance

values 027 h- We plot the bit error rate (BER) performance of

the proposed GMI and the BD schemes with turbo codes.
In the presence of the channel estimation error, we can see
from (22) that the performance becomes limited by the error
variance as SNR increases. Nevertheless, it is clear that the
proposed GMI scheme is much more robust to the estimation
errors compared to the conventional BD scheme.

VI. CONCLUSION

In this paper, we have proposed a generalized MMSE
channel inversion algorithm for multiuser MIMO downlink
systems where each user has more than or equal to one
antenna. An alternative approach of the conventional BD
has been presented by using the ZF channel inversion and
the orthogonalization process. The proposed GMI precoder
and receive filter are obtained by employing the MMSE
channel inversion and some decomposition methods and as a
result, the SINR is increased at each user’s receiver. Through
the simulations, we have showed that the proposed GMI
outperforms the conventional BD and demonstrated that the
proposed scheme is robust to the estimation error.
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